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We establish the local well-posedness of the Bartnik static metric exten-
sion problem for arbitrary Bartnik data that perturb that of any sphere in
a Schwarzschild {t = 0} slice. Our result in particular includes spheres
with arbitrary small mean curvature. We introduce a new framework
to this extension problem by formulating the governing equations in a
geodesic gauge, which reduce to a coupled system of elliptic and transport
equations. Since standard function spaces for elliptic PDEs are unsuitable
for transport equations, we use certain spaces of Bochner-measurable
functions traditionally used to study evolution equations. In the process,
we establish existence and uniqueness results for elliptic boundary value
problems in such spaces in which the elliptic equations are treated as
evolutionary equations, and solvability is demonstrated using rigorous
energy estimates. The precise nature of the expected difficulty of solving
the Bartnik extension problem when the mean curvature is very small is

identified and suitably treated in our analysis.

ii



W
'QHQSJ#QWI?Bf~@ b’tguwj Ui(éUL_.a..'aijJ.bi!

iii



ACKNOWLEDGEMENTS

First and foremost, I would like to express my thanks to my supervisor,
Spyros Alexakis. The project you entrusted me with has been a source
of a lot of learning and growth. Your patience with my mistakes, your
thoughtful feedback on my work, and your support through the most
difficult moments of this journey have meant more to me than words can
capture.

I am deeply grateful to Professor Yakov Shlapentokh-Rothman for the
many enlightening discussions and the invaluable advice and guidance I
received. Your kindness and willingness to engage in conversations beyond
the academics came at a time when I needed it most. I am fortunate to
have had your mentorship.

A special thanks to Almut Burchard, whose compassion and support
during my most difficult moments will never be forgotten. You were
always there to listen and offer advice when I needed it most, and your
empathy made a profound difference in my journey.

To Jemima. You provided an extraordinary amount of support, always
ready to listen and offer help. In so many ways, you carried me through the
non-academic challenges I faced, and your positivity and encouragement
had a huge impact on me.

I am grateful to my friends, whom I will only name a few: Belal, Dev,
Jounaid, Nathan, and Doaa. Thank you for always believing in me.

Lastly, I would like to thank my sister for always being there for me,
and my mother, without whom I am nothing.

iv



CONTENTS

Introduction

Preliminaries

2.1 Properties of Static Vacuum Extensions . . .. ... ... ..
2.2 FunctionSpaces . . ... ... ... . ... . ... ...
2.3 The Main Theorem . . . .. ... ... ... ... ......

Solvability of Elliptic BVP in Ag{*" (M) and Ac " (M)
Reduction of the problem

Proof of The Main Theorem

5.1 Definition of the Artificial Vector Field X ... ... .. ...
5.2 Definition and Existence of the Modified Solution . . . . . .
5.3 The Vanishing of X for Modified solutions (g, u, X) . . . ..
5.4 Proof that D®,, is an Isomorphism . ... ... .. .. ...

Appendix
A.1 A PDE of Finite Type for Conformal Killing Vector Fields

A.2 A Hardy-typeInequality . . . . ... ... ...........
A.3 The Legendre functions Prand Q, . . . ... ... ... ...



INTRODUCTION

We consider the Bartnik static metric extension problem, which originates
in the Bartnik mass-minimization problem, [Bar89,Barg7]: In the latter, one
considers a topological 3-ball (B, ) equipped with a Riemannian 3-metric
of positive scalar curvature. A natural example of such a metric arises
on any compact space-like maximal hypersurface () (with boundary) in
a (3 + 1)-spacetime (M, g) that satisfies the dominant energy condition,
where g is the restriction of the space-time metric g to Q.

One wishes to assign a notion of mass to ((), g); in fact ideally, [Bargy],
the notion of mass should depend just on the restriction of g to 0(,
the second fundamental form of ) C M at d(), as well as the second
fundamental form of dQ) inside Q).

Bartnik’s definition, see [Bargy, Cor17], considers such data on dQ) and
associates to it a class P.M of admissible asymptotically flat extensions
(Mext, gext), and seeks to minimize the ADM mass among all such exten-
sions. There are many possibilities on how to define the space PM of
extensions, see [Barg7]. The most “minimal” requirements are that the
3-metrics gext € PM should be of positive scalar curvature, the metrics
on dMey; induced from the two sides () (interior side) and M, (exterior
side) should match: gext|om.,, = &laq; moreover, the mean curvature Hey of
OMext in Meyt should agree with the mean curvature Hj,; of 0Mey; = 0}
with respect to the interior metric ¢ over (). Additional requirements,
such as the non-existence of closed minimal surfaces in the extension
(Mext, Sext) are very natural (see [Barg7]) and are also frequently imposed.
Once the class of admissible extensions has been chosen the Bartnik Mass
is defined to be the infimum of the ADM masses, among all admissible
extensions.

An important feature of the Bartnik mass is the result of Corvino,
[Coroo, Cor1y] that if this infimum is attained for some (asymptotically
flat) metric g, on a manifold Me,; with dMey: = 0(Q), then this extension g
must satisfy the system of equations:

Agf =0, Ricg = f ' Hessy(f), (1.1)

as well as the two imposed requirements

ElfaMm = 8’&)0, Hext(ﬂ) = Hint- (1-2)
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A solution to the system (1.1) implies that the metric g = — f2dt*> + g on
Mext X R would satisfy the Einstein Vacuum equations, and also be static,
in the sense that £;,g = 0.

Remark 1.1. We note further that if the Bartnik minimizer exists, it is
known-see [Bargy]-that the metric gy, defined over My = QU Mext
by joining ¢ with g across dMey is generically expected to be merely
Lipschitz across the joining boundary dMe,;: The traceless parts K| @ K,
of the second fundamental forms K| o K |g induced on 0Q) = dMey; from
the two sides (€, g), (Mext, g) are generically expected to not match.

In view of the result of [Coroo] the question of the attainment of the
Bartnik mass leads to the Bartnik static extension problem with data
supported on a 2-sphere:

Question (Bartnik static metric extension problem). Consider a Riemannian
2-sphere (S%,) equipped with a function H over S%. We consider a (topological)
manifold M = R3 \ B and seek an asymptotically flat metric g over M which
satisfies:

* alom =1,
* the mean curvature Heyx of OM relative to g equals H, and:

e There exists a positive function f over M with f(x) — 1as |x| — co on
M so that the pair (g, f) satisfy the system of equations (1.1).

Definition 1. The system in (1.1) will be called the static vacuum equations.
The pair of prescribed data over S? (the metric v and the putative mean
curvature function H) will be called Bartnik data. A solution (g, f) to (1.1)
to this prescribed data with g being asymptotically flat and f going to 1 at
infinity will be called a static vacuum extension with Bartnik data (y, H).

Two important examples of static vacuum extensions are:

1. The Euclidean solution (g, 1) on R®\ B; with Bartnik data (yg2,1),
where ¢ is the round metric on S2.

2. The Riemannian Schwarzschild solution (gsc, fsc) with mass my on
R?\ B,, and Bartnik data (137, %{:0)), where 1y > 2mp and

_ 2m
Osc = fsczdr2 + 72’)’82/ fSC = 1= TO
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Since the static vacuum equations are highly nonlinear, one first hopes
to achieve a local well-posedness result near arbitrary solutions. In fact,
Anderson and Khuri in [AKog] prove, by means of counterexamples, that
global well-posedness does not hold (see also [And23]) . Nonetheless,
there has been significant progress on establishing local well-posedness
results. Miao in [Miao3] confirmed that the extension problem is locally
well-posed near Euclidean Bartnik data on the unit sphere under a triple
reflectional symmetry assumption. This symmetry assumption was later
removed by Anderson in [And15] with the result generalized by Huang
and An in [AH21] and [AH22a] for a large range of connected embedded
surfaces in Euclidean R3.

Subsequently, Huang and An in [AH22b] introduced a general crite-
rion for local well-posedness near a given solution, which hinges on the
triviality of the kernel of a particular operator. They identified a class
of static vacuum extensions they call “static regular”, characterized by
the linearized operator having a trivial kernel, as sufficient conditions
for local well-posedness. They showed that static regularity is, in some
sense, generic for smooth hyper surfaces which are already inside a static
vacuum extension. However since this relies in a very essential way on
the data already lying in the interior of a given solution (which must be
analytic), this result does not guarantee genericity in any sense in the
space of smooth Bartnik data. Their findings in particular implies that for
any given mp > 0 and € > 0, the set of radii ro > 2m( + € for which the
Schwarzschild manifold R® \ B,, with mass my is static regular forms an
open dense subset of [2mg + €, ).

Summary of Main Results

Our main result in this paper is establishing local well-posedness for
perturbations of every Schwarzschild solution, hence strengthening Huang
and An’s result in [AH22b]. We present a new approach to this problem
that can be applied to similar extension problems. In this approach, we
write the putative solution (g, f) with respect to a geodesic gauge, which
was not used before for this problem. One benefit of this gauge is that
the connection coefficients of the desired solution g can be linked to f
by ordinary differential equations, where f provides the forcing terms.
More precisely, we will be considering the metrics ¢ := f? - g, whose Ricci
curvature must then satisfy: Ric;;(g) = 2V;u ® V;u (with u = In f), and
we will reduce the extension problem in (1.1) to an elliptic equation on u
coupled with Riccatti equations on the second fundamental form of g, with
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u providing the forcing term, and constraint equations on the boundary
coming from the contracted Gauss and Codazzi equations. We rigorously
establish estimates for the linearized operator and its inverse, showing
that the linearization of the reduced equations is an isomorphism on
appropriate Banach spaces. We then invoke the implicit function theorem
on Banach manifolds to conclude local well-posedness.

An interesting remark concerns the expected difficulty of solving Bart-
nik’s extension problem when the Schwarzschild sphere is very close to
the horizon, in which the mean curvature is positive but very small. This
difficulty is anticipated by the black hole uniqueness theorem (see [Isr67]),
which in particular implies the following: for surfaces with zero mean
curvature, the existence of static vacuum extensions fails unless the sur-
face is a round sphere, in which case the Schwarzschild exteriors are the
only possible extension. Therefore, one expects that the space of allowed
perturbations of the Schwarzschild spheres S, must be shrinking as r goes
to 2my. This also suggests that solving the linearized problem should be
progressively harder as r — 2my. We do capture this difficulty in our
analysis and resolve it (see proposition 5.20), showing the solvability of
Barntik’s extension problem near all spheres S,, ¥ > 2my.

The choice of gauge influences which Banach spaces are most appro-
priate to use. Due to our choice of gauge, the equations in (1.1) reduce to
an elliptic PDE coupled with transport equations. Consequently, the stan-
dard spaces used for elliptic PDEs, such as weighted Sobolev and Holder
spaces, are not appropriate as they do not provide the correct setting to
solve transport equations. Instead, we use spaces of Bochner-measurable
functions that are traditionally used as the setting to study hyperbolic and
parabolic PDEs (see [Evag8]). More specifically, the spaces we use for u

are Acgz’k) (M) and Ang’k) (M) defined by (see definition 2.9)

u e 13 ([ro, 00); H (5%))

we Auf (M) = Lo e 1 ([ro, ) HTI(SY))
ou € 13_; ([ro,00); H*2(8%))
\

u e C§ ([ro,c0); H(5))
ue AP M) = {ouec?, ([ro,oo),-Hk—l(s2))
0%u € Cg_z ([ro,oo);Hk’z(S2))
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where rp > 0,k > 2,and 6 € (—1, —%) is a weight introduced appropri-
ately in the norms of the above spaces to control the decay at infinity. These
spaces are not traditionally used to study elliptic PDEs. In this paper, we
establish solvability of a certain elliptic problem in the above spaces. More
specifically, defining the operator Q : u +— (Agu, u|351) with respect to a
certain asymptotically flat metric ¢ on M = R3\ B,,, we demonstrate that
(see chapter 3)

Q: AH((sz’k)(M) — 13, ([ro,oo);Hk*Z(Sz)) x H*=1/2(9M) is an isomorphism

Q: .Ac((sz’k)(M) —CY, ([ro, oo);Hk*Z(SZ)) x HX(aM) is an isomorphism

This result can be generalized to arbitrary asymptotically flat metrics
and more general elliptic boundary value problems, thereby establishing
the solvability of such problems in the above spaces.

An interesting comparison we can make to the above is the study of
elliptic boundary value problems in C¥ spaces. It is well known that there
is no general existence theorem for elliptic boundary value problems in
CK(M) (see [GT13] problem 4.9 for a counterexample). In [GT13], the au-
thors demonstrate via the celebrated Schauder and Calderon-Zygmund
estimates that Holder spaces C¥#(Q)) and Sobolev spaces H*(Q)) on a
bounded open set Q, instead of C¥(Q)), have sufficiently nice properties
allowing for general existence theorems for elliptic boundary value prob-
lems. Modification of those spaces by including wights generalizes these
existence results to unbounded spaces (see for example [Bar86]). In this
paper, we establish an existence theorem in CY ([ry, o0); H*(S?)) spaces, a
mix of both Holder and Sobolev spaces. Our work readily implies similar
existence results in the spaces C°([a,b] : H*(S?)) when the domain is
bounded.



PRELIMINARIES

Let M := R3 \ By.m, where n > 2 and mg > 0. Denote by g, the Euclidean
metric on M and by 7g the round metric on the unit sphere S2.

2.1 PROPERTIES OF STATIC VACUUM EXTENSIONS

In this section, we will discuss some decay and regularity properties of
static vacuum extensions and demonstrate that they can be written in the
geodesic gauge. More precisely, we will show that given a static vacuum
extension (g, f), we can globally write the metric ¢ := f g in geodesic
coordinates so that g takes the form

g= f_zdrz + Yar
where 7 is the distance function from the boundary with respect to g
and 7, is the induced metric on the level sets of 7. Note that this form is
directly observable in the Schwarzschild solutions (gsc, fsc) as gsc 1S given
by
Usc = fszzdf’z + 7’2’)/52

Definition 2.1. Let 7 > 0. A metric g over M is asymptotically flat of order

1 > 0 if there exists a coordinate system (x!,x2, x*) near infinity in which
the metric satisfies

e gij — ;= O(|x|™")
* Ogij = O(|x|7771)
* 0,9kg;j = O(|x| 7172

where 9 := % and |x| = /|x1[]> + [x2|2 + |x3|2. For conciseness, we will
write g;j = &;j + O2(|x| ") if the above conditions are satisfied.

Definition 2.2. For a metric g and a positive function f, we say that a

pair (g, f) is a strongly asymptotically flat if g admits a coordinate system

(x!, x?, %) near infinity in which
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m

’x| +O2(|x‘72) (2'1)

2m -
b= (145 )+ Oallel D), =1
The Schwarzschild solutions (gsc, fsc) discussed in the introduction are
examples of smooth strongly asymptotically flat static vacuum extensions.

The system in (1.1) is equivalent to a lower order system of equations.
Letting ¢ := f?g,u := Inu, a direct computation shows that (g, f) solves
equation (1.1) if and only if (g, u) solve

Ricg = 2du @ du, Aqu = 0. (2.2)

We will call the above equations the conformal static vacuum equations.
We will call the pair (gsc, tsc) := (f2 gsc, In fsc) the conformal Schwarzchild
solution.

By taking advantage of the form that the Ricci curvature takes for g,
Murchadha in [KMg5] shows that every static vacuum extension (g, f)
is strongly asymptotically flat and is smooth away from the boundary.
For the rest of this section, we will describe how this strong decay and
regularity of static vacuum extensions allows us to write the extension
problem in a geodesic gauge.

Let (g, u) solve the conformal static vacuum equations in (2.2). We wish
to write the metric g in geodesic coordinates. Let r(-) = dist(-,0M) + rg
be a shifted distance function from dM. Due to the compactness of oM,
the function r is smooth on a neighborhood of 0M, with dM excluded,
and so defines a foliation near d M with the leaves being the level sets of
r. We can then write the metric with respect to this foliation as ar? + 1,
where 7, is the induced metric on the level sets. This representation of
the metric generally does not hold globally and is valid only whenever
r is differentiable. However, under a smallness assumption on the Ricci
curvature of g, it will hold that r is differentiable everywhere on M \ oM
and the metric can be written globally as dr? + +,. This follows from the
next proposition, which follows from a straightforward adaptation of the
argument in proposition 5.01 in [CK93].

Proposition 2.3. There exists T = T/(n,mg) > 0 small enough such that the
following is true for any 0 < T < 7.
If an asymptotically flat metric g on M of order 1 > 0 satisfies |Ricg| <
Tdistg(x, OM) =271 for x € M, then:
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1. The affine parameter r(-) = disty(dM, -) + rq is differentiable everywhere

on M\ OM and defines a global radial foliation with leaves S, diffeomorphic

to S2. Moreover, given a coordinate system (x',x2,x3) near infinity as

described in definition 2.1, r and |x| are comparable in the sense that
Cllx| <7 < Clx| (23)

for some constant C > 0.

2. With respect to this foliation, we have
2 L X L
trK = P O(r—71), K| = O1(r—71) (2.4)

where K = Hess(r) is the second fundamental form on the leaves S,, trK is
the trace of K, and K is the traceless part of K.

3. There exists a unique diffeomorphism ® : M — [nmg, 00) x S? such that
Plopm = Idg, 1(+) = 11, 0 ®(+) where 71, is the projection onto the first
coordinate, and ®.g = dr? + 7Yg, Where 7yq is the push forward of the
induced metric on S,.

This allows us to globally express the static vacuum extension (g, f) in
geodesic coordinates as follows:

g=1f 24y + Y4, Where 7, is the induced metric on S,

and, hence, justifies the space of metrics that we will be working in (see
definition 2.8 in the next section).

2.2 FUNCTION SPACES

In this section, we define the function spaces that we will be using. Fix
k € Z>pand 6 € R. From here onwards, we will identify M with the space
[nmg, o) x S2.

Definition 2.4. We define the weighted Sobolev space HX(M) with weight
§ to be the space of all functions u in Hf (M) such that |u]| ko <
respectively, where

k

il =1 { [, (0l sav) 25

I=0

where ¥ = |x|, D is the connection with respect to the Euclidean metric on
M, and 4V is the Euclidean volume form on M. We will also denote the
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space HX(M) by L2(M) when k = 0.

Definition 2.5. We define the space X¥(M) to be the space of vector fields
X on M with components X’ := X(x') in H¥(M), where (x!, x?,x3) is the
standard cartesian coordinates. The norm we use is

k
1Xls =Y IO (26)
1=0 a

Definition 2.6. Let Hk( 52) be the usual L2 space, when k = 0, and Sobolov
space, when k > 1, on (5%, 7). Let M*(S?) and H¥(S?) be the space of
metrics on S? and symmetric tensors on S?, respectively, with components
in H*(S?). The norm we will use is as follows:

12(s?) (2.7)

k
s = 1 1

where I is the covariant derivative on S? with respect Y.

Let OF(S?) be the space of 1-forms on S? with components in H*(S?). The
norm used on this space is as follows:

k
lolfvs) = 1 2 (28)

12(52)

Definition 2.7. Let t € Z~(. We define the space H ([nmy, ); H*(5?)) to
be the space of functions u in Hj,, ([nmo, 0); H(S?)) such that [|u|;; ¢, 55 <
0o, where

, 2

Iy Z e 29)
nmgp

We also define the space Cf ([nmyg, %); H¥(S?)) to be the space of contin-

uous H¥(S?)-valued functions u on [nmg, o) such that [ellc (t=i),8 < ©°

where

(/)u(r)’

HFK(S2)

t
2 o —2642t
HuHC,(t—>k),J = Z sup <V 2ot

t'=0r=>nmg

aﬁt/)u(r) ‘

2
Hk(52)> (2.10)
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We then define the space H ([nmy, 00); M¥(S2)) and HY ([nmyo, 0); H¥(S?))
similarly to the above with norm

_ !
Ay ZA e

¢ 2
al! )h(r)’ dr (2.11)

HKk(S?)

Definition 2.8. Define MX(M) to be the space of metrics on [nmg, 00) x S?

of the form dr? + ¢(r) where g(r) = r*(yeo + (7)), Yoo € M¥(S?), and h €

H? ([nmyg, 0); H*(S?)). The space M¥%(M) can be naturally identified with

an open subset of the Banach space H*(S?) & H2 ([nmyg, 0); H*(S?)). This
makes M%(M) an open Banach submanifold of H#*(S?) & H2 ([nmyg, c0); H¥(S?))
and, in particular, a Banach manifold. Given gy € M&X(M), the tan-
gent space Ty Mk is isomorphic to the space of tensors § of the form

§ = (Y + h(r)), where Joo € H¥(S?) and i € H3 ([nmy, 00); H*(5?)),
equipped with the norm

181wt == (Yoo ll3x(s2) + HEHH,(Z%),(S (2.12)
Definition 2.9. Let t > 0. Denote by AHgt’k) (M) and Acgt’k) (M) the spaces

A (M ﬂ Hj ([nmo,00); H(82)),  Aci™(m ﬂ Cy ([nmo, 00); HF " (5%))
(2 13)

equipped with the norms

H”H a0 = Ofgté}i(tH”HH t—sk—t'),5 H”H e = Or?:}i(tH”HC t—sk—t'),6
(2.14)

Note that
ue AHgt'k)(M) < forevery0 <t <t e L3y (["mozoo)}Hk_tl(Sz)>
ue Acgt'k)(M) — forevery0 <t <t o 'uecl, ([”mO'OO);HkJ(SZ))
Denote the intersection of these spaces by .A((st’k) (M) defined by
AL (M) = AufP (M) N A (M

equipped with the norm
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2 2 2
HuHAgm = Ofgﬁgt(“u\\H,(mkfy),a + [ulle, (i —k—r),6) (2.15)

In the next proposition, we list some important results regarding the
spaces we defined that will be repeatedly used in the rest of the paper.

Proposition 2.10.
(a) Let k > 0,t > 1and 6 < 0. Every function u € Hfs ([nmo,oo);Hk(Sz))

has a representative in Cj, ' ([nmo, 0); H*(S?)), which will also be denoted

by u. Furthermore, there exists a constant C > 0 such that for every
u € Hb ([nmy, 00); H*(S?))

ulle 1200 < Cllull g, (tp)0 (2.16)

If in addition k > 2, then aﬁt,)u(r) € Ck=2(S?) for every r € [nmg, o)
and 0 < ' < t—1. Also, forevery 0 <1 <k—2and 0 <t <t—1,
|D’a£”)u\ =o(P ") asr— oo (2.17)

(b) Let dr? + g(r) € ME(M) with g(r) = r*(yeo + h(r)).

Then with respect to the foliation defined by the level sets of r, the trace and
traceless part of the fundamental form satisfy

K - f\ e HLy (Inmo, o) HH(S%)),  Re HYy (Inmo, o) H5(5?))
(2.18)

Furthermore, the metric dr> + g(r) is asymptotically flat if and only if Yoo
is of constant curvature 1.

(c) Letky < kp, t1 < tp,and 5y < &1 < 0. Then the space Hg ([nmy, 00); H*2(S?))
is compactly embedded in H(tsi ([nmg, 00); H*1(S?)). Furthermore, the space
Cg2 ([nmo, 00); HY2(S?)) is compactly embedded in Cj} ([nmo, oo); H* (S?)).
(d) Let k > 1and 6 € R. Suppose a function u satisfies

u e 13 ([nmo, 00); H(5%) ) (M), du € L3y ([nmo,c0); H(82)) (M)
Then for every r € [nmg, o),

u(r) € Hk_1/2(52)

11
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Proof. (a), (b) and (d) follow immediately from standard results on Sobolev
spaces (see [Bar86] theorem 1.2 and lemma 1.4, and [Evag8] section 5.9).

We focus on proving (b). The metric g(r) evolves according to the
equation

0,¢(r) = trK g(r) + 2K (2.19)

where K = Hess(r) is the second fundamental form on the leaves S,, trK
is the trace of K, and K is the traceless part of K. Since ¢(7) = 72(veo + (7)),
it follows that

tm:%+%m%m@mm,zK:#@mo—%m@mmgm)
(2.20)
This directly implies equation (2.18)
In view of the Gauss and Codazzi equations, we get

R = 2Ric(2

) 1 5 .
5 3,) T Rs. — Etr1<2 +|K>,  Ric

o or

(2.21)

It follows immediately using equation (2.18) and the fact that the scalar

curvature R, of (52, 7o) is the limit of #2Rg, as r goes to infinity that R

decays faster than r~2 if and only if R, = 2. We conclude that the metric
is asymptotically flat if and only if 7« is of constant curvature 1.

O

2.3 THE MAIN THEOREM

Definition 2.11. In place of the mean curvature H, we will work with
trKy := 2H for convenience, which represents the trace of the hypothet-
ical second fundamental form on dM. From this point forward, we will
denote the Bartnik data on dM by (s, 3trKs). We will also denote by
(Vaoer 3t7Kg,.) the Schwarzschild Bartnik data, which is given by

trKg,. = 27'1_%

2.22
— (2.22)

2
’Yg5c = (nmo) 752’
The statement of the main theorem is as follows.

Main Theorem. Let § € (—1,—%] and k > 5. There exists a neighbour-
hood U of (7g,., 3trKq,.) in M*H(OM) x H*(0M) and a unique C' map

0) = ~aptrK— (1K) -

12

IG
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H: (v, 3trKs) — (g, u) on U to ME(M) x A((;Z’kﬂ)(M) in which (g, f) =
(e=2"g, e") solves the static Einstein vacuum equations with Bartnik data (vys, 3trKsy).

Given Bartnik data (v, 3trKy) € U, the pair (g, u) = H(ys, 3trKy)
will then solve the conformal static vacuum equations written out in
equation (2.2). Due to proposition 2.10, g and f are C?> on M and satisfy,

in some coordinates (x!, x?, x3),

gij = 0+ Oa(|x°),  f=1+0a(x]) (2.23)

Moreover, the discussion in section 2.1 implies that (g, f) is strongly
asymptotically flat and is smooth away from the boundary.



SOLVABILITY OF ELLIPTIC
BVP IN Ay\*" (M) AND
Aci? (M)

In this chapter, we will establish the well-posedness of the elliptic PDE
Ag. i = 0 on (M, gs), subject to Dirichlet boundary conditions, in the

function spaces .AH((sz’k)(M) and Acgz’k)(M). Here, g is the conformal
Schwarzschild metric on M = R3\ B,,.,5, given by

Qsc = dr* + r(r —2mg)ys (3.1)

and n > 2, mg > 0.
More precisely, we will prove the following theorem.

Theorem 3.1. Define the operator Q by:

Foré ¢ (—1,—%] and k > 1,
Q: .AH((SZ’kH)(M) — AH(SOI; 1)(M) x H1/2(9M) is an isomorphism
and

Q: Ac(z (M) — Ac Ok V(M) x H¥' (M)  isan isomorphism

Remark 3.2. In particular, it holds that
Q: A((sz’kJrl)(M) — Afg;ﬁl)(M) x H**1(9M)  is an isomorphism,

which will be used in section 5.4.

The map Q can be defined on the space ,A ZkH ( ) and AC (2k+1) ( M)
with codomain AH(SOI; 1)(M) H1/2 (M) and Ac(sm; 1)(M) H1(9M)

14
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repsectively. Indeed, we deduce directly from the definition of our Banach
spaces that for all u € .Ang’kH) (M),

2(r—mg) . . 1
)
r(r — 2mp) i+ r(r—

- ~ ~ — k—
B = it + ey Brt(r) € g ([nmo,00); H(8%)) = A3 (M)

i(nmgy) € H1/2(82) (by proposition 2.10 (d))
Similarly, for all u € Acgz’kﬂ) (M),

_ o 2(r—mg) . 1
A, il = 02 0
gect rilt r(r —2my) i+ r(r —2my)

Bogi(r) € C3_y ([mo, c0); HF1(87) ) = Acls V(M)
i(nmg) € H*1(S?)
We recall the following result from Maxwell in [Maxos5]:
Q: H3(M) — L2 ,(M) x H3?(oM) is an isomorphism
To prove theorem 3.1, it then suffices to prove the estimates

1] g < CHQUD 4055, cnraan

172]] g exey < CHQUI g 080, precr gy

for all i in AH((;z’kH) (M) and Acgz’kﬂ) (M) respectively. These estimates
will be the content of the next lemma.

Lemma 3.3.  * Thereexist a constant C > 0 such that for any ii € .AH((SZ’kH) (M),
the following estimate holds.

il 4, 2 < € (|| g,

o Hllereon) G2

e There exist a constant C > 0 such that for any ii € .Ac((f’kﬂ)(M), the
following estimate holds.

Il g een < C (|8,

o o) 63

Proof. Since A((Sz’kﬂ) (M) is dense in both AH((Sz’kH) (M) and Ac((;z’kﬂ) (M),

it suffices to prove both estimates for all i € .Ag-z’kﬂ) (M).
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(2k+1)

Letii € A . Define F := Aq_ il and h := ii(nmy). Then

Fe A (M) = 1y ([mo, o) HH(8%) ) N CYLy ([nmo, o) H1(S%) ), b € HE (aM)

We utilize the spherical symmetry of (M, gsc) to reduce the equation
Aq, 11 = F to differential equations on the coefficients of i with respect to
its spherical harmonics decomposition. Decompose i, F, and & as follows

o0 4 0o

Z Z amé F(r,x) = Z Z bmf(r>Ym€ Z Z CmZYmE

=0m=—/{ (=0m=—{ (=0m=—"L
(3.4)
for r € [nmp, o) and x € M. Here and below the spherical harmonics
Y,.¢(x) are viewed as functions over the unit sphere S2. These same func-
tions will also be thought of over round spheres of any other radius via
the natural push-forward map. We will assume that they are normalized
with respect to the round metric g2 on the unit sphere.

We first rewrite the norms of the relevant Banach spaces in terms of
the coefficients with respect to the spherical harmonics decomposition.
For a nonnegative integer s and f € H°(dM) with spherical harmonic
coefficients f,,,, the norm

1/2
11 s o) <2 2 [1+e+1)) |fm€|2> (3:5)

0m=—¢

is equivalent to the standard norm on H®(dM). For a nonnegative integer ¢
and real number 7, we will rewrite the norm on H: ([nmy, 0); H*(5?)) (M)
and Ct ([nmg, 00); H*(S?)).

We begin with the norm on H: ([nmy, 00); H*(S?)) (M). Given a function
v € HE ([nmy, 00); H*(S?)), recall that

05— /
||UHH t—s), Z/ 2ot
nmy

Let v, = vy () be the spherical harmonic coefficients for v. The first
term in the sum becomes

2

() dr (3.6)

3 o(r)|
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[ o) s dr—z Y )] [ o (o) P
nmy

=0m=—/{ o
(37)
where we invoked the monotone convergence theorem to switch the
order of the integral and the infinite sum. Now for each 1 < # < t and
r € [nmgp, c0), we have that

/2 Y, 0 v(r)dog = 0" /2 Y, v(r)dog (3.8)
s

([nmg, 00); L?(S?)). In light of the fact that v,,,(r) =

Js2 Yie v(r)doe, it follows that v, are differentiable ¢ times in r and Ur(:é)

since 9! 1 lives in H L

are the spherical harmonic coefficients of o v.

We can then rewrite the norm in equation (3.6) as follows:

00 { t 00 , 2
ol = 1 L D+ DF L [ (00) ar o
(=0 m=—¢ 0 /nmo

t/

where we have repeatedly invoked the monotone convergence theorem
to switch the order of the integral and the infinite sum.

Now consider a function w € CL ([nmyg, 0); H*(5?)). Recall that

, 2
oy = 3 sup (72072 ) G

Letting w,,,; = wy,(r) be the spherical harmonic coefficients for w, we
have

Bfw(r)‘

) {
ol e = X L +4(E+ )] Zsup( 22 @l)(r)?) 1)

It is then convenient to define the following norms for functions on
[nmy, c0): for a function f1 € Hj,([nmp, o) and f, € C'([nmy, o)), define

/ t 2 ! t
Al = E/nmo 22 ((00)) Il = Zsup( 22 (RO (r)2)
(3.12)
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We denote by H([nmyg, 0)) and CL([nmy, c0)) all functions f; € Hj _([nmg, o)
and f, € C([nmp, o)) in which |||y, < oo and ||f2]|c, . < oo respec-
tively.

Using the above notation, we can then write equation (3.6) and (3.11) as
follows:

o l
ol e = 2 Y [+ LA+ D] [omellF, -
—/

(=0 m=

) l
2
0lIE (¢ sepe = 3o 2 LA+ LELH+D] wmelE 0 (3-13)
(=0m=—1

We now return to the statement of the lemma. Recall from equation (3.4)
that

e ic A((Sz’kﬂ)(M) with coefficients a,,, € H3([nmy, 00)) N C3([nmy, c0)).

o F:=Ag il € Ag%’;l)(M) with coefficients by, € L3 ,([nmg,0)) N

C(S_z([ﬂm0,00)).
o h:=ii(nmgy) € H1(S?) with coefficients c,,.

To prove the lemma, it then suffices to show that there exist a constant
C > 0 independent of m and ¢ such that

[ HHOJ , [+ E(l+1)] Ha:ﬂin,O,é—l—F[l+£(€+1)]2”am€“%—1,0,5

< C|IbmellFro5-0 + [T+ L€+ 1) |eme?)
( H-Est)

[ 0+ )] [ ]|7 051 + 1+ €+ 1) amel| 2,

< C(lIbmell 0,02 + [T+ €€+ D) [emel*)
( C-Est)
for each m and /. Indeed, if we multiply H-Est and C-Est by [1 +
£(£+1))%1 and sum over m and /, we get the two desired estimates in
the statement of the lemma. We will demonstrate this for H-Est: after

H” ch 2
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multiplying H-Est by [1 + £(¢ + 1)]"!, we sum over m and / to get the
following three estimates

:N

1051, 2 k1,6

1+ 000+ D) el 3106
l

I
e

I
Mo
H MN T;MN

0 £ 0P (e o [+ lomelro)

~
Il

0m

IN
@)

N agk:

4
Y [+ D) bl z+2 Z [1+ €0+ 1)1 2 ey >
=/

(E 0m=— {=0m=—/{

= (IR, e + Wil

||L7H%1(1—>k),5
oS V4
=Y Y B+l +D amel s
(=0m=—/{
oS V4
:; 2 1+ 00+ D (el 051 + lamelios)
=0m=—

00 VA 14
gc(z Yo A+ ee+1)) 1HbmguH05 2+Z Yo AL+ 1) 2 ey )
(=0m=—¢ (=0m=—0

i %1(0—>k+1)
0 J4
=Y Y DA+ amelFo,
{=0m=—/
SR k-1 : k+1/2 2
<clY ¥ 4+ 0) (bl 2+Z Yo [+ L+ D)2 ey I>
(=0m=—¢ (=0m=—1

2 2
= (IFIR, o + BB, )

It then follows that
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HﬁHAHngH) = max { HuHH,(2%k71),§ ’ HuHH,(lﬁk),éf HuHH,(OakJrl),(S} (3.14)
< (1FIR, i + Wil ) 615)

as needed.

The rest of the proof is then devoted to prove estimates H-Est and
C-Est.

We first introduce a piece of notation. Given 2 quantities «, 5, we will
write & < B if there exists a constant C > 0 depending only on 7, m and
J, such that & < CB. In particular, the constant will not depend on i, F, h,
m, and £. In this notation, the estimates that we will be proving are

NanellFr05-2 + (14 £+ D] |ahe (1) |55y + (14 £+ 1) lame(r) [0,

S lbmell 3050 + [1+£(£ + 1)]322 |cme|2)
H-Est

2 2
lamellcoso + [+ + DT lah (]l s 1 + 1+ DT ame (1) ¢,
S lbwelle 52 + [+ L+ DI fenel?
( C-Est)
for every m and /.

The relation between ii, F and h, namely F = Ag_il and h = ii(nmy),
imply the following differential equation on the coefficients a,,s, b,,s, and

Cinp:

{r(r —2mg)a) ,(r) +2(r —mo)al,,(r) — £(£ + 1)ay(r) = r(r — 2mg)by,(r), r € [nmg, o)
amf(an) = Cme

(3.16)
We first consider the case ¢ = 0. we integrate once the above differential

equation to get

r

r(r —2mp)agy(r) = / s(s — 2mp)boo(s)ds + n(n — 2)ym3aly(nmg) (3.17)

nmy
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which immediately gives the following estimate on ||ag||- 5 1:

Ha()OHC,0,571 5 HbOOHC,O,(S—Z + |6160(an)’ (3-18)

To estimate ||ag ||, o 51, We use equation (3.17) to get

o 00 1,-*25+1 r 2
/nmo =20 (aly (r))?dr < /nmo 2 2m)? </an s(s — ZmO)boo(s)ds> dr + |agy (nmo) |*
(3-19)

S [ Pdr + lag(imo) P (320
nmy

where Hardy’s inequality was used in the last line. We then conclude
the following estimate on ||ag || ;o 5_1:

Ha(,)OHH,O,571 S ||b00||H,0,<5—2 + |a(,)0(nm0)‘ (3.21)

We divide equation (3.17) by r(r — 2my) and integrate to get

— ' 1 * I N3 / 7’1(7’—21’1’10) 1’1(1’1—2)1’110
apo(r) = coo + e 5(5 — 2m0) /nmo s'(s" —2mq)boo(s")ds'ds + agy(nmg) In ( (= 2)r 5
(3.22)

which, in the same manner as for a;, gives the following estimates:
HaOOHC,O,é S leoo| + ||b00”c,o,572 + |ago(nmyo)| (3-23)
||“00||H,0,5 < leool + ||b00HH,0,5—2 + |agg (nmo)| (3-24)

Using the fact that agy vanishes at infinity, we take the limit as r goes to
infinity in equation (3.22) to get the following expression for aj,(nmy) in
terms of cgy and byp:

agy(nmg) = (= 2)21n ) <—c00 - /n:o r(r—12mo) /n:no s(s — ZmO)boo(s)dsdr>

n—2
(3-25)
which allows us to estimate a(y,(nmyp) to get
|ago (nmo)| < lcool + [[booll 110,62 (3.26)

|ago (nmo)| S |cool + llboollc .52 (327)
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We now get an estimate for a(y,(r). Using the ODE in (3.16) we isolate
for ay(r) to get:

2y —
o) = bun(r) = i) G2
It then follows that
|26 HCM 2 S Mool 0,6 2+H”00Hc05 1 (3-29)
| ago HHO(S 2 S lbooll g0, 2+H”00HH05 1 (3.30)

Combining the estimates for ag, a4, and ay, in equations (3.23), (3.24),
(3.18), (3.21), (3.29) and (3.30) together with the estimates for |aj,(nmyp)| in
equations (3.26) and (3.27), we finally deduce the desired estimates:

@00l 2,6 < lcool + [booll g 0,6-2 (3-31)

lla0ollc25 S lcool + 11boollcos-2 (3-32)

We now deal with the case ¢ > 1.
Proving H-Est for £ > 1

We multiply both sides of the differential equation in (3.16) by ¥=2~1a,,,(r)
and integrate by parts to obtain:

/n r= 2 (r — 2mg)a dr+/ { ((+1)+ (20 +1) (5—"1(’(2;5”)} “2071g2 (r)dr
mo

o —-26—1
= — / r‘z‘s_lamg(r)bmg(r)dr — (nmo)_z‘smo(n —2)cpmedl,,(nmg) + — (nmo)_z‘s_lmo(n — Z)ang

nmy

(3-33)
We observe that for ¢ > 1,
20 +1 1
(0+1)+ (26 +1) <5—m°(r+)> >L(l+1) -5 (3.34)

and, hence, we have that
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2 Ry
Ha;wHH,o,(sq + 1+ (0 +1)] ||ﬂmz||§4,o,(s g/m ro2 17’(” - Zmo)a;ﬁf(r)dr
0

+/ [£+1 (26 +1) (5—’W)]r—2‘5—1a;g(r)dr

r
(3-35)

Deriving an upper bound for the expression in right hand side of
equation (3.33) will then lead to an upper bound for ||a

((l+1)] H"‘mEHH,0,5~

méHHO(S 1 [1+

We obtain an estimate for a/, ,(nmg) by multiplying equation (3.16) by
a, ,(r) and integrating by parts to get

/noo (r—mo) (7 )dr—|—€(€+1); %nm%(n—Z)aﬁg(nmo) = /noo r(r —2mg) ), () by (r)dr

mo mo

(3:36)
where we used the fact that a/2,(r)r(r — 2mg) = 0(1) and a2 ,(r) = o(1).
By estimating the right side of the above equation as follows

/n 7(7—2m0)a;1€(r)bm£(r)d” S H(+1)] 1/2HamﬂHH0(5 1T [E(K‘H)]_l/zHbméuil,o,zsfzr

mo
(3-37)
we deduce that

(e (nmo)| < ECE+ D] bl 0,51 + L+ el 102 + [+ 1)) crue]

(3-38)
We can now estimate the right hand side of equation (3.33) to get
21 b i 26 5 —20-1 —26-1 )2
— nmor Ao (F) by (r)dr — (nmo) = mo(n — 2)cpealy, (nmo) + 5 (nmy) mo(n —2)c,,
< el 10mell 52+ emel (10 DI s+ £+ DI w50+ [0+ 1) lenel )
+2, (3.39)

We estimate each term appearing in the right hand side of the above
equation. Let € > 0 that will be chosen to be small later on. Then we have
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2 D(e) 2
HaménH,o,o‘ HbmeH,O,(sz <el(l+1) H”méHH,o,(s + m HbméuH,o,&fz
(3-40)
[L(e+1)P* 1 2
Cme Hb'MHH,O,(sz < ) szé + 2[5(5 + 1)]3/4 HbMZHH,O,ZSfZ (3-41)

Cme HainKHH,o,(sq < 6[6(5 + 1)]71/4 HainﬁszrLo,(sfl + D<€)[€(£ + 1)]1/4C%1£
(3-42)

where D = D(e) is a constant depending on €.

Combining the above, we get

2
Ha:néHH,o,(s_l + 1+ (¢ +1)] HamEH%{,O,(S (3-43)
2 1
< Ce (5(5 + 1) |amel| 05 + H”WHH,O,&A) +CD(e) (Wﬂ + 1)V 2eh, + W+ Hbmeué,wz)
(3-44)

for some constant C > 0 that only depends on n, mg, and é. Choosing €
to be small, we can absorb the expression multiplied to Ce in the above

equation to the left hand side to finally deduce

2 _
nitllios_1 T 1L+ D] amellFos S 1+ L+ D] buellFros o + [1+€(£+1)]2ch,

[
(3-45)

which is the desired estimate for ||/, || 0,5—1 a0 [[@mel| 6

11

What is left is to estimate HamZHHO s5_o- We use the ODE in (3.16) to get

2
r 212 (r = 2mg)2 (g (1)) = 1720 by (r) + (£ 4 1) Ay (r) — 2(r — mo)“;M(”)]
(3.46)

We can then estimate



SOLVABILITY OF ELLIPTIC BVP IN Ang’k) (M) aAND Acgz,k) (M) 25

2 2
@ HHM 2 N HbméuHo(s 2+ L+ L+ D) lamelro,s + HQ:MHH,O,J—l + L0+ 1) [[bmell g 0,52 1amell 10,5

+ HgmeH,O,cS—l 1Omel 0,52 + €+ 1) |amell 0,6 Ha;nEHH,O,é—l

(3-47)

S L+ L+ )] |[@h 7051+ 11+ €0+ DI el 3105 + om0
(3-48)
S+ L+, + 1bwell 052 (3.49)

where we used equation (3.45) in the last line. Combining the above
equation with equation (3.45), we finally get the desired estimate H-Est:

302 (L €+ D] bl 2051 + 1+ €@+ DP amel 205 S Ibmellirgs o+ 1+ €(6+ 1),
(3.50)

Proving C-Est for £ > 1

For r € [nmy, o) define

;
Z = o 1, R:=n—-1, hyu(z):=au(r), fue(z):=r{r—2mp)bu(r)

Note that R > 1 since n > 2. The desired estimate in C-Est in terms of h
is then

Il +[14L(L+1)] ||h, ZHco(s I+ Hhmﬁﬂco(s Hfm£|\co(s+[1+£(f+1)]

(C-Est')

éHcoa 2

The IVP for a,,, in (3.16) becomes

(2% = Dy (z) + 22hy,(2) = £(€ + Dhyue(2) = fue(z), z € [R,00)
hmﬂ(R) = Cme
It € H3(IR,09)) N C3([R, o9))
(3.51)
The above ODE is the Legendre differential equation; the Legendre func-
tions of the first and second kind, Py and Q/, are two linearly independent
solutions to the homogeneous equation in (3.51) (i.e. with f,,; = 0) satis-
tying the following asymptotics as z — o (see [OR14] chapter 5 section
12):
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Pi(z) = 0(z"), Qu(z) =0(z""") (3.52)

We will frequently use some properties of those functions discussed and
proved in section A.3 in the Appendix.

We normalize P, and Qy so that

lim z~Py(z) =1, lim z""'Qu(z) =1 (3.53)

Z—00

Using the method of Frobenius, we can expand P, and Qy as a sum
of powers of z on [R,c0), which we present in proposition A.4 in the
Appendix. We rewrite the proposition here for convenience.

Proposition 3.4. Py and Qy admit an expansion of the following form. For z > 1,

{ )
Pi(z) = Y mz"% Quz) =Y bz 1K (3-54)
k=0 k=0
where the coefficients ay and by are defined recursively as follows:

ﬂozbozl, a1:b1:0

forksa, go UKDk (k=)

K2 —k(20+1) k(20 +k+1) 2

We observe immediately from the above that Q(z) is positive and
z!*1Qy(z) is decreasing on [R, c0).

Using the variation of parameters method (see [BO13]), we can explicitly
write the solution to (3.51):

() = AQu() + Pu(2) [ Qut) fue(IW(E) (B = D] N+ Qu(2) [ Pu(B) fua (DIW(H(E — D]

z

(3:55)
where W(t) := Py(t)Q)(t) — P;(t)Qq(t) is the Wronskian and A is de-
fined by
1 *© _
A= m (Cme — Py(R) /R Qé(t)fmé(t)[w(t)<t2 —1)] 1dt> (356)

Note that W(t) (2 — 1) is a constant by Lagrange’s identity (see [Rico2] pg
354). We compute that constant to be 2/ + 1 by taking the limit as z goes
to co in the expansion of P, and Q.
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We summarize here some estimates on the Legendre functions uniform
in z and ¢ that we prove in the Appendix (check proposition A.5): There
exists a constant C = C(R) such that for any ¢/ > 1 and z € [R, ), the

following holds
2z -t 2z ¢
) 41
z ' P(2)| < C| ———m—— , z )| <C| ———
[Pe(2)] < <Z+m> 1Qe(z)] < <Z+m)
, (3-57) ,
2z B 2z
—(£-1) P/ 2)| < CY () , Z€+2 ! 2V < C/ ( >
|€()|— Z‘I‘m ‘Qﬁ(”— +\/(227
3.58)

. 2z . .
We note that the function s decreasing on [R, o0) and is bounded

below and above by 1 and 2 respectively. Using the expression for /,,, in
equation (3.55) and the uniform bounds of P, and Q, in equation (3.57),
we obtain

2 ()] < 2 1A11QUE) +2 0 1P [ Q) et + 202 1Qu() [ 1P 1)

(3-59)
27 |AJQ(R)R™ 1z~

- ¢ sup t | fue(t)] | 270 <ZZ>Z/OO <2t>£télt‘5dt
20+1 tzlg " z+Vz2 -1 z \t+vir—1

L FO fre(B)] ) 270719 (22)12/2 <2t> i
20+1 tzlg " z+vVz22—-1/) JR \t+V12 -1

(3.60)
C? 5 1 1 R
< -0 —0 (N H+6+1
< |AlQ(R)R +%+1thvmm0(ﬁj+g+Hw(l<g )
(3.61)
It immediately follows that
mellcos < 1AIQ(R) + €72 [ fuell s (3-62)

To derive an estimate for |A|Q;(R), we use equation (3.56) to get
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AIQN(R) < lene| + =S [ sup =91 fu ()] | R <m>_f/°° <2t>£t_£‘1t‘5dt
TS tzg " R++VR2-1 R \t+Vi2—1
(3.63)

C2R® _
< [eme| + 20+ 1)(=25) (S;ggf &’fmﬁ(t”) (3.64)

The above estimate for |A|Q;(R) together with equation (3.62) implies

el < lemel + 072 | full o0 (3.65)

To achieve an estimate for Hh
tion (3.55) to get

!/

Ll cos_1 we take the derivative of equa-

[ee] z
7P [ QU fu i+ 2 Q1) [P f 1)
(3.66)
In a similar manner, we will apply the uniform bounds on Py and Q, in
equations (3.57) and (3.58) to obtain the desired estimate for Hh:nZHc,o, 51
Using the above equation for /1, , as well as equations (3.57) and (3.58), we

get

me(2) = AQi(z) +

2 I, (2)] < 27T Al1Q)(2)]

) » 1 :
+z—‘5+1m!1’é(2)|/z IQe(t)Hfmz(t)ldt+z“5+1leZ(2)l/R [Pe(t)]] fre (1)1t

(3.67)
<z "M A[|Q)(z)|

o4 -5 -6 ( 2z >_£ * < 2t )é -1
+ sup t t z" EE——————— / — ) Tt
2£+1 (tZII{) ‘fmé( )’) Z+ /Zz_l 2 t+ /tz_l

—{

2 s _g_1_5< 2z )f ( 2 ) 05
+——— [ supt°|fu(t)]| | z _— / _— ttodt
20+1 (tzlg e )|> z+Vz2—=1/) JR \t+ V-1
(3.68)

< A0 + =L (sup ol (] ) (2 + (1= Ry
= ¢ 20+1 \ o " (=6 (+1+6 z

(3-69)
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We estimate the term z 1| A||Q)(z)|. First, we observe from the expan-
sion of Qy(z) in proposition A.4 that z/*2Q)(z) is negative and increasing
on [R, o), which in particular implies that

<HAIQUR)] < T HAIQGRIRYZ G
R l

<=1 () RAIG®L 6

< R A[|Q)(R)) (372)

We then use the recursive relation for Q; in equation (A.44) to deduce
that

QU(R)| = Wg (~RQu(R) +Qi1(R)) (57

< ﬁQ(—l(R) (374)

which, in light of equations (3.72) and (3.64), implies that

51 ZR7(5+1
2 ANQ(E)] < 7 1A1Qr(R) (3.75)
ER 0+1 CZR(S s

(3.76)

The above together with equation (3.69) finally lead to the desired estimate

for Hhm/Hcofs 1°

[ra. éHcoa L S lemel + 07 1Hfm€||c0(5 (3.77)

What is left is estimating ||k Using the ODE satisfied by h,,,
in (3.51), we have

mZHCO(S 2°

_ 7379 0(041)z27° 729
22 (2) = 257 me(Z )+(Zz_)1hm£(z)+zz_1fm£(z) (3.78)

which then, using equations (3.65) and (3.77) implies

Hh/,éHco(s 2~ Hh Lf”cozs 1 +£(€+1) ||hmﬁ||c05+ Hfmeﬂco(s (3-79)
< Clemel + N fmellcos (3.80)
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The above equation together with equations (3.65) and (3.77) finally
imply the desired estimate:

Hhﬂéuco(s 2+ 1+€ €+1 Hh EHCQ(S 1+[1+£(£+1)] ||hm€||C0z5 Hfmé||c05/"’—[1+£(£+1)]
(C-Est’)

This concludes the proof of the lemma.



REDUCTION OF THE
PROBLEM

In this section, we reduce the static Einstein vacuum equations into a
simpler system involving ODEs, the Laplace equation on M, and first
order partial differential equations on dM.

Let ¢ be a metric on M of the form dr? + g(r), where ¢(r) is a metric on
S? for each r € [nmg, ). The level sets of the function r defines a foliation
with leaves denoted by S,. We define the unit vector field n := % that is
normal to the foliation. We denote by ¥ and 4i7 the covariant derivative
and divergence with respect to the induced metric g(r) on S,, and 4 the
exterior derivative on S,.

We then define the second fundamental form K as the (0,2) symmetric
tensor field on M that is tangential to the leaves S, of the foliation and

satisfies:

K(X,Y):=g(V,X,Y) (4.1)

for vector fields X,Y on M that are tangential to S,. We will decompose K
into the sum of its traceless and trace parts:

PO
K=R+3trK g
Note that Hess, () = K and Agr = trK.

The following equations on the leaves S, describe the evolution of the
geometry on M in terms of K and Ric (see [CK93] and [KN12]). Given
coordinates (r,0',6%) on M,

1 .
o, trK + E(trK)2 + K> = —Rgo (4.2)

N N 1
ViKij + trKKjj = — | Rij + 58ij(Roo — R) (4-3)

31



REDUCTION OF THE PROBLEM

1 N
R, — 2(trK) + [KP = R— 2Ra 44)
]' 2 1
V'K — EW#;’K = Ry; (4.5)
argi]' = 2K + tT’Kgi]' (4.6)

where i,j = 1,2, R;, is the scalar curvature of (S,,g(r)), R is the scalar
curvature on (M, g), and ¥ is the connection on (S;, g(r)). Moreover,
Roo := Ric(n,n) and Ry; := Ric(n, ;) fori =1,2.

We note that the left side of equation (4.3) can be simplified as follows

VrKi]' + t?’KKi]‘ = arKi]- — Zl“f)JKil + ti’KKZ‘]' (4.7)
0,K; (4.8)

Equation (4.3) can then be written as follows:

N 1
(LaK)ij=— |Rjj + Egij(ROO —R) (4-9)

9
or

The above equations determine all the components of the Ricci curvature
of g. More specifically, if the right hand sides of equations (4.2) to (4.5) are

known on all the leaves, then the Ricci curvature can be fully recovered.

In fact, if we in addition know that (g,u) solves the conformal static
vacuum Einstein equations for some function u on M, then, due to the
contracted Bianchi identities, equations (4.4) and (4.5) need only to be

imposed on the boundary for the Ricci curvature to be fully recovered.

The next proposition will prove this fact and will demonstrate the desired
reduction of our problem.

Reduction Theorem. Let (g, 3trKs) be Bartnik data. Let ¢ = dr® + g(r)
and u be a metric and function on M respectively, where g(r) is a metric on S?
for every r € [nmg, ). The pair (g, f) = (e~>"g,e*) solves the static Einstein
vacuum equations with Bartnik data (v, 3trKs) if and only if (g, u) satisfies
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REDUCTION OF THE PROBLEM

Agu=0, onM (4.10)

ortrK + %t‘rl(2 + K2 4+2(00u)2 =0, on M (4.11)

E%K%— [2du @ du+ g(r) (Qu)* — |[Vul*)] =0, on M (4.12)
2|Yul> —2(3,u)* — |[K|> — Ryt + %ter =0, onoM (4.13)
2(9,u)du — dio(K) + %dtrK =0, onoM (4.14)

e gl =18, nIM  (415)

e" (trK|,y, — 20,u) = trKy, onoM  (4.16)

Proof. The “only if " direction is clear from equations (4.2) to (4.5). We
prove the “if " direction.

Suppose (g, u) satisfy equations (4.10) to (4.16). It suffices to show that
Ric = 2du ® du. We first decompose the Ricci curvature of g with respect
to the foliation. Let IT be the (1,1) projection tensor field defined by

I, =6l —n'ny (4.17)

We then define the function Q, the 1-form P tangential to the foliation, and
the (0,2) symmetric tensor field S tangential to the foliation as follows:

Q:= Ric(n,n), Py:=TIn'Ryy, Sp = TILTIY Ry (4.18)
The Ricci curvature of g can then be written in the following way:
Ric=Qn®n+Pn+n®P+S (4.19)

where 7 is the 1-form achieved by lowering the index for n. We will omit
the underbar when we write 1 in components.

Define the function H on M and the 1-form A tangent to the foliation in
the following way:
H:=R—2|Vul? (4.20)

A:=P—2n(u)du (4.21)
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REDUCTION OF THE PROBLEM

We now compare equations (4.2) - (4.5) with equations (4.11) - (4.14).

From Equation (4.2) and (4.11), we deduce on M that
Q = 2n(u)? (4.22)

From equation (4.9) and (4.12), we deduce on M that
S=2du® du+ %'yH (4.23)

We also have by definition of A:
P=2n(u)du+ A (4.24)
From equation (4.4) and (4.13), it follows that on dM,

R—2Q =2|Vul|* — 4n(u)* (4.25)

which gives us:
H|p =0 (4.26)

From equation (4.5) and (4.14), we get:
Algy =0
To prove the statement, we just need to show that H, A = 0.

We first prove the following lemma.

Lemma 4.1. Let dr? + g(r) be a metric on M where g(r) is a metric on S? for
every r € [nmy,00). Suppose that the Ricci decomposition relative to the foliation
defined by r, as written in equation (4.19), is

1
Q=2n(u)?  P=2mn(u)du+A, S =2du® du+g(NH (4.27)
where u is a harmonic function on M, H is a function, and A is a 1-form tangent

to the foliation.
Then A and H satisfy

(VA + AKL 4 trKA, = 0 (4.28)

V.H + HtrK = 2div(A) (4-29)
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REDUCTION OF THE PROBLEM

Proof. Recall the second Bianchi identity:
1
EVVR = V¥Ry, (4-30)

where p,v =10,1,2.
We can write the Ricci curvature as follows:

Ric=Qn®n+Pn+n®P+S (4.31)

We compute the divergence of the tensor 2du ® du to be:

VHF(2du @ du),, = 2V*'du,du, + 2du, V¥'du, (4-32)
= Audu, + 2Hess(u)(Vu,d,) (4-33)
=V, |Vul? (4-34)

where Au = 0 was used in the last line. Using the Bianchi identities, we

get

1 1

EVVR: \Ya <2du®du+A®n+n®A+2ny> (4-35)
v
= V*(Q2du ® du),, + V¥ Ayn, + A, Vin, + Vi, A, +n, VI A,
(4-36)
1 o1

+ EVV/HHV + EHV"(gW —nyny)

= V,|Vu|* + V' Ayn, + A, KD + trKA, + V4, Ay (4.37)

1 ro 1
+ EVV/HHz — EHtrKnv

where H;’ = 5;{ — n”lny. We also used the fact that 7, = gy/V/Hﬁ Hz/ =
g;,“/ - nyny.

Using fermi coordinates (7, 6',6%) and letting v =1 =1,2, we get
(VaA); + AiK 4 trKA; = 0 (4.38)
Letting v = 0, we get
V.H + HtrK = 2V# A, (4-39)

as desired.
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REDUCTION OF THE PROBLEM

O
We then have that A satisfies,
(VHA)k —+ Al‘K]i{ + tT’KAk =0, onM
(4.40)
A=0, on oM
By the existence and uniqueness theory of ODEs, it follows that A = 0.
Since div(A) = 0, we get that H satisfies
Vy.H+ HtrK=0, onM
(4.41)
H=0, on oM

By invoking again the existence and uniqueness theorem of ODEs, we
deduce that H = 0. O
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PROOF OF THE MAIN
THEOREM

The reduction theorem in section 4 suggests that we study the map

¥ MM1(OM) x HF(9M) x ME(M) x AV
o A (0) ¢ 3 ([, 0); () ) x 23 ([ e0);5(52))

x H*"1(aM) x QF1(aM) x H*(aM) x HF(aM)

Agu
0:trK + 3trK? + |K|2 + 2(9,u)?
£%I€ + [2du @ du + g(r) ((9yu)? — |[Vul?)]
Y, %trKsB,g,u) = | 2|Vu|?>—2(0u)? — |K[> — Ryp + 2trK?
2(0,u)du — dio(K) + 3dtrK
e gl — T

trK|yp — e (trKy + 2e"0,u)

(5.1)

where trK and K are with respect to the metric g, and Ry, is with respect
to the metric 62“7%. Furthermore, norms |-| used in the second, third and
fourth line are with respect to the metric g.

We wish to show that there exists a map taking Bartnik data (s, 3trKs)
close to Schwarzchild data to a pair (g, u) satisfying ¥ (s, 3trKs, g, u) =
0, showing that (g, f) = (e ?“g,e") solves the static Einstein vacuum
equations with Bartnik data (v, 3trKs). This can be achieved by first
attempting to show that the linearization of ¥ with respect to (g, u) at
(Yaoer 3t7Kgees §scs Uisc) is an isomorphism, or merely surjective, and then
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5.1 DEFINITION OF THE ARTIFICIAL VECTOR FIELD X

invoking the implicit function theorem. However, the linearization of the
contracted Codazzi equation, in the fifth line of the definition of ¥, leads
to obstructions to surjectivity stemming from the divergence operator
acting on symmetric traceless tensors on S2. More specifically, we are faced
with the cokernel of the divergence operator: a 6-dimensional space of
obstructions equal to the space of conformal Killing vector fields on S2.

This difficulty does not preclude the possibility of finding solutions
given arbitrary Bartnik data close to Schwarzchild data. A similar situation
arises when one attempts to show the existence of metrics on the sphere
with prescribed scalar curvature (see [KW75]). The operator of study will
not satisfy the conditions for the inverse function theorem, yet existence
holds as shown in [AH21]. In our case, we circumvent this difficulty by
introducing an artificial object, in the form of a vector field X, to the
meaning of a solution to our problem, proving its existence using the
implicit function theorem, and then finally showing that this vector field
X vanishes, yielding a solution to the original problem.

5.1 DEFINITION OF THE ARTIFICIAL VECTOR FIELD X

As explained in the introduction of section 5, the contracted Codazzi
equations give rise to obstructions that are in correspondence with the
space of conformal Killing vector fields on S?>. We will overcome these
seeming obstructions by introducing an artificial vector field X to the
definition of a solution; this means that the solution will consist of a metric
g, a function u, and a vector field X. This needs to be done in a way so
that, firstly, the corresponding modified problem is solvable, and secondly,
the artificial vector field, in fact, vanishes for a solution to the modified
problem, yielding a solution to the original problem. To achieve this, the
artificial vector field X needs to be carefully defined, which will require a
certain way of uniquely extending conformal Killing fields from S? to the
ambient manifold M. This procedure will be outlined in this section.
Notably, Huang and An have also introduced an artificial vector field X
in [AH21] and [AH22b] for analogous purposes; specifically, they define
X to be a vector field that vanishes on the boundary and asymptotically
approaches a Killing vector field at infinity. In contrast, we will define

T
X to be a vector field that satisfies (ﬁ 2 X) = 0 on the boundary and

r

asymptotically approaches a conformal killing vector field on (M, gs.) that
restricts to a conformal Killing vector field on (dM, vs2).
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5.1 DEFINITION OF THE ARTIFICIAL VECTOR FIELD X

Given a a metric ¢ and a vector field X on M, we denote by L o, X
and Ag ¢ X the conformal Lie derivative of ¢ with respect to X and the
conformal laplacian of X defined by

ﬁg,coan = EXg/ Ag,coan = divg (ﬁg,confx) (52)

where E/;Zg is the traceless part of L£xg. It follows that X is conformal
Killing on (M, ) if and only if Lg 0, X = 0.

Definition 5.1. Given a conformal Killing vector field Xckx on (0M, vs2),
we denote by Xck the unique vector field on (M, gs.) extending Xcx on
oM and satisfying the evolution equation

E%XCK = 0, in M (5.3)

Also, we will use “#i0,, (Xck)” to denote both the divergence of Xck on
(0M, 7s2) and the same function extended to a function on M independent
of r. It should be clear from context which one we are referring to.

Definition 5.2. Define the space X, as the space of conformal killing
vector fields Xo on (M, gsc) of the form

Xeo = ) (#1610 (Xex) ) 5. + ) Ko (54

where f = f(r) and h = h(r) are smooth functions on M such that f =0
and i = 1 on M and Xcg is a conformal Killing vector field on (dM, s2).

In the case that Xci is Killing, equation (5.4) becomes

Xoo = h(r)Xck (5.5)
Lemma 5.3. Let Xck be a nontrivial conformal Killing vector field on (M, ys2).

(a) Suppose Xck is Killing on (0M, ys2). Then h = 1 is the unique smooth
function h = h(r) on M in which h = 1 on OM and X, defined by
equation (5.5), is conformal Killing on (M, gs¢). In fact, X would also be
Killing.

(b) Suppose Xck is not Killing on (0M, ys2). There exists unique smooth
functions f = f(r) and h = h(r) on M such that f =0, h =1 on oM
and the vector field X« defined by (5.4) is conformal Killing on (M, gsc)-
Furthermore, f = O(r?) and h = O(r?).
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5.1 DEFINITION OF THE ARTIFICIAL VECTOR FIELD X

In particular, X is a 6 dimensional vector space of conformal Killing vector fields
on (M, gsc).

Proof. We will repeatedly use the following identity of the Lie derivative:
for any vector fields X, Y, Z and any (0, 2) tensor field T on M,

[EXT] (Y, Z) = X(T(Y,Z)) ~T(X,Y],Z) - T(Y,[X,Z]) (5.6)

We first prove (a). Suppose Xck is Killing on (dM, g2). It is clear that
h(r)Xck is Killing on (M, gs¢) for h =1 on M as it is a rotation vector on
the spherically symmetric Schwarzschild manifold. Now suppose I = h(r)
is a smooth function such that # = 1 on dM and h(r)Xck is conformal
Killing on M. In particular, we have that

9
0= [ﬁh(r)mgsc} <ai” XCK) (57)
0 N - 0
= gsc ([ar,h(}")XCK] /XCK> +gsc ([Y,h(?’)XCK} ,ar> (58)
= 1'(r)gsc(Xck, Xck) (5.9)

In view of the fact that Xcx # 0, it follows that ¥’ =0andsoh =1 on M
as needed.

We now prove (b). Suppose Xck is not Killing on (dM, ys2). Let f = f(r)
and h = h(r) be smooth functions on M. Recall that the metric g;. can be
written as

gse = dr? +r(r — 2mp)vs

Only for the proof of this lemma, we will denote the function 410, (Xck)
by Bx., for simplicity of the notation. Recall that Bx_, is understood as a
function on M or a function on dM depending on the context, and that
Bx., as a function on M is constant in 7.

Since Xck is not Killing, we have that Bx_, is nonzero. Moreover, after
fixing a spherical coordinate system on dM, the vector field Xckx can
be written as a linear combination of the vector fields Y, @ Y,ffl, form =

—1,0,1, where Y,ﬁ:l are the ¢ = 1 spherical harmonics on dM. In particular,
it holds that

Ve Bxex = —2Xck (5.10)
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5.1 DEFINITION OF THE ARTIFICIAL VECTOR FIELD X 41

This implies that

1

Ve, (Bxer) = mvm (Bxcx) (5.11)
2
= —mXCK (5.12)

For X := f(7)B XCK% + h(r)Xck and arbitrary vector fields Y, Z tangent
to the foliation, we compute

0 0 0 0
|:£Xoogsci| <81’/ ar> == 2gsc <[8r' Xoo:| ’ 8r> (513)

= 2f"(r)Bxcy (5.14)

9 d
<[81"X°°] ,Y> + &se <[Y, X°°]’ar> (5.15)

= dsc
= h'(r)gsc(Xcx, Y) + f(r)Y (Bxcx) (5.16)
= ' (r)gsc(Xck, Y) + f(r)gsc (VBxey, Y) (5.17)

= (h (7’) - 7,(1,_22”,10)]((7’)> gsc(mr Y) (5-18)

s (3)

[L’Xwgsc} (Y,Z) = [Ef(r)BXCK%gsc] (Y/ Z) + [ﬁh(r)@gsc} (Y,Z) (5.19)
= f(r) Bxey trKsc 85c(Y, Z) +1(r = 2mo)h(r) [ Lxere| (Y, 2)
(5.20)
= f(r) Bxeg trKse §sc(Y, Z) 4+ 1(r — 2mo)h(r) Bx, vs2 (Y, Z)
(5.21)
= [f(r)trKsc + h(r)] Bx Qs (Y, Z) (5.22)

In the above calculation, we used the fact that Xcx is conformal Killing
on each leaf and hence Lx . vs2 = Bx Vs2-

It follows that Lx_ gsc is conformal to gs., f =0 and h = 1 on dM if and
only if the pair (f,h) satisfy the following on [nm, o).
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2f'(r) = f(r)trKsc + h(r),
W(r) = o2 1),
f(nmg) =0,

h(nmg) =1

(5-23)

This decouples to the following initial value problems for f and & on
[nmyg, 00).

F1(r) = Ao £1(r) + i () =

f(nmgy) =0 (5-24)
f'(nmo) = 3
W(r) = r(r,émo)f(r) 5
{h(nmo) o (5.25)

Invoking the existence and uniqueness theorem for ODEs, it follows that
there exists unique smooth functions f and g satisfying the above initial
value problems.

We have then proven that there exists unique smooth functions f = f(r)
and h = h(r) on M such that f =0, h = 1 on 0M and the vector field X
is conformal Killing on (M, gsc).

We utilize Fuchsian theory to establish that both f and h are O(r?). We
tirst observe that the ODE for f in equation (5.24) has a regular singular

point at infinity. We can then express f as a Frobenius series as follows
(see [BO13]):

f(r) = (r—my) Zanr—mo —n (5.26)

where & € R is to be determined and a¢ # 0. We substitute this expres-
sion of f into the ODE in (5.24) to get

i an(a —n)(a —n—1)(r —mg)* "2 — i an (e —n)(r —mgy)* "2 <1 + (m(z)>

= o r(r —2myg)

) o Cpea (r—mo)*

(5-27)



5.2 DEFINITION AND EXISTENCE OF THE MODIFIED SOLUTION

Upon examining the highest power of r — my, we deduce that « must
satisfy the equation
ale—1)—a=0 (5.28)

implying that a can only be 0 or 2. It follows that f = O(r?). The fact
that h = O(r?) follows immediately from equation (5.25).
U

Remark 5.4. Note that any vector field X, in X satisfies
T
(L’BiXoo> =0, on oM

Hence, the lemma proves an existence and uniqueness result for an overde-
termined problem: for any conformal Killing vector field Xck on (0M, vs2),
there exists a unique conformal Killing vector field X on (M, gs.) satisfy-
ing the following boundary conditions on dM:

T

XOO‘BM = XCK/ (ﬁ%Xoo> =0 (529)

Furthermore, X, will of the form as in equation (5.4) for some functions
f=f(r)and h = h(r).

Definition 5.5. We define X2(M) to be all vector fields X € X2(M) (see

T
definition 2.5) such that X|y; is tangent to dM and (/l 2 X) =0on oM.

The artificial vector field X will be chosen to live in the space X?(M) @
Xeo(M). The reasons for this choice will be clear in the next sections.

5.2 DEFINITION AND EXISTENCE OF THE MODIFIED SOLUTION

In this section, we will define the modified problem and its solutions,
which we call “the modified solutions", and prove their existence. Here
and onwards, we fix a number ¢ € (—1, —%] and an integer k > 5.

Let 7 be a smooth cut off function on [nmy, o) satisfying 7(r) = 1 for

r > nmo+2 and 57(r) = 0 for r < nmg + 1. Given X € X?(M) & Xu(M),
define the function F(X) on M by

F(X) 1= e 10X (5:30)

where | - | is taken with respect to gs..
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5.2 DEFINITION AND EXISTENCE OF THE MODIFIED SOLUTION 44

Given g = dr? 4+ g(r) € ME(M) and Xe € X, define w(g, X«) to be
the 1-form on dM achieved by lowering the index of X«|sp with respect
to g(nmy). Note that Xe|ap is a conformal Killing field on (0M, vs2) by
definition of the space X.

Define ® by:

@ : MEL(OM) x HF QM) x ME(M) x AZ (M) x (p?g(M) @ XOO(M)>

S AP (M) x 12, <[”m0,°°)}Hk(52)) <12, ([nmo,oow"(s%) % X0 ,(M)

x H1(aM) x QF1(aM) x H¥(aM) x H*(aM)

Agu on M
ortrK + 2trK? + |K|? +2(9,u)? on M

LR+ [2du® du+ g(r) ((0u)? = |Vul?)] onM

9
m

! Ag conf(F(X)X) on M
P(yy, trKy, g, u, X) :== g.conf

2 2|V ul? - 2(3,u)? — |R2 — Roy + 1trK>  on aM

2(0pu)du — div(K) + dtrK + w(g, Xe) ~ on oM

e*Z“g‘aM — s on oM
trK|yp — e (trKg + 2¢"0,u) on oM
(5:31)

where X, is the projection of X onto X (M), trK and K are with respect
to the metric g, and R is with respect to the metric e**~yqs. Furthermore,
norms |-| used in the second, third and fifth equation are with respect to
the metric g.

Definition 5.6. Given Bartnik data (v, 1trKg), we say that a 3-tuple
(g,u, X) is a modified solution if ®(7ys, 3trKe, g, u, X) = 0.

Remark 5.7. In view of proposition , a modified solution is a solution to
the original problem if and only if X = 0.



5.2 DEFINITION AND EXISTENCE OF THE MODIFIED SOLUTION

The main tool to obtain the existence of the modified problem is the
implicit function theorem on Banach manifolds (see [AMR12]), which is
stated here for convenience.

Theorem 5.8. Let U C E, V C F be open subsets of Banach spaces E and F,
and let ¥ : U xV — G be a C" map to a Banach space G, with r > 1. For
some xo € U, yo € V, assume the partial derivatives in the second argument
DY (x0,y0) : F — G is an isomorphism. Then there are neighbourhoods Uy of
xo and Wy of ¥ (xo,yo) and a unique C" map H : Uy x Wy — V such that for
all (x,w) € Uy x Wy, ¥(x, H(x,w)) = w.

The map @ is indeed C! near (7q,., 5tKq,., gsc, Usc, 0). To see this, we
first note the following:
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» The map u +— du ®duis C! from A((SZ’kH) (M) to Hl; , ([nmy, o0); H¥(S?)).

 The map g — trKis C! from MX(M) to H} | ([nmyg, o0); H*(S?)).
e The map g — K is C! from MX(M) to H}  ([nmg, 0); H¥(S?)).

This immediately shows that each line, excluding the fourth line, in the def-
inition of @ is C'. It remains to show that the map (g, X) — Ag conf(F(X)X)

is C! from MK(M) x (P?(SZ(M) @ XOO(M)> to XY , near (gs,0). This fol-

lows directly from the smoothness of F(X) and the following identity of
the conformal laplacian (see [Yor74]):

Ageons(F(X)X) e = Ag(F(X)X),, + %v,, (divg (F(X)X) ) + Ry F(X) X"
(5.32)

We can then differentiate ® at (7g,., 3t7Kq,., gsc, Usc,0) and study its
derivative.

Let D®,. denote the derivative of ® with respect to the last three
components evaluated at (vg,., 3t7Kq,., gsc, Usc, 0) where

D, : To M x AP <)?§(M) B XOO(M)>

— AV (M) x 12, ([nmo,OO);Hk(SZ)) X Lﬁ_z<["m0r°°);Hk(52)>

x H*"1(aM) x QF1(aM) x H*(9M) x HF(aM)
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Proposition 5.9. D®,. is an isomorphism.

Proof. The proof of this will be the content of section (5.4). ]

We can now conclude the existence theorem for the extended problem.

Theorem 5.10. There exists a neighbourhood U of (.., 3trK,.) in M¥T1(9M) x
H*(0M) and a unique C* map H : (yp, 2trKg) — (g,u,X) on U into
ME(M) x AP (M) x X2(M) @ X (M) satisfying

1 1 1
<I>(7«B,§trK%,H(m,§trK«B))=0, for all (m,itrK%)GU (5.33)

Proof. Follows from proposition (5.9) and the implicit function theorem
on Banach manifolds. O

5.3 THE VANISHING OF X FOR MODIFIED SOLUTIONS (g, u, X)

The next step is to show that if (g, u, X) is a modified solution, then
X = 0, yielding a solution (g, u) to the conformal static vacuum Einstein
equations.

Let (s, %trKg;) € U be Bartnik data and let (g, u, X) := H(ys, %trK%)
be the corresponding modified solution.

We first find the Ricci curvature of the metric g.

Proposition 5.11. The Ricci decomposition of ¢ = dr? + g(r) relative to the
foliation defined by r is given by

Ric=Qnon+Pon+n®P+S (5-34)

Q =2n(u)? P =2n(u)du+ A, S :2¢lu®du+%g(r)H (5.35)

where H and A are the unique function on M and 1-form on M tangent to the
foliation satisfying:

ViAp+ AKL +trKAy =0, on M
(5.36)

A=w(g Xs), on oM
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V.H+ HtrK = 2div(A), on M
(5.37)

H=0, on oM

Proof. Lemma (4.1) shows that A and H satisfy the desired transport
equations on M. The boundary condition for A and H follow by comparing
equations

2|Yul* —2(3,u)* — |K|* = Rypns + %ter =0, and 2(d,u)du—di5(K)+ %dtrK+w(g, Xe) =0

with equations (4.4) and (4.5). O

The relation between the Ricci curvature of ¢ and u as described in the
above proposition leads to the following regularity result.

Proposition 5.12. The following holds for any modified solution (g, u, X).

e The Ricci curvature of g is C away from the boundary. Furthermore, there
exists a universal constant C > 0 such that for R > nmy,

sup *(|Ric| + r|VRic|) < C 7o = vs2llpt(ans) + 0(R?)  (5.38)

r>R

as R goes to co.
o The vector field F(X)X lies in X3 (M).

Proof. We first find explicit expressions for A and H. Letting (r,6',6?) be
fermi coordinates, we compute fori = 1,2,

Vadi = 3,Ai ~ T4 (5-39)

= 0,A; — KIA; (5.40)

Equation (5.36) for A then becomes

0,A; +trKA; =0, on M
(5.41)

A=w(g X«), on oM
which gives

A(r) = g5 (5.42)
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7

where L(r) := exp (/n trK(s)ds).

mo

We then solve equation(s.37) for H to obtain

H(r) = L(l) / L(s)2div(A(s))ds (5.43)

From proposition (2.10), we have

tK — 3' € Hj_y ([nmo,00); HX($Y)), K€ Hjy ([nmo, 00); 1A (5))
(5.44)

([nmg, 00); H¥(S?)) and div(A) € H}

loc

It then follows that A € H?

loc

which in turn implies that H € H2,_ ([nmy, o0); H*~1(S?)).
Furthermore, since k > 5, the Sobolev embedding described in propo-

sition (2.10) imply that trK and K are continuous in r, have 3 continuous
angular derivatives, and satisfy

2 s .
trK==+0(r'™), K| =o(r"") (5.45)

Using the asymptotics of 7K described above, we derive the asymptotics
of L to be

LinN™=0072), &(Li)™)=00"), V(LK H =007
(5.46)

as r goes to oo.

It follows that A and H have continuous first derivatives and satisfy

AN =007%), [9:A(n)| =0, [YAN|=007") (547

H(r)=O(r™?), 9&H(r)=0(7), [VH()|=00")  (548)

By virtue of the fact that (g, u, X) is a modified solution, we have

02u + trKo,u + Boyu=0 (5.49)

48
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The above equation together with the fact that u € A((;Z’kﬂ)(M) then
implies 92u € H} , ([nmg,00); H*~2(S?)). This in particular implies that
oru, |Yu| € H2 | ([nmg,c0); H=2(S?)). Using the Sobolev embeddings
again and the fact that k > 5, we deduce that 0,1, | ¥ u| have continuous
first derivatives and satisfy

ou=o0(r’"1), u=o0("2), |Voul=o("72) (5.50)

Having achieved the asymptotics for u, we can now derive an explicit
expression for the leading order term for H and VH. Using the Gauss
equation, we get

oo 12 2\? 2
r?H(r) = r*Rg(r) — 24 2r*(d,u)?® + r*|K|*> — % <trK - r> +2r <trK - r)

(5.51)
= rzRg(r) -2+ O(r(s) (552)

where we have used equations (5.50) and (5.45).

It then follows that

1/2
H(r) = 2Ry =2) +0(* ), [VH)| =1 (IRy 2P+ ARy [2) +0(r)

(5.53)
where | - |, is the ye-norm.

In view of the expression of the Ric in terms of 1, A, and H in equations
(5.34) and (5.35), we deduce the desired regularity of Ric, namely that
it is C! away from the boundary. We are now in a position to prove
equation (5.38). Using again equations (5.34) and (5.35), we estimate |Ric|
and |VRic|: for some universal constant C > 0, we have

[Ric| < C(|Vul? +|A[+|H), |VRic| < C(|Vul? + |VA| +|VH])
(5.54)
Using the asymptotics of u, A, and H laid out in equations (5.50), (5.47)
and (5.53), we get that for R > nmy,
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sup *(|Ric| +r|VRic|) < Csup (|Rq,, — 2| + ARy |4.) +0(R)  (5.55)
S2

r>R
< Cllre = 182lle3(s2) +0(R?) (5.56)
< Cll7e = ys2llpges2) + 0(R%) (557)

as R goes to co. In the last line, we have used again the Sobolev embeddings
and the fact that k > 5. We have also allowed the constant C to change
from line to line while staying universal, i.e. independent of ¢ and u.

We turn our attention to the second statement of the proposition. It
suffices to show that Xy admits 3 derivatives. By virtue of the fact that
(g, u, X) is a modified solution, we have

1 N
o,trK + iter + |K]? = —2(d,u)? (5.58)

/J%K%—trKK: —2du® du — g(r)((3,u)* — |Vul*) (5-59)

Thanks to equation (5.50), we have that |Vu| € H2 | ([nmg, o); H*2(5?%))
and so admits 2 radial derivatives. Hence, the above equations directly
impy that trK and K admit 3 radial derivative and, in fact, live in Hg_l ([nmo, 0); HF (SZ))
and H} | ([nmg, %); H*(S?)) respectively. Due to the evolution equation

0,¢(r) = trK g(r) + 2K, (5.60)
we deduce that ¢(r) € H}

. ([nmg,00); H¥(S?)) and so admits 4 radial
derivatives. By the Sobolev embedding and the fact that k > 5, this implies
that g(r),d,¢(r),9%g(r) are continuous in r and are C° on the sphere.
We conclude that the metric ¢ = dr? + g(r) is of class C>. Since F(X)X
satisfy the elliptic equation Ag o, ¢F(X)X = 0 with respect to a C* metric,
standard localized interior estimates show that F(X)X lives in X3 (M) (see
for example [CBo8] appendix II).

O

Remark 5.13. Stronger regularity results can be proven for the modified
solution (g, u, X). Specifically, ¢, u, and X are in fact smooth away from
the boundary. Nonetheless, the above regularity result is sufficient for our
purpose. We will use it to show the nonexistence of nontrivial conformal
Killing fields on (M, g) (see lemma (5.14)).
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We now show that X = 0. Letting X := F(X)X, we note that Ag ¢, f X =

0 on M in light of the fourth line in the definition of ® and the fact that
(g,u,X) is a modified solution. We decompose X as follows,

X = Xo + Xeo (5.61)

where X € X 2(M) and X € Xo. We make the following observations:

e Iflimsup, .. r*|X|*> = oo, then F(X) decays exponentially in r. Since

|X| = | X + Xo| = O(#?) by lemma 5.3, we deduce that | X| decays
exponentially in r.

e If limsup, ., r*|X|? < oo, then F(X) = O(1) and so |X| = O(r2).

The above implies that |X| = O(r~2). This allows us to perform the
following integration-by-parts computation:

0= /M XA g cons XudV (5.62)

1 >12 o O
= _E/M |»Cg,coan‘ dVg - /aM ‘Cg,coan(X’ §)d0—8(”m0) (5.63)

The above calculation is valid since |£g,wn f}_(‘z is integrable and the
boundary integral at infinity vanishes.

We now compute Lg f)_( (X, %) on dM in order to evaluate the bound-
ary integral in equation (5.63). Recall that we decomposed X as follows,

X = Xo + Xoo (5.64)

where Xp € X 2(M) and Xo € Xoo. We also have that X and X, satisfy
the following on dM.

T
Xeo = Xck, (ﬁgxo) =0 (5.65)
Lo Xeo = f/(nmo)dics, , (Xex) 2 + I (nmo)Xcx = ot , (Xex) - (5.66)
o s or 2 e ar
$(Xo, 2y = ¢(Xe, L) =0 (5.67)
or or

Using the above, we compute that the integrand of the boundary integral
appearing in equation (5.63) satisfies the following on dM.
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o O d
['g,coan(X/ g) = ['g,coan(X/ g) (5-68)
0 2 .. 0
= Lxg(X, 57) — 3divXg(X, =) (5.69)
=8(L2 X, X) (5.70)
= 8(L2 X0, X) +8(L 2 Xeo, X) (5.71)
=0 (5.72)

where the fact that X = X near dM was used in the first equality. It then
follows that

1 o2
0= 5 /M ’*Cg,coan‘ dVg (5-73)

implying that X is conformal Killing on (M, g). However, the next
lemma shows that if y., is close enough to g2, then there does not exist a
non trivial conformal Killing field on (M, g) that vanishes at co.

Lemma 5.14. Let § < 0. There exists € > 0 such that the following holds.

Let g € MX(M) satisfy the statement of proposition (5.12) (i.e. Ric is C! away
from OM and equation (5.38) holds). Suppose also that |[yeo — Y2 [lgyr(s2) < €. If
Z € X3 (M) is a conformal Killing vector field on (M, g), then Z = 0.

Proof. Let Z € X$(M) is a conformal Killing vector field on (M, g). A
direct computation shows that we can express the third covariant derivative
of Z as follows.

V32=A-VZ+B-Z (5.74)

where A and B are linear expressions in Riem and V Riem, where Riem
is the Riemann curvature tensor. We will move the proof to the appendix
to avoid digressing from the main discussion (refer to A.1). Since the
dimension of M is 3, Riem can be written in terms of only Ric and g, and
so A and B can be thought of as linear expressions in Ric and VRic.

An application of a Hardy-type inequality shows that there exists an
Ro > nmgy depending only on ¢ and a positive constant C depending only
on & such that for any R > Ry and any vector field Z € X3 (M),

/ 772573(‘Z‘2_’_r2‘vzy2>dvg < C/ r*2(573)73‘v32’2dvg
[R,00)x 52 R,

00) x §2

(5.75)
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A proof of this inequality is provided in section A.2 in the Appendix (see
corollary A.3).

On the other hand, given R > nmy, equation (5.74) implies

[ e ezRay < c r20-3)3(|VRicl?| ZP + |Ric 2|V Z[2)dV
[R,00) x S2 [R,00)x S2
(5.76)
< C [ supr*(|Ric|? + 2| VRic]?) / r2-3(1Z)% 4 2|V Z[2)dV
r>R [R,00) x 52
(5.77)
2 20 —20—3 2 2 2
< C (e = rslusy +R¥) [ rER1ZP +2IVZP)Y
(5.78)
< C(e + R¥) / r2-3(1Z2 + 2|V Z[2)dV
[R,00) x 52
(5.79)

where the constant C is allowed to change from line third to fourth line
while staying universal, i.e. independent of Z, R, and g.

We have then proven that

/[ | zr*25*3(1212+r21vzﬁ)dvgc(e+R25)/ r 23 (2P + 2|V ZP)av
R,00) xS

[R,00) x S2
(5.80)
Choosing € small enough and R large enough so that C(e + R%) < 1
implies that Z = 0 on [R, c0) x S2.

Since Z satisfies the elliptic equation AgnrZ = 0 and vanishes on
an open set, standard arguments then imply that Z = 0 on M (see for
example [CO81]). O

Remark 5.15. The nonexistence of nontrivial conformal Killing vector fields
vanishing at infinity on asymptotically flat manifolds has already been
established in [CO81] and [Yor74]. The above lemma extends this nonex-
istence result to a broader class of metrics, including some that are not
asymptotically flat.

After possibly shrinking the neighbourhood U of (7,,., 3trK,.) and
using the continuity of 7, we can assume that for (g, %trK«B) € U,
the metric g of the modified solution H (g, 3trKy) = (g, u, X) satisfies
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700 = Y2 [lgr(s2) < €. Since X is conformal Killing on (M, g) and lives

in X 53(M), the above lemma then implies that X = 0, and hence X = 0.

We then finally conclude, by remark 5.7, that (g, u) is a solution to the

conformal static vacuum Einstein equations with Bartnik data (s, %trKsB).

This concludes the proof of the main theorem.

5.4 PROOF THAT D®,. IS AN ISOMORPHISM
In this section, we will prove proposition 5.9.

We first remind the reader of the values of some key parameters for the
Schwarzchild solution (g, fsc) and the conformal Schwarzschild solution
8sc = fszcgsc/ Use = ln(fsc)

7

2m,
24/1— TO _ / 2m0
tTKgsc — p fsc — 1 - T

-1
Osc = (1 - Zﬂ> d]"z + 7’2')/52 ® Vose = (nmo)zrygz

gSC = drz + (1 _ 2@) 1,2,)/52 ° tT’KSC — 2(7’—7’10)

r r(r—2myg)

A

Yse = 1’1(1’1 - 2)1’]”[02’)/52 Kse =0

2m, — 2
Use = In \/ 1~ TO * Romse = n(n—2)my?

Let § € T, Mk il € .A((Sz’kﬂ)(M), and X € fg(M) For small ¢, let g(t),
u(t), and X(t) be smooth 1-parameter families satisfying

* 8(0) = gsc ° 5'(0)=3¢
* 1u(0) = us e u'(0)=1
« X(0)=0 e X'(0) =X

Define the following
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where X (f) is the projection of X(t) into the space X«. By definition
of w, we have that @ is a conformal Killing field on (S?, gsc(nmyg)).

We compute D®,, to be

D, : T M x AP (M) x <2?52(M) ® XOO(M)>

5 AL () x L§—2<[nmo,w);Hk(52)> x Lﬁ_z([”mofw)ﬂk@z))

x X2 ,(M) x H=1(aM) x Q1 (aM) x H*(aM) x H*(aM)

. o d 1
D®y (g, i1, X) = ar CD(’ygsc,EtrKgsc,g(t),u(t),X(t))

Agscﬁ + (arusc) (ET’\IZ)

t=0

9, trK + trKootrK + 4(9,us.) (9,1)
L£,K
ar
Agsc,coan

(5.81)

Let (A,B,C,D,E,F,G,H) be an arbitrary element in the codomain of
D®,.. We wish to show that there exists a unique (g, iI, X ) in the domain
satisfying

Ag. i + (dyus)(trK) = A, on M (5.82)
arir\lz + trKSCEr\IZ + 4(ayusc) (arﬁ) - B, on M (5.83)
Ea@INZ =C, onM (5.84)
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A coan =D, onM (585)

s/

—4(3,usc) (3, + trKye trK et i +2K, 0=E, ondM

n(n —2)mg
(5.86)
2(0rusc ) dii —M(I%) +@=F, onoM (5.87)
57— 2n’miiige = G, on oM (5.88)
FK| + -2 a-ova=H oM (5.89)
oM nmyg = Heoon 599

The above equations can be decoupled to give a a non-local elliptic
system on ii.

Lemma 5.16. Lef ii € A((;z’kﬂ)(M) and § € Ty, ME satisfy equations (5.83)
and (5.89).
Then i and § satisfy equations (5.82) and (5.86) if and only if il satisfies

4m? n(n—2)my 4m3 4—n
Ao 1l — 0 j—= _ 0 ~ 9.0
8!t [r(r—zmo)]zu 2 [r(r —2mg)]? (n(n—Z)mgu'aM+ ru‘aM> oM
(5.90)
A at2kit — AT, onoM (5.91)
nmg n2(n—2)ym3 ' 29
where ¢ and T are defined as follows
A mo r B _ mgn(n —2)
p:=A 2 — 2o /nmo s(s —2mgp)Bds 2(r — 2mg)2 2m0)2H (5.92)
._ 2(n—1)
I':=E WH (5.93)

Remark 5.17. In light of the spaces that A, B, E and H live in, it follows
that ¢ € A((s(y;_l) (M) and T € H*1(S?). Note that the boundary value
problem that i satisfies in equations (5.90) and (5.91) does not depend on

¢ or X; hence, we have indeed decoupled the system.
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Proof. We directly deduce that equations (5.91) and (5.86) are equivalent
by using equation (5.89).

We rewrite equation (5.83) as follows:

or (exp </ﬂ:ﬂo trKsc(s)ds) E[?) = —exp (/njno trKsc(s)ds) <4(8rusc)(8,ﬁ) - B).

(5.94)
A direct computation gives:
' Ksc(s)d 1 2
t = — . .
exp </an rKsc(s) S) (= 2)mér(r o) (5.95)

We integrate equation (5.94) to get an expression for trK in terms of ii:
for r € [nmg, ) and p € S?, we have

_ —2)m2 — —2)ym§ [ 1
(1) = g R, () =T [ (s = 20) (Bt (5) ), )
n(n—2)ym3 [ 1
+ T —2mg) Zmo)o /nmo ni = 2)m2 2)m%s(s — 2myg)B(s, p)ds (5.96)
_ ”(”_72)’”%57( ( )_4’”%/r is(s_zm ) <mo> (0,) (s, p)ds
~ r(r —2mp) om P r(r —2mo) Jumy m3 O\ s(s—2mg) ) " P
1 r
+ r(r —2my) /nmo s(s —2mo)B(s, p)ds (5.97)
~n(n—2)ym§ — 4my o 1 r
= 1’(1’—721710)0 trK . (p) — o —2mg) /nmo oy1i(s, p)ds + = 2mg) /nmos(s —2mg)B(s, p)ds
(5.98)
—2)m} — 4
IR, )~ s (000 p) = ()
+ r(r—12mo) /"':10 s(s —2mg)B(s, p)ds (5.99)

We plug this into equation (5.82) to derive
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5 mo n(n—2)ymj — 4my o
A=A t K‘ S -
seft r(r — 2mp) ( r(r—2mo) | lam  r(r — 2m) (u ubM)
mo r
W —— —2mg)B .
+ 2= 2my 2 /nmo s(s —2mg)B(s, p)ds (5.100)
4m?2 4m? n(n—2)my —
= Agodl — 0 i 0 i — K
selt r2(r— 2m0)2u + r2(r — 2mg)? <“\aM + 4 ! aM>
my r
+ 20— 2mg R /nmo s(s —2mg)B(s, p)ds (5.101)
Using equation (5.89), it then follows that 7 satisfies:
4m3 nn—2ymg  4mj 4—n
Ay Gl —— 0 5 A_ 0 ~ 9.0
geclt rz(r—Zmo)zu 2 r2(r — 2myg)? <n(n—2)mou‘al\/1+ rMbM)
n(n—2)m3 Mo r
— H-— —2mg)B(s,p)d
r2(r — 2mg)? r2(r — 2mgp)? /nmo (s = 2mo)B(s, p)ds
(5.102)
n(n —2)mo 4m3 4—n 3
= — )
2 r2(r — 2myg)? 71(71—2)mou’aM+ o | +9
(5.103)
This proves that equation (5.90) is equivalent to equation (5.82).
O
The rest of the proof will proceed in the following steps.
Step 1: We will show that for every ¢ € Ag%ﬁl)(M) and T € HF1(S?),

there exists a unique solution 7 € A((Sszﬂ)

and (5.91).

solving equations (5.90)

Step 2: We will show if @i € Agzkﬂ) satisfies (5.90) and (5.91) with ¢ and

I' given by equations (5.92) and (5.93), then there exists a unique

§ € T, ME(M) and a unique conformal Killing field @ satisfying
equations (5.82) to (5.84) and (5.86) to (5.89).

Step 3: We will show that there exists a unique vector field Y € X 2(M)
satisfying Ag_ con Y =D.

The above 3 steps will then imply that there exists a unique (¢, 4, X) in
the domain of D®, solving equations (5.82) to (5.89). In particular, 7 and
¢ are achieved from steps 1 and 2 respectively and X := Y + @, where Y
and @ are achieved from steps 2 and 3 respectively.
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Step 1: Solving for 7

To study the boundary value problem in (5.90) and (5.91), we will
investigate the properties of the corresponding non-local elliptic operator

Psc, which maps A (24+1) (M) into A(SO]; l)(M) x H*=1(9M) and is defined
by

2

_ 4dm . (n—2) 4m? 4
Mgl = gyt MR s (i flow + vl )

Psc(ﬁ) = ) _ _ ) _
Tmoaru + A+ nz(n72)m%u
(5.104)

In fact, this operator will turn out to be Fredholm of index o as shown
in the following proposition.

Remark 5.18. In [AH21] and [AH22b], the authors study the static Ein-
stein vacuum equations in a gauge different from the one used in this
paper. Specifically, they study an operator analogous to the operator ®
considered here. They achieve that the linearization of their operator is
an isomorphism, so as to invoke the implicit function theorem, by first
establishing that it is Fredholm of index 0 and then showing that its kernel
is trivial. Our approach here is similar except that our gauge allows us
to decouple the equations; this decoupling reduces the task of proving
that D®,, is an isomorphism to proving that a much simpler operator,
Psc acting on the linearization of the lapse function i, is an isomorphism.
Specifically, we will establish that Ps. is Fredholm of index 0 and has
a trivial kernel. The remaining parameters, § and X, are governed by
straightforward ODEs with i appearing in the forcing term, and the fact
that D®, is an isomorphism will follow readily (see Step 2).

Proposition 5.19. Fix § € (—1,—3] and k € Z>¢. Let T : A (2k+1) (M) —
H*1(0M) and S : A((sz’kﬂ)(M) — H"1(aM) be operators defined by

T(it) := 0,11 + pil (5.105)

S(i) := A, 1+ P10,11 + Boil (5.106)
where u, B1, B2 € HF(OM).

Let ‘P be the nonlocal elliptic differential operator defined by

P AP (M) — APV (M) x H(aM)
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— Vi —WT
P(i) = ( el 51(M~) 1 )> (5.107)

where V1,V € HY, ([nmg,c0); H¥(S?)) and T(il) is the function on M
defined by (v, p) — T(i1)(p) for (r,p) € M. Then P is Fredholm of index 0.

Proof. Decompose the operator P = P; + P>, where the operators Py, P :
A(2’k+l)( M) — A Ok 1 ( ) x H*"1(aM) are defined by

5
i Ag, 11 ) —Vii — VLT (i)
Py(i) := , Po(ii) :=
A')/scii lglarﬁ + ﬁzﬁ
In light of proposition (2.10), we observe that P, is a compact oper-

ator. Indeed, for any ii € .A 251 we have that —V;ii — Vo T(ii) lives

in H!, ([nmyg, 00); H*(S?)) which compactly embeds in .A Ok Y (M), and
B10,1 + Bail lives in H¥(dM) which compactly embeds in Hk L(aM). To
show that P is Fredholm of index o, it then suffices to show that P; is
Fredholm of index o (see [Sch71])

By theorem 3.1, the operator Q defined by:

Q(ir) == (Angﬁ)

is an isomorphism from A (251 1o A()Ol; 1)(M) x H1(9M).

We also recall the following standard result on the laplacian on com-
pact manifolds: The operator 4., : H**1(dM) — H*1(9M) is Fredholm
of index 0. In fact, the kernel is the one-dimensional space of constant
functions on M and the cokernel is the same since A, is self-adjoint.

We observe that P; = (ID, A, ) o Q, where
(ID, &,.) : A%V (M) x HF (M) — ALY (M) x H1(0M)

is defined by
(ZD’ AW’SC) (5’.}() = <6’ A'Ysaf)
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Since (ZD, A,,.) is Fredholm of index 0 and Q is an isomorphism, it then
follows that P; is Fredholm of index o as needed.
O

By the above proposition, showing that the nonlocal operator P, de-
fined in (5.104) has trivial kernel is sufficient to prove that the system
in (5.90) and (5.91) is uniquely solvable for every ¢ € Ag(y;_l) (M) and
I € H*"1(S?). This will be the content of the next proposition.

Proposition 5.20. Fix 6 € (—1,—3]. Let u € A((Sz’kﬂ) satisfy

4m6
[r(r—2my)]?

”imoarﬁ + 240 + nz(nEZ)m%

n(n—2)my 4m?

Agscﬁ — ﬁ = — 2

(5.108)
Then ii = 0.

Proof. Similarly to what was done in the proof of lemma (3.3), we utilize
the spherical symmetry of the conformal Schwarzchild metric to reduce
the system in (5.90) and (5.91) to differential equations on the coefficients
of il with respect to its spherical harmonics decomposition:

) 4
ﬁ(r/ X) = E 2 dmé(r)ymf(x) (5'109)
=—/

(=0 m=—

for r € [nmy, o) and x € IM.

We define the functions a,,¢(7) := d,¢(nmogr) on [1,00). Using the dis-
cussion in lemma (3.3), the condition [|#[| ;41 < oo in particular implies
0

|amell; 5 < oo for every m and £, where
lanelis = [ r 2 (r)Pdr+ [P a(n)Pdr (5a10)

The system in (5.90) and (5.91) as well as the condition |||/, 5 < o0
implies the following non-local differential equations on all the coefficients

ﬁm€(r):

4— ~ ~
[r(r—2mq) 2 <n(n72n)m0 i|om + ar”|aM> , onM
=0, on oM
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2n(n—2)m3 _ ~ ~
= :((;1—2112:;0 (n(n4—2n)mo B (110 + a;rM(an))' r € [nmg, +o0)

s (110) = g (UL 1) = 2)e (o) =,

[amell,5 < 0

(5.111)

The functions a,,¢, using (5.111), satisfy the following similar non-local
differential equations:

r(r = 2)ajy (1) +2(r = Dal(r) = (g + €+ D)) ame(r)
— 2 (1) + 4, (1),
2001 = iy (E(0+1) = 2)aye(1) =0,

U amel1,5 < o0

(5.112)

Note that the mass parameter my does not appear in the non-local
differential equation for a,,s. From here onwards we will study the system
(5.112) instead of (5.111).

We consider (5.112) for any nonnegative integer ¢ and seek to derive that
ame(r) = 0 is the only solution. We consider the ¢ = 0 case separately. We
replace the last condition in (5.112) with 4/ ,(1) = C and find the explicit
(unique) solution to this shooting problem to be

—2+n+6r—23nr—2nr? + n%r?
r(nr—2)

aoo(r) = —C ’ (5-113)

It then can easily be verified that lim,_,. ago(r) = 0 if and only if C =0,
implying that agp = 0 is the only solution to (5.112).

We conclude the only solutions to (5.112) in the ¢ = 0 case is the zero
solution.
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We now deal with the £ > 1 case. We will write a, instead of a,,, for
simplicity.
Define the following constants:

¢ =22 (e +ain)

n2

T a(2—t(t+1)—6

oy

B, — n*(nl({+1) —2)
T 2=+ 1)—6)(2(n—2))

Note that &y and B, are well defined for ¢ > 1 and are both negative.
Then the function a, solves the following initial value problem:

r—2)ay(r) +2(r — §)ay(r) - <W,%) +I(1+ 1)) ay(r) = ﬁcg

(5.114)
If Cy = 0, then a; = 0 by the existence and uniqueness theorem from

ODE theory. Suppose now that C; # 0. By considering (”:—i instead of ay, we
can assume without loss of generality that C, = 1. '
We rewrite the system in the following way:

& [r(r = Da(n] = (i HE+ D) a(n) + 55
a,(1) = By (5.115)
ap(1) = ay

We will show that a, blows up at infinity contradicting that ||as|[, ; < co.
This will then imply that C, = 0 and hence a, = 0. First, we prove a
technical lemma.

Lemma 5.21. Let hy, hy be smooth functions on [1,00) such that hy is positive
and lim,_,« h1(r) = Cy for some Cy > 0. Let g be a function on [1,00) satisfying
the following ODE:

5 |1 = 25 0] = () + alr) (5.116)
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Then the following is true.

* Suppose that hy(r) > 0 (< 0) on [1,00) and that both g(r.) and ¢'(rs)
are positive (negative) for some r, € [1,00). Then g and g’ are positive
(negative) on (r, o).

* Suppose that g and g’ are positive (negative) on (7., o0) for some r, € [1,00)
and that hy(r) = O(r=2). Then lim,_, g(r) = 00 (—c0).

Proof. Suppose that &y is nonnegative everywhere. Let 7, € [1,00) be such
that ¢'(r,) > 0 and g(r.) > 0. We will prove that ¢'(r) > 0 on (r.,0) by
using a simple bootstrap method. By continuity of ¢’(r), we know that
¢'(r) > 0 on [ry, 7« + ) for some § > 0. Then the set B := {r € (r,,0) |

¢'(s) > Ofors € [ry,r)} is nonempty. Suppose that R := supB < oo.
By continuity, we have that ¢'(R) = 0 and ¢/(r) > 0 for r € (r,R).
Since g(r«) > 0 and g is increasing on (r., R), we have that g(R) > 0.

By letting r = R in equation (5.116), it follows that 4L [r(r —2/n)g'] is
positive at R and, in turn, on a neighbourhood of R. This implies that
r(r —2/n)g'(r) is increasing on a neighbourhood of R, which implies that
0<r(r—2/n)g'(r) < R(R—2/n)g’(R) for r < R and close to R. As this
contradicts that g’(R) = 0, we conclude that sup B = co and hence ¢’ and
g are positive on (r,,c0).

Suppose now that g and g’ are positive on (7., c0) for some 7, € [1,00)
and that h(r) = O(r~2). In virtue of the positivity of ¢’ and g as well as
the monotone convergence theorem, it follows that lim,_,. g(r) either is
a positive number or is co. Suppose that lim, ;. g(r) = A > 0, which in

particular implies that g’ is integrable.

By integrating equation (5.116), we get that

rr=2/mg () = "¢+ [[Eg6) Ol )

Using the fact that hi; and g are O(1) and that i, (r) = O(r~2), it follows
that sup,, 7' (r) < .

Furthermore, we have that
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rg/(r) = g'(1) = [ Isg/(9)'ds (5118)
/ s)ds —I—/ sg”( (5.119)
r hl r S ,
_/ s—2/n / —Z/n / s—2/ng(s)ds
(5.120)

It follows that there exists a constant M > 0 such that

" hi(s)g(s)
/1 md < M (5.121)

for any r € [1,00); since the integrand is positive, the limit as r tends
to oo exists. In particular, this implies that £ € L!([1,00)), which then
contradicts that A is positive. Hence, we see that lim, ,o g(r) = oo, as
needed.

The case when h; is nonpositive is identical.

O]

Corollary 5.22. Let hy, hy be smooth functions on [1,00) such that hy is positive
and lim,_, 11 (r) = C; for some C; > 0. Let g and § be functions on [1,00)
satisfying the following ODE:

i 1= 25 0] =g ), o= 280 =i )
(5.122)

Ifg(1) =8(1) and g'(1) < §'(1), then g(r) < g(r) for any r € (1, 0).
Proof. Define f := ¢ — ¢ and observe that f satisfies

3 |1 = 270 = ms (5123

dr
Observe also that f(1) =0 and f'(1) < 0. This in particular implies that
there exists an 7, > 1 close enough to 1 such that f(r) and f'(r) are
negative for any r € (1,r,). By invoking lemma (5.21), we conclude that
f(r) < 0forany r € (1,00) as needed. O

We now return to our goal of showing that a, blows up at cc.



5.4 PROOF THAT D®,, 1S AN ISOMORPHISM

We first decompose a, = f, + gy where f; solves

d L r(r — %)fﬁ( r)] = <n2( )+£(£+1)) felr) — %/n)
fg(l) _ (5.124)
fe(1) =

and g, solves

L[ 23] = (s Ty +(0+1)) golr) + Sl
8i(1) = Be (5.125)
8¢(0) =0

By letting 7 = 1 in the equation for f;, we observe that r(r —2/n)f,(r) is
decreasing near r = 1; since f;(1) = 0, it follows that f; and f; are negative
near * = 1. In particular, letting f,(r) := f,(r) — ay, we also have that f,
and f, are negative near r = 1. Using the system in (5.124), we deduce
that f, satisfies the following:

S =20 = (i + U+ D) fulr) +apl(C4+1)
fi1)
fe(1) =

We invoke lemma (5.21) on f; to deduce that f; and f, are negative on

(5.126)

0
0

(1,00). This in particular implies that f;(r) and f;(r) are negative on (1, ).

We again invoke lemma (5.21) on fy to conclude that lim, .« fy(r) = —oo.

It suffices to show that g,(r) < 0 for all » € [1,00). We first observe from
the definition of B, and a, that

po _ 2(n —2)
+ 4/n?)a; — 2(n—2) <1+ n(f(0+1) _2)+2> (5.127)
712
S T2(n-2) (5.128)

for all n > 2 and ¢ € IN. In particular, we have that 1+ (4/n%)a, > 0 for
every n > 2 and £ € N.

Let gy be the function on [1, o) solving
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L= 250] = (mi + 00+ D) 80 + 5m

;
(1) = — 3 (5.129)
(1) =0

In light of corollary (5.22) along with equation (5.128), it follows that the

negativity of §,(r) on (1, 00) implies the negativity of #(;)ZW on (1,00),

which in turn implies that the negativity of g,(7) on (1, 00). It then suffices
to show that §,(r) < 0 on (1, 0).

We will prove that §,(r) < 0 on (1,00) by induction on ¢. We first find
the solution for ¢ = 0 to be:

) =5 (5130

which is negative everywhere.

Now suppose that §;(r) < 0 on (1,00) for some nonnegative integer £.
Define hy := §y+1 — §¢, which will solve:

= 2] = (i + (D)) () + 20+ D)
(1) =0
he(1) =0

(5.131)

We directly compute hj/(1) = 252(¢+1)3,(1) = 0 and K}'(1) =

252(£+1)3,(1) < 0. This then implies that /i, and /) are negative near

r = 1. Using the fact that §,(r) < 0 on (1, 0) and invoking lemma (5.21),

it follows that hy(r) < 0 on (1, 00), which in turn implies that ;. 1(r) <0
on (1,00) as needed.

We have finally shown that 4, blows up at infinity for every ¢ € IN
contradicting that [|a,||; ; < co. We conclude that the assumption that
C; # 0 was false and hence 2y = 0 for every ¢ € IN and, in turn, @ = 0.

O

This concludes Step 1, and we move on to Step 2.
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Step 2: Solving for § and @

Let @ € A((sz’kﬂ) be the function satisfying equations (5.90) and (5.91)
with ¢ and I' given by equations (5.92) and (5.93). We wish to show that
there exists a unique § € Ty M¥ and a conformal Killing field & satisfying
equations (5.82) to (5.84) and (5.86) to (5.89).

Equation (5.89) determines uniquely the initial data for trK, which is
given by

— 2
trK = H + 20,1 - —1 .
K| + 20,1 3m anu\aM (5.132)

and is living in H*(dM). We rewrite the ODE (5.83) obeyed by trK here
for convenience.

arﬁ + trKsc% + 4(81»1/[56) (arﬁ) - B, on M

which, together with the initial condition in (5.132), determines uniquely
trK on M. We explicitly solve for trK on M to get:

n(n—2)ym3 — ~ Amg
oM r(r —2my)

(ﬁ(r,p) —ﬁ|aM(P)> + r(l) /ﬂr

r — 2my mo
(5.133)
for r € [nmg, ) and p € S%.

We observe that
* (0rusc) (0yi1) € LG, ([nmg, 00); HY(S?))
e Be L%, ([nmy, o0); H (S?)).

and so K lies in H} | ([nmo, c0); H*(S?)).

We turn our attention to K. We first recall the well known fact regarding
the divergence operator on symmetric traceless tensors on S? (see [CK93]).

Proposition 5.23. Let k > 2. Let «y be a smooth metric on S* with positive
curvature. Denote by D (S?) the space of traceless symmetric (0,2) tensors on
(S2,) with components in H*(S?). Let Q! (OM) be the space of vector fields
on S? with components in H*=1(M) that are L? orthogonal to conformal Killing
vector fields on (S?,7). Then the divergence operator div., is an isomorphism

from D¥(S?) to QLk_l(Sz)
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The above proposition along with equation (5.87) imply that W di+
@ — F must be orthogonal to conformal Killing vector fields on (oM, 7s).
Since @ is conformal Killing on (M, vs), this requirement determines
@ uniquely. Indeed, if Y, ..., Y5 is an L2 orthonormal basis of conformal

Killing vector fields, then @ must be

6 :
2
~ = Y . F Y ) ‘Y .
@ 1:21 ( ! ( n(n— Z)modu)dw’“) ; (5.134)
The above proposition together with (5.87) determine uniquely the initial

condition for K to be

A

o 2 o
K . =0, (n(n — 2)modu +@ P) (5.135)

living in H*(dM). We rewrite the ODE (5.84) obeyed by K here for conve-
nience.

ﬁaif%:c, on M

which, together with the initial condition in (5.135), determines K uniquely
on M. Fixing fermi coordinates, (r, o1, 92), we explicitly solve for Kon M
to get:

Kz’j(i’, P) = Kl']' M +/ Ci]'<S, p) (5.136)
nmg

fori,j=1,2,r € [nmy,) and p € S%.
Since C € L2, ([nmy, 0); H*(S?)), it follows that K lies in H} ; ([nmyg, 00); H¥(S?)).

Equation (5.88) determines uniquely initial date for § given by

n—2

Slom = o (2n*mGiivs: + G) (5-137)

living in H¥(9M). The evolution of § is determined by #rK and K in the
following equation:

Eaig - 21} + iergSC + trKscg (5'138)

Equations (5.138) and (5.137) determine uniquely § to be, in fermi coordi-
nates (7,6',6%),
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r

gij = 7’(1’ — 21’1’10) /nmo AS(S _727”0) <2Ki]‘ + ti’Kgscij) ds + r(r nnflz(z)m()) Gi]'
N (5.139)
In light of the fact that trK € H} , ([nmp, 00); H*(5%)) and K € H} , ([nmo, 0); H*(5?)),
it follows ¢ is of the form § = r2(G + h(r)) where G € H*(S?) and

h € H2 ([nmyg, c0); H¥(S?)); this implies that § € T, MK as needed.

We have then shown that there exists a unique § and @ satisfying
equations (5.83), (5.84) and (5.86) to (5.89). It follows by lemma (5.16) that
equation (5.82) is satisfied as well. This concludes Step 2, and we move on
to Step 3.

Step 3: Solving for X

We wish to show that there exists a unique Y € X 2(M) satisfying

Agsc,coan =D (5-140)

where D € X? ,(M). Similar results have been shown in [Maxos] for the
above equation with trivial Dirichlet and Neumann conditions. In our case,
vector fields Y in X?(M) satisfy the following mixed boundary conditions

0 T

The isomorphism of the operator A _ .o, ¢ in our space follows by minor
modifications of the proof in [Maxos]. We add the proof here for the sake
of completeness.

Proposition 5.24. Let 6 € (—1, —%] The operator A, conf is an isomorphism
from Q?(SZ(M) to XY ,(M).

Proof. Recall that if X € X, 2(M), then

—) =0, <£@X)T =0 (5.142)
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on dM. In particular, we have that

) d. 2. 9
LoeonfX(X, 22) = Lx8(X, 57) — 3divX g(X, =) (5.143)
=8(£s X, X) (5.144)

=0 (5.145)

on oM.

Let X € XZ(M) satisfy Ag.confX = 0. Given R > nmy, let ¢r be a
cutoff function on [nmy, o) satisfying ¢r(x) =1 for x <R, ¢r(x) = 0 for
x > R+1,and —2 < ¢i(x) <0 for any x € [nmyp, ).

We integrate by parts to get

0= /M ORXMDg cons XAV, (5.146)

71

1 0
- _E /M (Egsc,confquX) ’ ( &ses CO”fX) dVgSC / ﬁgsc COan( a )do-gsc(nmo)

(5.147)
1 d
= _E /M (PR ‘Egsc,CﬂﬂfX|2dVgsc — / 2¢R s coan( " Jr )d‘/sc (5 148)

This implies that for any R > nmy,

2 2
/BR\B ‘Egsc,confx‘ dVgsc < /M ¢R‘£gsc,confx| dVgsc (5-149)
nmo

d
= _/M 24%{ Egsc,confx( " or )dVSC (5~150)

d
<4 Lo confX AV 151
— BR+1\BR‘ 8scr f ( a )‘ (5 5 )
N VX [*dVi (5.152)

Bry1\Br

Since 6 € (—1,—1), we have that [VX[? < |VX|?r~%~! and so |VX|?
is integrable on M and [}, |VX|?dV,. < ||VX||%/571. We can then take the

limit as R goes to infinity in the above equations to deduce that

/M ’ﬁgsc,confx‘z dVe, =0 (5-153)

implying that X is conformal Killing on (M, gs). Since the equation
Ag..confX = 0 is an elliptic PDE with smooth coefficients, elliptic reg-
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ularity shows that X is C*. We can then invoke lemma 5.14 to conclude
that X = 0, which shows that the kernel of Ay .y is trivial.

Now we show that the kernel of the adjoint is also trivial. It will then
follow that A, conf is an isomorphism. Recall that

(X 5(M))" = (A7 (M)

%
Ssc,conf

For any number 7 € R, Riesz’s representation theorem allows us to
identify (X(M))" with X2(M) via the map :

J:A(M) — (X2(M))"

For Y € X%(M), J(Y): X € XO(M) rs / X Yr 23y,
M

where - is with respect to gs.. For simplicity of the notation, we will denote
both Y and J(Y) by Y; it will be clear from context which one we are
referring to.

We then have that Y € (& ,(M))" is in the kernel of Ay cons if and
only if

/M Y - Agcons X 126720734y, =0 (5.154)

for every X € X?(M), which is equivalent to the above equation holding
for every smooth compactly supported vector field X in X?(M) by a
density argument.

It follows from elliptic regularity that Y € X? ,(M). In fact, Y will
be smooth since the metric g;. is smooth. Given an arbitrary smooth
compactly supported vector field X in X 2(M), we can then integrate by
parts to get
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S Y B X 2OV = [ XA o ViV (5.155)

- 0 _ d
+ SM (Egsf,coan(X/ g) - ﬁgsc,coan(Y/ al")> do

(5.156)
= /MX'AgSC,coandVSC (5~157)
o _ .5 _2, .
/ XI(L2 Y — 0;Yo) + 20,XoYo + 2dio(XT) Yo | do
oM ar 3 3
(5.158)

where Y := r200-2)-3y X, .= gsc(%,X) and Y, := gsc(%,l?). Note that
the boundary terms vanish at infinity since X is compactly supported.
Since X was an arbitrary vector field in a dense subset of X 2(M), it follows
that Y satisfies

_ 0 — AT
BaoxonsY =0, 8(5,7) =0, (L,¥) =0 (5-159)

Considering that Y € X ,(M), it follows that Y € X2 s_1(M). Since
Ag.confY = 0and —1 < —6 —1 < 0, we have that Y € X2(M) for
any T € (—1,0) (see [CBo8] and [Bar86]). We can then apply the same
integration-by-parts argument carried out earlier to conclude that Y is
conformal Killing on (M, gsc) and hence, by lemma (5.14), vanishes as

needed.
O



APPENDIX

A.1 A PDE OF FINITE TYPE FOR CONFORMAL KILLING VECTOR FIELDS

In this section, we will prove an identity satisfied by conformal Killing
vector fields that is used in the proof of lemma 5.14. More specifically,
we will prove that any conformal Killing vector field Z on an arbitrary
n-dimensional Riemannian manifold (M, g) satisfies the following PDE of
finite type:

V32=A-VZ+B-Z (A.1)
where A and B are linear expressions in Riem and V Riem.
Let Z be a conformal Killing field and let ¢ := %diVZ . The conformal
Killing equation is
ViZ]‘ + VjZi = Pgij (A.2)

Eisenhart in [Eis49] (see pages 231-232 in [Eis49]) proves the following
identities:

1
ViViZi = = ZuRyj; + E(giijIIJ + gk Vi — gk Vi) (A.3)

; n—2 1
&' ZuV Rl — Zn ViR — Vi Zy R} — V; Zy R} + 5 ViVip+5gikdyp =0

(A.4)
where R denotes Riem or Ric depending on the number of indices.
Taking the trace of equation (A.4), we get

Ay = % (ZmViR’”i + viszmi) (A.5)
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Using equation (A.5) to eliminate Ay in equation (A.4), we get the
following expression of VV¢:

2 : 1 : ‘
ViVip = —— ( — 8" 2V IR} + Zn ViR + ViZuaR)' + Vi Zn R = —— g (ZuViR™ + Vi Z, R™) )

n—

(A.6)

Taking a derivative of equation (A.3) and using equation (A.6), we get
the desired result.

A.2 A HARDY-TYPE INEQUALITY

In this section, we will prove a Hardy-type inequality that is used in the
proof of lemma 5.14, namely equation (5.75).

Let g € MX(M) be a Riemannian metric on M = [nmg, %) x S* of the
form
g = dr* +1*(Yeo +h(r))

where 7., is a metric on 52 and h € H2 ([nmy, o0); H*(S?)). We will prove
the following.

Proposition A.1. There exists an Ro > nmyg depending only on g such that for
R > Rg and T > 0, the inequality

4 n
=2\T|124V, <—/ IV TI2dV. A
/[R,oo)xszr 7] § = 72 [R,oo)x52r| "dVe (A7)

holds for all tensor fields T € CL(M).

Proof. The main tool we will use is a general L” Hardy inequality in
Riemannian manifolds developed by D’Ambrosio and Dipierro in [DD12].
We present the relevant version of it below.

Theorem A.z2. Let p € C*(M) such that Agp > 0 such that % € LL_(M).
Then for any R > nmy, the inequality

\V4 2
/[R e B0V < 4/[R s ’App’\deVg (A8)

holds for all u € C}(M).

Letting p = r* for T > 0, we compute

Ap =Tr" 2 [T +1+7r <trl< — i)] , | Vp]? =132 (A.9)
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In light of the Sobolev embeddings in proposition 2.10, we have that
2 145
|trK — ;| =o(r ) (A.10)

So we can choose Ry > nmy depending only on g such that for any
R > RO/

T (trK — 3) ‘ <1 (A.11)
This, in turn, implies that for any T > 0 and any R > R,

Ap > 272 >0 (A.12)
on [R,o0) x S2.

We can then invoke theorem A.2 directly to deduce that the inequality

4
T2 2 T 2
/[R,oo)xszr uldvs < 2 [R,oo)xszr’ uf*dVy (A13)

hold for any R > Ry and u € C}(M).
The same inequality holds with u replaced with a tensor field T. To see
this, we first compute that for any tensor field T on M,

IVIT|[> < |VTP? (A.14)

Using the above and letting u = |T| in equation (A.13), we immediately
deduce that the inequality

4

T2 2 T 2

T2 dV, < = / VTV, A
S NPV < S [ VTRV, (Aas)
holds for any R > Ry and tensor field T & CH(M). d

Corollary A.3. Let § € (—1, —%) There exists an Ry > nmq depending only
on g and a positive constant C depending only on § such that for any R > Ry
and any vector field Z € X3 (M),

[ rERzE A VZPa < [ ez Ry
[R,00)x 52 [R,00) x S2
(A.16)
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Proof. By repeatedly applying proposition A.1 for T = —26 — 1, -26 +
1,-26+3and T = Z,VZ,V?Z, we deduce that there exists a positive
constant C = C(6) such that

/ r 2322 + 2| VZP)dV, < C / r20-3-3| 73224V,
[R,00) x §2 R,

00) x §2
(A.17)
for any R > Ry and any vector field Z € C3(M). The above inequality can
be rewritten in terms of the norm on X¥(M) (see definition 2.5) as follows:

2
121135 < CIV°Z]55 5 (A.18)
The desired inequality then follows from the density of Cg’ (M)in X g’ (M).
O

A.3 THE LEGENDRE FUNCTIONS Py, AND Qy

In this section, we will prove properties of the Legendre functions of the
first and second kind, P, and Q/, that are used in the proof of lemma 3.3.

Fix R > 1 (which is n — 1 in chapter 3). For a positive integer ¢, as
described by Olver in [OR14], the Legendre functions, Py and Qy, are
linearly independent solutions to the ODE

(2> = 1) (z) +2zh'(z) — £(L +1)h(z) =0, z € [R,00) (A.19)
with the following asymptotics as z — oo,
Py(z) =0(z"), Qi(z) =0(z""") (A.20)
We normalize P, and Q, so that

lim z~‘Py(z) =1, lim Z1Qu(z) =1 (A.21)
Z—00

Z—r00

which is different than Olver’s. Letting P, and Q, be the Legendre func-
tions as defined by Olver, the relation between ours and his can imme-
diately be obtained is as follows (see [OR14] chapter 5 section 12 and

13):

20017 (0 + 3)
Vil (0 +1)

Pi(z) = YAV p 0y 0uz) =

20T(¢+ 1) Qu(z)  (A22)
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In the following proposition, we will apply the method of Frobenius to
obtain the expansion of P, and Q; in terms of powers of z.

Proposition A.4. Py and Qy admit an expansion of the following form. For
z>1,

4 o
Pi(z) = Y mz"% Quz) =Y bz K (A.23)
k=0 k=0
where the coefficients ay and by are defined recursively as follows:

aozb():l, a1:b1:0

(L—k+2)({—k+1) (L+k—1)(£+k)
> - _
fork=z2a ki) % BT Rairksn) 2
The expansion of P, and Q, as described above agree with [WWog6] pg

302 and 320.

Proposition A.5. There exists a constant C = C(R) such that for any £ > 1
and z € [R, c0), the following holds

V4
Z_€|P€(Z)| <C ZE+1|Q€(Z)| <C <Z—|—\§;7—1>

(A.24)

(o)
z+vVz2 -1 ’
2z

Z_(f—l)|Pé(Z)| < Ct <Z_|_\/227_1

¢
), zf+2|Qz<z>|sw(
(A.25)

Proof. Olver, in [OR14] chapter 12 section 12, has established an asymptotic
expansion of P, and Qy for large degree / that is uniformly valid for z €
(1, 00). Shivakumar and Wong, in [SW88], proved an equivalent expansion
of P, that is more computable; letting # = ¢ + 1/2, he has shown that for
¢>0,

Picosh) = 5 €>1/2 (ftue) +e(u,2)) (A.26)

where
I'(3/2) 2¢ Ii(ug)
2I(1/2)1+¢ u

and I, I; are the modified Bessel functions (see [OR14] chapter 2 section
10).

Similarly, Frenzen, in [Frego], proved an equivalent expansion of Q, that
is more computable than Olver’s; he has shown that for ¢ > 0,

le(u,&)| < (A.27)

Qeosnd) = (5) () +awd) )

2z >€
z+vVz2 -1
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where

0,0)] < 5oy ) (A29)

and Kj, K; are the modifed Bessel functions (see [OR14] chapter 7 section
8)

Letting ¢o be the positive number in which cosh ¢y = R, Olver’s asymp-
totics of the modified Bessel function in [OR14] chapter 12, section 1
implies that for all £ > (o,

el T 1/2 :
—, K K <C|z=% -
e K+l < € (52) e
(A-30)
for some constant C > 0 depending only on R. We can then compute
for g S [60/ OO),

[To(ug) |+ |11 (ug)| < C

JAT(C+1)

(cosh &) ~¢|Py(cosh &)| = m(coshg)—f Py(cosh ¢)] (A31)
e

(A.32)

<croyvila ig>m <e§_,e_ée(§>€ (A39)

= Ciéﬁi B 1g (ec i—@)e (A.34)

(cosn &) Quteosn ) = 2 L0 D cosn )+ con )| A3
: szu@g et \/% (2(6 +7§ /2)g> Ve

(A36)

coftt B (L) () e

<cHr (55 =

where we have allowed the constant C to change from line to line but
remains dependent only on R and not on ¢ or /.
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In light of Stirling’s formula (see [OR14], chapter 3, section 8), the

Gamma function enjoys the following asymptotics:

T(x)=e *x*"(1+0(x1)), asx— oo (A.39)

In particular, we have

r(£+1)_<1+( 1 )“1/2\/6—1—1

1+0()  (Ago)

r(e+1) 2(0+1/2) Ve
and
T(¢+3) BERYVAA
r(£+i):<l+ (£+1)> NG (1+0(¢ (A.41)

r((+1) 1 T(6+3) 1
) v @9 T vz
¢ > 1, and we finally conclude that there exists a constant C depending

only on R such that for any z > R,

7P(z) < C (”) " aMgE <c (”)E

as ¢ — oo. It then follows that are bounded for

z+vVz2 -1 z+vVz2 -1
(A.42)
where we used : :
e +e 2z
— A.
o Y (A.43)

for z = cosh ¢.

We have then shown equation (A.24). The estimate for P; and Q) in equa-
tion (A.25) follows immediately from equation (A.24) and the recurrence
relations (see [BE55] pg 161 and [WWo6] pg 318)

(22 =1)P(2) = £(zPi(2) = Pr1(2)), (22 =1)Q)(2) = £(2Qe(2) — Qr-1(2))
(A.44)
O
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