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Abstract

In this thesis, we study the dynamic Ablien Higgs model in dimension 3 at the critical coupling.
This is a system of partial differential equations which enjoys local symmetries known as gauge
transformations. The stationary finite energy solutions to these equations in dimension 2 have been
classified by Jaffe and Taubes in 1980, the so called vortex configurations. In 1992, Stuart has proved
that one can construct solutions near the critical coupling regime in dimension 1+ 2 whose dynamics
are approximated by a finite dimension Hamiltonian system to the moduli space which reduces to

the geodesic flow at the critical coupling.

In this project, we study how one can glue the vortex configurations to find dynamic solutions
in dimension 3. More precisely, we prove that one can construct solutions which are approximated
by wave maps to the moduli space of vortex configurations. The proof involves an ansatz to con-
struct approximate solutions and then add perturbations. In the ansatz, we go through an iterative
mechanism to reduce the error of the approximate solution so that it is prepared to be perturbed to

find an honest solution.

In both steps of the project, the ansatz and perturbation, the choice of gauge is crucial. It is
noteworthy that the choice of gauge is different in these two steps. We proceed by a choice for
gauge, simplify the equations and then we have to decompose the quantities into two components,
the zero modes (the tangent vectors in the moduli space) and the orthogonal complement to zero
modes. According to the Higgs mechanism, stability is available for the components orthogonal to
zero modes. In this regard, in the ansatz, the dynamics of zero modes are designed in such a way
that some orthogonality condition is satisfied. In the perturbation part, the dynamics of zero modes
is forced by the evolution of orthogonal components. Obtaining desired estimates for the tangential
part requires taking advantage of explicit structure of equations, rather than the usual estimates.
Also, the number of iterations in the ansatz should be high enough so that the desired estimates

hold for the tangential part.
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Chapter 1

Abelian Higgs Model

1.1 Introduction

Abelian Higgs model is a physical model which can be regarded as part of the Higgs sector of the
standard model in particle physics. In particle physics, there is a well-known concept of wave-particle
duality by which studying the dynamics of particles can be replaced by the study of quantum fields
defined over a space-time. In this regard, Abelian Higgs model describes the interaction of the so
called Higgs field and the electromagnetic field.

Consider the spacetime R!*3. The Higgs field is a complex function

$: R > C
and the electromagentic potential is a real one-form
A = Apdt + Aydat + Asda® + Asdz
where ¢ is the time component. The components of the electromganetic field are given by
F.,=0,4,-0,A, (1.1)

where

=0 , 9,=0 By=0_ , 93=0, (1.2)

EPR] zg

The Abelian Higgs model with the coupling parameter ) is described by the following equations:

3
D0D0<I>—ZDij<I>+g(|cp\2—1)q>:0 (1.3)
j=1
3
(aofoj - Zakfk]) — (i®,D;®) =0 (for j =0,1,2,3) (1.4)
k=1

where

D, =0, —iA, (1.5)
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for u=0,1,2,3 and
(a,b) = RN(ab) (1.6)
for any two complex numbers a,b. These notations will be used throughout this thesis.

The above equations correspond to the finding the critical points of the functional:

E—/ (—|D ¢|2+§:D-¢|2)+1Z(]—' )2+3(|<I>|2—1)2 (1.7)
- RrR1+3 ’ ! 2 ° 4 .

Jj=1 a,p

The Abelian Higgs model has a crucial property which is invariance under some local symmetries
called gauge transformations. If (¢, A) is a solution for the above equations, then for any smooth
function x, (¢, A) obtained by

B(t, ) = O(t, x)eXtH)

N (1.8)
A=A+dyx

will be another solution. The transformation described by (1.8]) is called a gauge transformation in
the literature of mathematical physics.
One can consider similar equations for the spacetime R!*2. Also, by removing the time variable,

one obtains the static two-dimensional Abelian Higgs model described by the following equations:

2
A
=D DiDio+ 5 (19 = 1)o=0
o (1.9)

2
N 0uFu; + (i6,D;8) =0 (for j =1,2)
k=1

From now on, we use the varibles (¢, «) for the static two-dimesnial Abelian Higgs model with
a = aydz’ + asds?

The equations appear in the theory of superconductivity.

The finite energy stationary solutions to the Abelian Higgs model in 2D in the so called critical
coupling A = 1 have been classified by the work of Jaffe and Taubes in 1990 [I]. They proved that
every finite energy solution to these equations can be characterized by the zero set of the Higgs field,
up to a gauge field. More precisely, they proved that given any finite set S = {21,232, - ,2n} C
with possible multiplicities, there exists a unique smooth solution (¢, &) up to gauge transformations
such that ¢ vanishes exactly on S. The points {z; }jvzl are called vortex centers. These solutions
are called vortex configurations. In section we give a detailed description of the construction of
vortex configurations.

The question that we address in this thesis is a gluing problem; how can one use the vortex solutions
to find dynamics solutions in R!*2 or R!*3. This problem has been studied in dimension 2 by Stuart
in [2] in 1994 and revisited later on by Palvelev in [4] in 2008. In this thesis, we answer the question
in dimension R!*3,

To answer this question, the space of whole N-vortex configurations has been considered as a smooth

Riemannain manifold named the moduli space M. Then, in [2], it has been proved that if (¢,p) =
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(QusPp)p [0, T) = (T'My)* satisfies a Hamiltonian system:

dp, _ OH:  dg, _ OH.

dr doq, ' dr  Op,

(1.10)

for some H., then for any ¢ > 0 small enough, corresponding to the coupling constant A = 1 + €2,

one can construct solutions to the AHM equations of the form:

o ¢((x; q(et))e™
Ay, As | (z,t) = | a(z;q(et)) +dX | +O(e) (1.11)
Ay 0

for some function ¥, valid over an interval of the form [0, %2), where the perturbation is measured
in some Sobolev norm.

In [], by similar arguments, Palvelev has proved that if A = 1, then one can consider a geodesic
q:[0,T] = My and construct solutions to the AHM of the form . We have given a detailed
description of these two results and the main ideas of the proofs in section [L.3

In this thesis, we prove that if ¢ : [0,7] x R — My is a smooth wave map, then for any ¢ > 0 small

enough, one can construct solutions to the AHM close to ¢ in the sense that:

® o((z;q(et, €z)) O(e)
A As | (o, 2) = | a(z;qlet,ez)) | + | O(e) (1.12)
A(),Ag 0 0(6%)

where the perturbation is measured in some Sobolev norm and the result is valid over a time interval
of the form [0, T?l) This result is proved in chapter
Amongst the many ideas used in this construction, I would like to mention a heuristic on how the

gauge symmetry contributes to the the aforementioned gluing problem.

1.1.1 Organization of the Thesis

The rest of chapter [1]is devoted to a detailed description of the construction of vortex configurations
based on [I] in section explaining the main ideas of the work of Stuart [2] and Palvelev [3] in
[[-3] and finally the physical implication of these results in section

In chapter [2| we give a proof of the aforementioned main result of the thesis on the approximation
of the AHM equations by the wave maps to the moduli space of vortex configurations. Finally, in

the appendix, we prove analytical results on the elliptic equations used in the chapter [2]

1.2 Static 2D Abelian Higgs Model

In this section, I review some well-known literature on the time independent Abelian Higgs model
in dimension 2, based on [I] The stationary 2D equations are of independent interest, however their
almost explicit structure is of great usage in the dynamic problem in chapter[2] In subsection [1.2.1

I go over their construction. Following [2], in subsection I will describe the moduli space of

vortex configuration as a smooth Riemannian manifold, and in subsection [1.2.3] T will explain te
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smooth Riemannian manifold structure on the moduli space.

1.2.1 Construction of vortex configurations

Consider the system of equations ([1.9). These equations correspond to the Lagrangian:

- A
L= / (Z Dol + F7, + (1o - 1)2) (1.13)
R2 j=1

By some integration by parts,

2
L= ( (0101 + a1¢2) F (D202 — a2¢51))

T

+ (D21 + cap2) £ (O1p2 — Oé1¢1))2

2
{ + (lo)* — 1) i/ Fi2
RQ

-1 2
(1= 1oP)

/\

(1.14)
+

%\\

2

>/

L

where ¢1, @2 denote the real and imaginary parts of ¢.
Suppose that A = 1. Then, according to (|1.13]), finite energy solutions satisfy the conditions:

ol —1
i (1.15)
|Dj¢| —0 7 =1, 2
at infinity. The behavior of ¢ at infinity can be described by
G i St S (1.16)

One can assign a winding number to this map which coincides with the quantity:

1
K=o /R F,d*z (1.17)

When A =1, one can fix K and consider the minmization problem for the Lagrnagian £ and obtain

the following equations:

(011 + a12) F (02002 — azgpr) =0
(0201 + az2) £ (D12 — a1¢p1) =0 (1.18)
1
Fi2 =+ 5(‘¢|2 -1)=0
One can also write these equations in the form
(D iDg)qﬁ =0
(1.19)

Fia £ (|<;5|2 -1)=0
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which are called the Bolgomony equations. The sign in the above equations coincides with the sign
of K. The first solutions found for these equations were the rotationally symmetric ones [7]. As

mentioned in [§], if the winding number is n, these solutions take the form

p=ce r
p(r) (1.20)
Ar=0 , A, =na(r)
in polar coordniates where p, a satisfy the equations
d
T—p—n(l—a)pzo
dr
(1.21)
2nda (pP*—1)=0
r dr P N
with the boundary conditions
p(0) =a(0) =0 , p(oo) = a(o0) = 1 (1.22)
The function p behaves as below:
r)~Ar"  r—0
p(r) (1.23)

p(r) ~1—BKy(r) r— o0

where BKj is the zeroth order modified Bessel function.

To study Bogomolny equations, one can linearize it around a given static 2D solution. Due to
the gauge invariance property of the equations, onc can accompany the linearized equations with a
gauge condition. Corresponding to the gauge transformations (1.8]), one can define the infinitesimal

gauge transformations
(¢,a) — (& +idx,a+ dx) (1.24)

Now, Consider a vector (qz;, d). We say that it satisfies the gauge orthogonality condition with respect

to the vortex solution (¢, «), if

V.a— (ig, ) =0 (1.25)

The linearized Bogomolny equations accompanied with the gauge orthogonality condition can be

D,., <‘f’> = <a¢~ia¢_~i5¢> - <0> (1.26)
’ a da+ ;99 0

written in the form:

where
1
a= 5(041 — ia2)
a= %(dl — idg) (1.27)
0= 3 (01— i0n)
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In [9], it has been shown that around a solution (¢, «) with the winding numnber n, there are 2n
linearly independent solutions of the linearized equations (|1.26)). These solutions are called zero
modes. This suggests that there might be a 2n-parameter family of solutions with the winding
number n. In [I], such solutions have been constructed. They are called ”vortices” and ”anti-

vortices”.

Theorem 1. Given an integer N > 0 and points z1, z2,- -+ , 2y in the complex plane. Suppose that
z;j repeats n; times in the sequence. There exists a smooth finite energy solution (¢, ) to equations

(1.19) with the positive choice for sign, satisfying the following properties:

1. The zeros of ¢ are the set of points z1, 22, -+ , 2N and the behavior of ¢ around any z; is:
d(z) ~cj(z — zj)nj (1.28)

for some c; # 0.

2.
[D1¢| + D29 < C(1—|¢]) < Cexp (—(1-9)2]) (1.29)
for any § where C = C(§) is a constant.
3. )
N = —/ Fia (1.30)
27 22
In the above theorem, the points (21,227 e ,ZN) are called the vortex centers and solutions

are called vortices or N-vortex solutions. If (¢,a) is an N-vortex solution, then (¢, —a) is an N-
antivortex solution for equation (|1.26]), but with the negative choice for sign.

To prove the above theorem, one can notice that if u solves the equation

N
—Aute" =1 =47 6(z — 2) (1.31)
k=1
with
lim u=0 (1.32)
|z|— o0

then the followings will solve ((1.19)

qﬁzexp%[u—f—i@]
ap = %((‘bu + 819) (1.33)
-1
Qg = 7 (81u — 62@)
where

N
@:2§:Mng4) (1.34)
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To solve (1.31)), one can consider the functions

M-

In (1 + ulz — zk\*z)

B

=1

,m
-

(2 - Zk|2 + N)
for some p > 4N. Then, regarding ug as a distribution, we have:

N

5 +47r25(z—z;€)

\z—zk|2+u) =

N
A’U,Q = —42

Therefore, by setting

vV =u— U

(1.36) is equivalent to
Av =" + (go — 1)
with

lim |v| =0

|z| =00

Equation (|1.37) is equivalent to finding the critical point of the functional
T:H' - R

70) = [ 2 (2190 +v(go — 1) +e*o(e” — 1)

R

11

(1.35)

(1.36)

(1.37)

(1.38)

(1.39)

It has been proved in [I] that this functional has a unique minimizer and therefore the Bolgomony

equations have the prescribed solutions.

1.2.2 Moduli Space of vortex configurations

In [2], the moduli space My, the space of all N-vortex solutions modulo gauge equivalence, provided

by theorem |1} has been discussed. My is homemorphic to R?Y. This is because corresponding to a

vortex solution (¢, &) with the vortex centers
I
one can consider the coefficients of the polynomial
p(z) = (z—21)(z —22) - (2 — 2n)
and notice that this defines a bijection between R%Y and My.

From now on, we assume that

Zj =2, 1z,
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for real numbers 2, ,, 2, ,. Also, we write

p(2)=(z—21)(z—22) (2 —2n) = So + S12+ S22% + -+ + 2
and assume that
S;=8;1+15
for real numbers S 1,5;2. Also, let
S = (507517 T 7SN71>
Theorem 2. [3] The vortex solution (¢, ) depends smoothly on S; for any z € C, the function
(¢, a)(z; S) depends smoothly on z.

To justify this theorem, one can note that the functions ug and gq in (1.35)) depend smoothly on

S and therefore, it is expectable that v behaves smoothly with respect to S. To be more precise,

one can use ([1.33) to write

where
p(z)=(z—21)(z —22) - (2 — 2N) (1.40)

and f(z) > 0. Let
w=2Inf+1In(1+[p])

Then,
N
w=v+In(1+]p] —Zln (1 + 12— z|?) (1.41)
k=1
and according to equation (|1.37]),
_ P e’ —1+Aln(1+|pJ) (1.42)
1+ |p[?

In [1], it has been proved that v € H2. Therefore, w € H2. To prove that w behaves smoothly with
respect to S, first note that for any h € H?(R?),

(e" —1) € L*(R?)
and the map

T : H*(R?) — L*(R?)

I (1.43)

is smooth. This can be proved by considering the Taylor explansion of e and using the Sobolev
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embedding theorem. This implies that the map

F:H*(R?) x CY — L*(R?)

|p(5)|2 (1.44)

F =-A — " -1+ Aln(1 2
(v,S) v+ 1+\p(5)|26 + Aln (1+[p(S)?)

is smooth. Now, suppose that w(S) denotes the solution to equation (1.42). In [3], it has been
shown that the map

I: H*(R?) — L*(R?)

(1.45)
I(h) = F,(w(S); S)h

is invertible for any S € CV, where F! denotes differentiation with respect to the first input vari-
able of F. This together with an implicit function theorem for Banach spaces implies that w and

henceforth (¢, ) behave smoothly with respect to S. Furthermore, one can prove the following:

Proposition 1. For any multi-index r and every compact subset K C My, there exist numbers

A, B, R > 0 such that the function u = In|¢|? corresponding to a point p € K has the property
|D"u(z)| < Ae=Blel (1.46)

for every x € R? with |x| > R, where D denotes differentiation with respect to x1,x9 and Sj1,S;j2
with j € {0,1,2,--- , N}.
1.2.3 A Riemannian metric on the moduli space of vortex configurations

One can define a Riemannian metric on Mpy. Consider a smooth curve
v [0, 1] — My
In [2], the procedure to define ||7/(0)|] is as follows:

Suppose that

(¢, ) = (6(7(0)), (+(0)))

First, one finds a smooth function x such that the vector

(3.3) = (50, %) + (16x.dx) (1.47)

satisfies the gauge-orthogonality condition with respect to (¢, «). Following ((1.25)), this leads to the

equation
1
Ax = |ox = =5 (2:0) ¢l (1.48)

To construct a solution for this equation, one writes

x=£(0,0)+¢ (1.49)

(VIS
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where p is a smooth cut-off function which is equal to 1 if |z| is large enough and vanishes inside a

disk containing the zeros of ¢. Then, ( satisfies:

AC—¢l*¢ =g (1.50)

where g is a smooth and compactly supported function. According to lemma [f] in the appendix,
this equation has a smooth solution ¢ which decays exponentially to zero at infinity. In this way,
we find a solution y for the equation . According to proposition [I} the function u = In|¢|?
has exponential decay. This implies that the vector (g?), a) defined by belongs to L? and one

defines

1 (0)[] = 11, @)l - (1.51)

Using the procedure above, one can find the vectors

e . Oa
Mo = (asj,a T 2,..)

which are gauge-orthogonal with respect to ((;5, a), forj=1,2,--- , N and a = 1,2. These vectors are
called the zero modes. The complex and real parts of n,, are denoted by n, , and n, ,, respectively.

Using proposition [T} one obtains the following:
Proposition 2. Suppose that K is a compact subset of My . For every multi-index r, there exists

numbers A,5 > 0 such that for every p € My and every x € R?,

ID"n, ,(p)(z)| < Ae~°l! (1.52)

where D denotes differentiation with respect to xy or xz or S, or S, , with j € {0,1,2,--- | N}.

One can also obtain the following estimates by looking at the construction of the vortex solutions

and proposition

Proposition 3. Suppose that s is a multi-index and D denotes differentiation with respect to x1 or
xy orS,, orS,, withje€{0,1,2,--- ,N}. Then, for p € My, there exists A,C,d,e > 0 such that if

lg —p| <e
then
|D°p(z; q)| < C(|z] + 1)—\s|
ID%a;(z:q)| < Oz +1)71171 j=1,2
1D*(|6* = 1)|(25 ) < Ae™°V*!
|D*(Da, ¢)|(2:q) < Ae™"V!

(1.53)

1.3 Dynamic 2D Abelian Higgs Model

The vortex configurations are static solutions to the Abelian Higgs Model. In [2] and [4], the authors
have constructed solutions for the dynamic Abelian Higgs model in R'*2 by using vortices, when A

is close enough to 1. In this section, we go over these the main ideas of these papers and mention
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some of the calcualutions used there.

The general idea is to consider a path
q: [Oa T) — MN
and for small enough € > 0, consider the ansatz

B(t,x) = ¢p(x; q(et))e’™ + ¢ = o(z,t) + o

A():E ao

A; = ai(z;q(et) + 0S + a; = a;(z,t) + €2
to find a solution for the Abelian Higgs Model such that
(&, @)l + (Do ir) ],

remains bounded on a time interval of length O(2).

15

(1.54)
i=1,2

From now one, the input parameter of the path ¢ is denoted by 7 and we will assume 7 = et.

The gauge function ¥ is chosen such that the vector (g—f, %) satisfies the gauge orthogonality

condition.

e In [2], the following result has been proved:

Theorem 3. Consider the initial value problem for the Abelian Higgs model with

A=1+1e

where | = 1. Suppose that the initial data is close to a two vortez (¢(q(0)),a(q(0))) in the

sense that:

A(0,2) = a(z;q(0)) + €a(0)
(0,) = ¢(234(0)) + €4(0)

A(0,z) = eZq; (O)n, , + €@, (0) (1.55)
®,(0,2) = EZ 4, (0)n6 + )
where ((5(0),&(0)) satisfy the following conditions:
(n,., (6(0),a(0)) = %‘ (e (6.8) =0 (1.56)
v.a(0,.) — (i$(0;¢(0)), $(0,.)) =0 (1.57)
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Then, there exists K such that if

|(4(0),a(0)) <K

H2

, + ’(Qgt(o)»at(o))

then, for sufficiently small €, there exists a time T, = O(%) such that on the interval [0, T],

there exists a solution of the form

® = o (ziq(t)e” + €9

(1.58)
A=a(z;q(t) + do + €a(t, x)
with
t) = q°(t) + €q (¢
. )= 20 +0,0) .
p,(t) =p,(t) +ep,(t)
where p°(7),q°(7) are solutions of the Hamiltonian system
dp; OH dg; OH
Pi _ i (1.60)
dr 0q; dr  Op;
where H is defined by
1 *
H(p.q) = 59" (p:p) +V(9) (1.61)
and g* is the metric dual to the metric g : TMs — R and the potential V' is defined by
l 2\ 2
Vi =35 [ (-1 (1.6
R2
and the initial conditions are
40 (0) =qu(0) , P0) =g, 0) (1.63)
and (cﬁ,d) satisfy the condition
V.a(t,.) = (i¢(;q(t)), o(t,.)) =0 (1.64)
(n,.(¢,a)) =0
and the maps
_ Ldp
t t t -
=), = o
- 1dgq (1.65)
t t t - :
—d(t)  t— o

t— ((d;ad)a (ét,@t)) e H> @ H?

= O(€®) and the map

are continuous and bounded independent of €. In addition |Ag(t,.)],
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t—o(t) e O (R2) is twice differentiable and the solution has the regularity
(4,p) € C*([0,T.]) @ C* ([0, T2]) (1.66)

and
(6,a) € C*([0,T.], H' ® L*) n C([0,T.], H® @ L?) (1.67)

e In [4], the following result has been proved:

Theorem 4. Consider a geodesic @ : [0, 7] = My. Suppose that

Q(r) = (¢(7), o1 (1), a2(7))

Then, there exist positive numbers 71 < 79 and €y, M and a smooth family t — X(t;.) €
C>(R?;R) defined on [0, L], with the follwoing properties:

For each € € [0, €] there exists a solution (D(t), A§(t), af(t), as(t)) of the Abelian Higgs model
defined on the interval [0, 2] of the form

Aty @y, 29) = e3af o(t, 21, x2)

of (t, 1, 22) = oy (et; x1,22) + 0, E(t r1,22) 4+ €25 (t, x1, x2) (1.68)
as(t, 1, v2) = ao(et;x1,2) + 0, X(t; 21, 72) + € 2a8(t, 1, x2) .
¢€(t,$1, xQ) = ¢(6t7 xluxQ)e + 62¢€(t7x71 7x2)
such that
ag (Il s + llai (D] ;s + a5 ,e + ¢ D] ;s < (1.69)

for every t with 0 <t < 7*.

Solving the ansatz (1.54]) requires the linearization of the Abelian Higgs model equations. The

linearization involves an operator £ defined by

=5 (D)6 - 2ia:D"6) + (310> ~ 1) i6(V.a— (i6,))
L[g,o)(¢,a) = +
—Ad; + |¢[2a; — 2(ig, D ) o, \a(Va—(i0.9))
(1.70)
where
DY =0, —iq; (1.71)

for i = 1,2. If one assumes the gauge orthogonality condition for (¢, a), the operator £ changes to

the following elliptic operator:

-5 (D)6~ 2ia:D6) + L (316 — 1)6
L[¢,a](p,a) = (1.72)
~Aa; + |¢l%a; — 2(ig, D)
i=1,2
In the the proof of theorems [3| and [4] a coercivity result about the operator L on the subspace

orthogonal to zero modes is crucial. Indeed, the kernel of the elliptic operator L is spanned by the
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zero modes at ((b, a). We have:

/R2 (0, L) = Hess(E),, ., (¥, 0) + /R (va- (z‘q&,o}))Q (1.73)

where E is the (0 + 2)-dimensional version of the energy functional (1.7). The above quantity is
denoted by

Hess(E)w,a) (w, w)

Proposition 4. (Coercim’ty of the corrected Hessian) There exists a universal number v > 0 such
that for every

b= (¢,a) € H'
with (1, nM>L2 = 0 for every zero mode n,, there holds

Hess(E) (g, (4,0) 2 1l(6,a)],

This was proved in [2]. It is noteworthy that part of the proof relies on the fact that the corrected

Hessian can be written as:
Hess(E), ., (4,¢) = / D, (&) (1.74)
R2

where D is the first order operator defined by (|1.26)), regarding the linearization of the Bolgomony
equations (1.19) mixed with the gauge orthogonality condition.

1.4 Physical Applications

One can imagine that when the vortices are far away from each other, their dynamics is almost
independent, but the question is how vortices interact when they are close to each other? These
issues can be studied by inevstigating the metric and using the aformentioned theorems on the
geodesic description of dynamics of vortices. Any element in Ms can be identified with the center

of mass and the relative position of its vortices:
My =R? x MY

The metric on Ms is invariant wih respect to translation and rotation of vortices. Therefore, as

mentioned in [5], the metric on My can be desribed by:
ds* = F2(r)dr?® + G*(r)d6*

Here, (r,6) are chosen such that (rcos(26), rsin(26)) represents the relative position of the vortices.

When, r is large enough, the metric is almost flat:

ds® = dr® + r?de>?
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It has been shown in [6] that near the origin, the metric takes the form
ds® = (cr)*(dr? + r2d6?)

This is in accordance with the fact that the metric on Ms behaves smoothly with respect to the
local coordinates (z1 + 22, 2122). The above form of the metric implies that the curvature at the
origin is positive. The surface MY can be visualized by a cone which is smoothed at the corner.

In [2], two scenarios for the interaction of vortices when they are close to each other has been

discussed:

1. Repulsion and attraction of vortices:
Suppose that A\ = 1 + €2 with € small enough. In the settings of theorem ??, the dynamic
of vortices can be approximately modeled by the Hamiltonian dynamics corresponding to the

Hamiltionian:

H(p,a) = 59°(0.7) + V(0) (1.75)
where

Vi =g [ (=107’ (1.76)

Suppose that Z;(7), Z2(7) denote the location of the voritices as complex numbers. Consider

the coordinate system

P(7) = Zy(7) + Za(7) (1.77)
Q(1) = Z1(7) Za(7)

Suppose that
Z1(0) = —Z5(0) (1.78)

1Z1]'(0) = 125/ (0) = 0

Then, Z1(1) = —Z(7) for 7 > 0. Since the potential V' depends only on |Z; — Z3|, then we
can write
Vig(r)) = ul(|Z1 — Zal) (1.79)

for some function u. Also, we can write
1
9(d-d) = f(QhQl® (1.80)

where f is nonnegative. Using the conservation of energy, we have:

FUQNIQ'? + u(IQ(1)]) = u(|Q(0)]) (1.81)

This implies that |Q(7)| is decreasing, if the initial condition is nonzero. It has been conjectured
that the above function w is a decreasing function. If this is true, we can deduce that for
A = 1+ €2, the vortices repell under the prescribed initail conditions. Similar arguments imply

the attraction of voritces for A = 1 — €2.
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2. Scattering of vortices: Consider the initial position where Z;, Z are located symmterically

with respect to origin on the real line. Suppose that @ = g1 + ig2. Let

P(0) (0) =0

= (1.82)
1(0) <0, ¢1(0)=M >0, ¢2(0)=¢g5(0) =0

The vortcies will remain on the real line and when M is large enough, the dynamics can be
described by:

g2(1) =0, q(r) = f(7) (1.83)

where f eventually becomes positive. This implies that
Z1(7) = —=Z5(7) = /= f(7) (1.84)

Therefore, the vortices move towards each other along the real line and when f changes sign
from negative to positive, they move away from each orther along the y-axis. This is the so-
called right angle scattering. This can also be seen by looking at the geodesics on the manifold
MY. When a geodesic passes from the origin, the angle 6 changes from 0 to 5 which is another

way to represent the scattering.



Chapter 2

Dynamics of Abelian Higgs vortex

lines at the critical coupling

Consider the Minkowski space-time R'*3 and let (¢, 21,72, 2) denote the coordinates where t is the
time. As explained in section [1.1] we aim to glue the vortex configuration solutions along the ¢
and z-direction in the Minkowski space-time R!*3 to construct solutions for the AHM modulated
by wave maps. That is given a wave map ¢ : [0,7) — R — My, for every € > 0 we want to find
solutions to AHM close to ¢(et, €z) in the (P, A1, A;) variables and also with small (A, Ag) variables,
over a domain [0, T?/) x R? for some 7" > 0. The precise statement is in section

In gluing constructions, the general recipe is to have an ansatz to construct approximate solutions
and then add perturbations to find an honest solution to the underlying PDE. The ansatz involves
iteration of a procedure to improve the order of error. There is no reason that by repeating the
procedure, we converge to an exact solution to the differential equations. This is similar to say that
when we solve an ODE by considering a Taylor series for the solution, the series does not necessarily
converge to the solution.

In the literature of PDEs, gluing constructions have been applied to various equations in different
contexts, including dispersive equations, fluid dynamics and geometric wave equations. In terms of
the nonlinear Schrodinger equations, one can look at [I1] by Floer and Weinstein. In fluid dynamics,
there are several papers including [12]. In hyperbolic PDEs, once can refer to [13].

Gluing construction in a gauged system of partial differential equations is the main matter of concern
in this thesis. As we will see, considering a correct gauge condition is the main concept here. The
crucial point is that the gauge condition in the ansatz and the perturbation part are different from

each other.

2.1 Notation

1. In this chapter, in the context, when there are more than one choice for the
gauge fields under discussion, corresponding to the vortex configuration (¢, a),

we use the following notation for the covariant derivative:

DY =0, —ia, p=12 (2.1)

21
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If there are no other gauge fields available in the context, we use the notation
D,, as in chapter

2. Suppose that (¢, a) is a vortex configuration. Then,

£16,0)(5.) = (‘ Dies (D29 = 20fDig) + (801" - W) +<@(v:a_ (i9.)

—Aa; +|6*a; - 2(ip, Dig)
3. Suppose that (¢, @) is a vortex configuration. Then,

—32 (D%p — 2ia;D;¢) + L (3]¢)2 — 1)@
L[¢>,a1(¢,a>—< Yoimi (Dig = 2i0iDio) 4 5300 ”“’) (23)
i=1,2

—Ad; + |¢%a; — 2(i@, Dig)
4. The components of a point in the spacetime R'*3 are denoted as:
(t,z) = (t, 21,22, 2)
and also, we encapsulate x; and x5 by

y = (71, 22)

Also, we use the coordinate system

(vav () = ((5171, $2), Et, EZ)

where € is a scaling parameter in the context.

5. In the calculations, A refers to the Laplacian operator on R3:
A=07 +0;, + 02

and
Ay =02 +02,

6. If (r4)a denotes the special coordinate system introduced in section for
the moduli space My, then the zero modes are denoted by

. 0

Ng = —

* T Or,

7. If we apply the Gram-Schmidt process to (7iq)a, We obtain an orthonormal
basis (na)q for each point on the tangent space TMy which depends smoothly

on the base point.

8. Suppose that X,Y, Z are normed vector spaces over R or C and U is an open
subset of Y. We say that a function f : X x U — Z is of class &,(X, U, Z) if
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for every multi-index r with |r| < m, one can find A,~ > 0 such that
D" f(z,y)] < Ae7!

for every (z,y) € X x U.

9. The components of the zero mode n,, or n, at a vortex configuration is denoted
by

(na,wna,lanaa)

or
(7l o P57 )

where n correspond to the Higgs field component and n_,,n_, and

a,10 ba

ap oo

n_,,n, ., correspond to the gauge field components.

«,2 «,2

10. For a set S, R[S] refers to the ring generated by elements of S.

2.2 Main result

The final result of this thesis is the following

Theorem 5. Suppose that q : [0,T] x R = My is a smooth wave map and it is constant at (+00)
and (—o0), then there exist numbers Ty, eq, M such that for every e with 0 < € < €q, there exists a

solution X
(@, Asdx;)
=0

of the Abelian Higgs model with A =1 on

T
[0,=2) x R
€
with
O(t,x,2) = d(x; q(et, ez)) + €
(t,z,2) = p(w;q(et, €2)) + ¢ (2.4)
A5(t, @, 2) = aj(z;q(et, €2)) + af ji=1,2
where ($, a1, as) are the components of the vortex configuration solutions and:
2
€ € € € 3
et M + 100t Ml + 3 (a5t s + 1058l ) < €M (25)
j=1
and
D AR, = < eM (2.6)
j=0,3
and
€ € 1
ST IVASE e + 11045 e < 5 27)

=03
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for some M and every t, where V refers to spatial derivatives.

2.3 Sketch of the proof

As described above, the two main steps are

24

1. An ansatz to construct approximation solutions

2. Perturbation of the constructed approximate solution

In subsections 2:3.1] and 2:3:2] we are going to explain the big picture of these
two steps. The detailed proof will be in sections 2.4 and 2.5

2.3.1 Ansatz: An overview

In the first step, the ansatz, we look for a series of the form

O, (t, ) = (y; q(et, €2)) + Z (e, y, €2) (2.8)
i=1
Amvj (t’ :L') = aj (yv q(Gt, 62)) + 6210“] l(d; Y, 62) ] = 1, 2 (29)
i=1
A i(tx) = Z e ta; i (et,y, €2) j=0,3 (2.10)
i=1

such that the following conditions are satisfied:

3

Sy [ @y Am] = DoDo®,, ZDDcpm+ (|<1>m|2 1)®,, = O(*™+2)
1
" (2.11)
Sa; (@ Am] = (90 Fo; — Zakfkj (i, Dj @) = O(2M42) j=1,2
(2.12)
Sa, [®ms Am] = (0 Fo; — Zakfkj (i®m, D;®,,) = O(2™ M) j=0,3
(2.13)

The process is inductive. The base case goes in this way: By looking at the

error condition ([2.13)), we come up with two equations
—Ayajn +|¢lPaj = f (2.14)

for j = 0,3 where f; depends on the wave map. These equations are solvable
by lemma@ in the appendix. Then, the error condition (2.11)) and - leads

to the following system of equations

Ly =E (2.15)
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where ¢ = (p1.1,a1,1,021) and E depends on the wave map. (It is the error
from the step zero in the ansatz where we simply plug-in the wave map ¢ in
the equations and let Ag = A3 = 0) As mentioned in chapter 1, the operator £
has an infinite dimensional kernel spanned by the infinitesimal gauge transfor-
mations and the zero modes. We choose the gauge orthogonality condition for
P

V.a—(ig,p) =0 (2.16)

Then, equation (2.15)) reads
Ly=F (2.17)

Following the coercivity statement [f] from the Stuart’s paper, we have proved in
1emma in the appendix that the system is solvable if E is orthogonal to
zero modes and the solution 1 will be again in the orthogonal subspace to zero
modes. This orthogonality condition leads to the wave map equation. But, now
we need to check that v satisfies the gauge orthogonality condition. In lemma
in the appendix, we have proved that if F satisfies the gauge orthogonality
condition, then 1 also does. We separately proved that F satisfies this condition
and this finishes the first step.

The induction step goes in this way: Suppose that we have constructed an
approximate solution (®,,, A,,) in the form of . If we want to update the
number m and follow the similar procedure as the first step explained above,
we encounter the issue that the orthogonality condition may not be satisfied.
In this regard, we use some degrees of freedom in the current stage for the
approximate solution (®,,, A,,) that we have not used so far. In , we can

replace the vector

w’m = (()Onu a1,m, a?,m)

by
Y+ Y culet,ez)n(y)
15

for any t and z and this does not disturb the leading order term of the error from
the approximate solution (®,,, A,,), as the zero modes belong to the kernel of
the operators £ and L.

Therefore, we consider the following:

(@s1s A, A

m41,17 m+1,2)

((pm7Am,17A'm,2) ZM Clt(etaez)nu(y)

(A, .. A

m+1,07 m+1,3)

62m+2 (gp'm#»l ? a1,7n+1 ? a2,7n+1 ) (6t7 y7 6Z)
+

et (a0,m+1 ) a3‘m+l) (Etv Y, 62)

(2.18)
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We let {c,}, to be unknown. Now, we repeat the same process and let
the new functions in the ansatz depend on {c,},. When we want to find
(Pm+1, G1,m+1, G2,m+1), We observe that the orthogonality condition leads to a
hyperbolic PDE for the functions {c,}, which has local well-posedness. We
find {c,}, in this way. Afterwards, the other pieces of the ansatz will be auto-

matically determined.

2.3.2 Perturbation of approximate solutions: An overview

Suppose that we have found an approximate solution v = (y, a) as mentioned
above. We look for a perturbation v = (¢, a) such that v 4+ u is a solution for
the AHM. The strategy is as follows:

e Imposing a gauge condition:
3

—odio + Y _ 05d; — (itp, ) =0 (2.19)

j=1

e Rewriting the equations based on the gauge condition:
Let
Y = (@, ardry + agdrs)

After imposing the gauge condition the equations can be written as:

Ugg — Uypy + Mu=Pu+ N+ FE (2.20)
where
Ly
—Ayas + |¢*as

and Pu consists of small linear terms, Nu consists of nonlinear terms and

FE is the error from the approximate solution v.

e Local Existence:
For the system of equations such as , there are some standard local
wellposed-ness results. We apply such an statement to find a solution
defined over an interval [0,7,). These statements come with an apriori

estimate.

e Bootstrap: Consider the constructed localized in time solution in the
previous step. We want to use equations and the apriori estimates
to find refined estimates for u. The idea is again to look at each slice
{t =to,2z = 20} and look at the orthogonal and tangential components to

zero modes.
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Let us fix the time as t. Consider the following energy quantities:
Qﬂﬂ:iéJmF+hQP+(Mmu) (2.22)
and
Qxﬂ=i4JUWMA”+WWwA2+UW%JWw (2.23)
By using equations , one can verify that

Q1) + @a(t) < CeF(lfull s, [l o |l o, [INT],,2) (2.24)

where F' is an smooth function with F'(0) = DF(0) =
The quantity Q1(t) + Q2(t) bounds ag, as, (ao):, (&g)t and 91 where for

every t, z the function = is such that

Yot 2) =0 (ot 2) + Y eult, 2)nul) (2.25)

m

where {n,} are the corresponding zero modes and

(¥rn,) =
We write the variables ag and a3 in the form:
a; = f; + 0ox; (2.26)
where x; solves the equations
(—A +[el*)x; = dod (2.27)

By taking the inner product of equation (2.20]) in the Higgs part and the
gauge field part for A; and Ay, we observe that

(cu)et = (cu)z2 = Doho + O3hs + I (2.28)

for some function hg, hy and hz. Then, we use the explicit formula for the
wave equations to find ¢, and the final expression for ¢, can be expressed
in terms of hg, hs and h, rather than dyhg or d3hs. The expression of the
function hg involves x;. Based on this, we have good enough estimates
for hg, hs and h and hence for c,,.

We also use similar ideas to control 0y by decomposing it into zero modes
and orthogonal components. In the end, we observe that these estimates
are enough to control ||u|| 5 + [Jul]

Using the aforementioned estimates, we afford to do a bootstrap argu-

ment. That is we prove that if we have an estimate for v on a time
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interval [0,T):
ull s + ], <K <€ (2.29)

Then,
llll s + [uel] o < Clet) P + ¢ (2.30)

e Moving forward in time:
Estimate suffices to go through an iterative process of applying a
local existence result and apriori estimate, refining the estimate, again
applying a local existence theorem to the end point of the interval and
again refining the estimates and so on. In this way, we prove the desired

estimates over a time interval of length % for some  independent of €

2.4 Approximate solutions for the Abelian Higgs Model
For the complex function ® : R'*3 — C and the real 1-form
3 .
A= Aodt + Z 14,'dl‘Z
=1
consider the quantities:

3
1
Sp[®, A] = DeDo® — Y " D;D;® + 5(|<I>|2 -1

j=1

3 (2.31)
Sa, [®, A = (00 F0; — Y OuFrj) — (i®,D;®) j=0,1,2,3
k=1

Let
S[®, A] = (S@[QJ,A],SGO[CI),A],-~ ,Sa3[<I>,A])

For given € > 0, we find a pair (®,, A,) such that

S[q)’ru An} = O(€2n+17 6271'_17 62"""1’ €2n+17 6277,—1)

o, (9, )(q(y; ety e2)) O(€*)
()= () (65)

where ¢ : [0,7] x R — My is a wave map. The precise statement is as follows:

and

Proposition 5. Suppose that q : [0,T] x R — My is a smooth wave map with compactly supported

image and bounded derivatives of any order. There exists €y such that if € < €g, then for every m
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one can find smooth (P, Ay, the form

D, (t,z) = ¢(y; q(et, e2)) + Z e pilet,y, €2)
i=1
A j(t,z) = aj(y; qet,e2)) + Y €%laji(et,y, ez) i=12
i=1
A i(t,z) = Ze%*laj,i(et,y, €z) j=0,3
i=1

defined on |0, Tj’"] x R for some Ty, > 0 such that if

Am - (A 7])j

then

SSG[(I)T’“AW] 3m ,

Sar @y Ana] | (tx) = Y ' filet,y,e2)

Sag [q)ma Am] i=m+1
and

(S, [P, A Z g ilet,y,ez) §=0,3
i=m-+1

where if

IS {fivng" (pi}i,j U {aj,i}j=1,2 U {a’jvi}i>l,j$(1,2}

then for any multi-indez r, one can find A,§ > 0 such that
|D7h(7,y,¢)| < Ae™"l

and
|D"aj1(m,y, Q)| < A(ly| + 1)—|r|—1

for j € {0,3} and any y,T,¢.

29

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

Proof. The proof of this statement goes by induction on m. Following notation [§] £ refers to the

class of all functions f : R? x [0, 5] x R — C for some S such that for every multi-index r, one can

find A, > 0 such that
D" f(y,7,¢) < Ae™ 1

for every y, 7, C.

Suppose that m = 1. Let

P ( , L ¢< ( 70)"‘62@1(77%0
J(t’ ) = a](y q(T C)) + €2al,j(7-7y7<) .7 = 172
ALJ (t,fﬂ) = Gaj(Tayv C) 7=0,3

(2.38)
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For simplicity, we write

o(.) = o(5q(7,C))

_ (2.39)
a; (1) =a;(5q(r.¢)) =12
Following notation [4] assume that 7 = et and ( = ez and we use the coordinate system
(yv T, C) = ((xlv £E2)7 et, 62)
By plugging in the ansatz (2.38)) into (2.31) and using the fact that
Oy =€0- , 0,=¢€0;
one gets:
Sa,[®1, A1l = €gj1 + €2gj2 + €953 §=0,3 (2.40)
where the functions g;;(7,y,() are independent of ¢ and
. . . 09 ‘
gji1 = _(Ayaj - |¢|2aj + (io, 87)) J=0
(2.41)

. . . 09 ‘
gin = —(8ya; —|6*a; + (ig, 874)) j=3
where A, refers to the laplacian with respect to the variables x,z2. We find the functions a; such
that g;1 = 0 for j = 0,3 for every 7,¢. These equations are equivalent to the gauge orthogonality

condition for the vectors

and 5 5
(a—f — i, 3—2‘ ~ di )

Therefore, by following the strategy in chapter 1 to make the above vectors gauge orthogonal, we
can construct the functions a; for j = 0,3. The construction is as follows:
Suppose that

do = 0-

and

D3 = ¢

Suppose that R > 0 is such that the ball B(0, R) contains all of the vortex centers in the image of
the wave map q. Suppose that p : R? — R is a nonnegative smooth cutoff function which is 0 inside
the ball B(0, R) and is 1 outside of the ball B(0,2R). Then,

1 -
dj = 7§p6j@ + bj (242)
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where © is as in (1.34]) and b; solves the equation
Aybj —16°b; = ¢ (2.43)

for each 7, ¢ and ¢; = ¢;(y, 7, ¢) is a smooth function of y, ¢ and éjq and is supported inside the ball
B(0,2R) in the y-plane. By the regularity properties of ¢ and using lemma (8| in the appendix, one
realizes that b; € £ and therefore by (2.42), @; depends smoothly on y, 7, ¢ and

(8jdl — aldj) e&

for any j,1 € {0,3}. Furthermore, according to the formula and and lemma [5|in the appendix,

for any multi-index r, there exists A > 0 such that

|D7a;(y, 7, Q)| < A(ly| + 1)~ "+ (2.44)
for every 7,(. We define
D; = 0; —ia;
for j = 0,3. Also, Suppose that
n= (¢7 1, 052)

and

Y1 = (<P1,al,17a1,2)

By using the fact that n satisfies the static two dimensional AHM for each 7, , we have:

SLP[(I)laAl]
Saj [¢17 Al}

) = (T H L) +etfo+ef3 (2.45)
Jj=1,2

where fo(7,y,() and f3(7,y,() do not depend on e and

(D, = D)¢
T =
(9, — 0)aj — 0 (Dodio — Dads)

j=1,2
Proposition 6. The vector T is orthogonal to the zero modes at n for any T, (.

Remark 1. In fact, we will prove that for (¢,a)(.,q(7,¢)) and a; for j = 0,3 as above, the vector

T is orthogonal to all zero modes, if and only if q is a wave map.

Proof. In what follows, Greek letters correspond to the indices for the coordinate system on the

moduli space M. We have:
T = 50[307’] - 53.[)377 — (Z (dof)o — ngg)gb, 0) (246)

We have:
Djn =" (9;4")ia (2.47)
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for 7 = 0,3 where
q=1(9%)a

in the coordinate system introduced in the first chapter and n,’s denote the corresponding zero

modes introduced in notation [} Therefore,

T:E:@m%m+&M%@m@—@ﬁw&mD—E:@%&w—@&fmwmn (2.48)

[e%

Therefore,

(T,7g) =Y 0 (i, fig) + Y ((004°)(Dofa, fig) — (D3¢™) (D5t 7))

- - ~ ~ (2.49)
— Z(aoaoqa — &383q°‘)(ina$w,nﬁ,w>
Since ¢ is a wave map, we have:
0¢% (fia, 1) = T\ (= 90¢"0oq™ + 930" 93¢™) (Fia, T15) (2.50)

= (— 90" oq™ + 53Q“53Q’\)(Vﬁ“ﬁwﬁﬁ>

where {I'},} denote the Christoffel symbols of the Levi Civita connection corresponding to the

metric on My. According to the Koszul formula, we have:

(0ulin, ) + Ox (A, T1g) — Dp(Tan, o)) (2.51)

N =

<v'ﬁuﬁ)\a ﬁ,@> =

By combining (2.50) and (2.51) and then using (2.49)), we get:

(Toiig) = 3 (k)| (0ea")(ra) (T, or = Onivs is) + n (g i 5| (2.52)
k#1,2
where
1, ifk=0.
s(k) = (2.53)
—1, ifk>0.
But,
ar = —(9kq™)xx (2.54)

where y, : R? — R is the function which makes the zero mode

iy = (2@ +ix, 9, Ora + dx,)
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gauge orthogonal. Therefore,

(Tig) = D s(k)(Oka")(Ora™) (Vi iin = Oafige, i15) — X (i, Tig,0))
k#£1,2
= > s(k) { D (0ra")(01a™) 2V, 7ox — Oafiyy — D, o) — (X, 700 + IXuiin 0, ﬁ/ﬁp))]
k#1,2 <A
30 80| o Oua (V= Dy ms) = X (i)
k#1,2 w

(2.55)

But according to the Koszul’s formula, we have:

2(Va, fin, fig) = Ox(Np, Mig) + Opu(fin, Ng) — Op (T, Tin)
= (T, OaTig) + (Optin, Tig) + (fn, Oufip) + (Onfiy, Tig) — (Opfin, fu) — (o, Opitn)

(2.56)
Therefore,
<2Vﬁu7~l,\ — 8)flu — Mﬁ)\, fl5> = <flu,8,\’l~13 — agfl)\> + <T~L,\, 8;”55 — 657~lu> (257)
We have:
= (0,0 +ix,¢,0,a + dx,) (2.58)
for any [. Therefore,
Ox\ng — Oy = (iXﬁa,\¢ — X208 +i(Oaxp — 10X ) ®, dO, X, — daﬁ(x) (2.59)

for any A, 5. Therefore,

(T, OaTog — Optin) + (Tin, Oulip — Opfiy) = (T, iXpOND — IXAT5®) + (x40, IXOu® — iXu0pb)
+ (A, (1Ax 5P, dAx g)) + (Rx, (14,50, dAu 5))

(2.60)
where
Ars = OrXs — 85)(7"
Since n,;’s satisfy the gauge orthogonality condition, we have:
(T, (iAx g &, dAN 5)) = (Tix, (iA,p0,d Ay p)) =0 (2.61)

Therefore,
(i, Oaig — Opin) + (Tin, Oulip — OpTiu) = (T, IXBOND —IXATpD) + (T s IX 50D —iXu0ph) (2.62)
Now, by using (2.57)), (2.62)) and the identity (2.58)) for I = u, A, 5, one sees that

<2v7‘"1“ﬁ)\ — 6,\7”1# — aﬂfb\, T~L5> — <iX>\ﬁ,u,<p + Z'X'ufl)\W, ﬁ51¢> =0 (263)
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Therefore, by (2.55)), one deduces that (T, 75) = 0. O

Lemma 1. For any choice for ®, A, we always have

(S,[®, A],i®) + 89S, [®, A] — Zas [®,A] =0 (2.64)
7j=1
Proof. We compute
3
(Sy[®@, A],i®) = (DeDy® — > D;D;®,i®) (2.65)
j=1
Also,
3 n n
—00Sag + Y _ 080, [®, A] = 00( > _ 0;Fjo + (i®, Do®)) + > 0;(0Fo; — Zakfk] — (i®,D;®))
Jj=1 j=1 j=1
= 000;(Fjo+ Foj) = > Y 0;06Fkj + (i06®, Do®) + (i®, 8 Do)
j=1 j=1k=1

j=1
(2.66)
But, we have
Foap +Fpa =0
for any «, 8. Therefore, by (2.66]), we have:
3 3
—00Sa, + Y 0;84,[®, A] = (i0g®, Do®) + (i®, 9 Do®) — > _ ((i0;®, D;®) — (i®, d; D;®))

a = (2.67)

3
= (i®, Do Do®) Z (i®, D; D;®)
Jj=1

- ) follows from (2.65) and (| - ]

Proposition 7. The vector T satisfies the gauge orthogonality condition for any 7, (.

Proof. Let

re'n

1(t,2) = ¢(y;9(7.¢))
1t ) = a;(yie(1,.¢)) j=1,2 (2.68)
17J(t’$) = Eaj(77y7C) j=0,3

D>z

where a; for j = 0,3 is as constructed before. Suppose that T' = (Tp, T1,T) where Tj is the Higgs
section component and 77 and 75 correspond to the gauge field section components of A; and As.
Let

A = (/11,0,141,17/11,2,141,3)
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To calculate the error S[i)h fll], one can use the results for S[®1, A;] by assuming t; = 0. According
to (2.45]), since T does not depend on v, we have:

S [@1, A1) = €Ty + O(e?) (2.69)
Also, according to (2.40), we have:
So;[®1,41] = O(*) j=0,3 (2.70)
Suppose that the compnents of T' are denoted by (T, T1,7T5), where T is the complex part and
Ty, Ty are the real ones. Using and (2.70)), the coefficient of €? in

3
(Sp[®@1, A1],i®1) 4 0oSay [®1, A1) — Zajsaj (@1, A4]
=1

is
2
(To, i) — > 0;T;
j=1

But, according to lemma
~ ~ ~ ~ ~ 3 ~ ~
(Sy[®1, A1), i®1) + 0o Sa[®1, Ar] = Y 9;Sa,[®1, A1] =0
j=1

Therefore T satisfies the gauge orthogonality condition. O

According to (2.46|) and (2.47), T € £. Therefore, by lemmas and in the appendix, we can

find ¥, € £ which satisfies the gauge orthogonality condition for every 7, and solves the equation

L‘/’1(~7 T, C) = _T('v T, C)

for each 7 and (. Therefore, L1 = —T. According to (2.45)), the introduced choices for ¢, and a;
for 7 = 0, 3 ensure that

Sol®1, A1) = O(c") . Su,[@1, A1) =O(c) j=1,2

We already established that S, [®1, A;] = O(e?) for j = 0,3. Noting that all of the components of
the functions fo, f5 in (2.45) and g, 2 and g, 3 in (2.40) belong to (O1|F1) where

Ol - R[{ala 82a {5]‘},(11, a9, {&]}7 ¢7 (57 171}]

and
]:1 = R[{Dl(b? D1¢7 DZ(IZS’ D2¢7 |¢|2 - ]-7-7:123 {faﬂ}vquSa qusa@lvﬁval,halﬂ}]

and
(01| F1) = R[{abla € O1,b € Fi1}]
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where

- é~ *5~ NONS 0,3,"',
Fap=| ZBem0b. afe{ldn) (271)

d.a, — 0sa, ad{1,2} , Be{l1,2}
Since F; C & and the functions a1, a2, a;, ¢ and their multi-derivatives with respect to y, 7, are
bounded, one can deduce that

<01|.7:1> cé&

Therefore

f2, 13,952,953 €E

Therefore, the statement holds for m = 1.

Now, suppose that the statement holds for m and

3m
(S“’) @, Am](t, ) = Y € fi(7,,0) (2.72)

Saj i=m-+1

and
3m

Saj [(I)m,Am](t,J?) = Z €2i_1gj7i<7—7yag> (273)

i=m+1

for j =0,3. Let:

2N
D1 () = D (t,2) + ™ S (7, Oy (437, 0) + 2011 (7,9,C)
pn=1

2N
Am-‘rLj (t, IL’) = Am»j (ta ‘T) + €2m Z C,LL(T7 C)n%j (y’ T, C) + 62m+2aj,m+l(7_7 Y, C) ] = ]-7 2
p=1

A1t @) = Ap(t,2) + " ajmi(r,y,¢) j=0,3

where the new terms are to be found. The procedure to construct the above object is to first let
the functions (c,) to be undetermined. Then, corresponding to (c,), find the functions a,, ., for
Jj € {0,3} such that the error term for Sy, [®r, 41, Am+1] becomes of order O(¢™*3). Then, to reduce
the other error terms, an orthogonality condition to zero modes needs to be satisfied. This leads to
a hyperbolic PDE for the functions (¢,) which is well-posed. After finding suitable (¢,), one can
look back to the above process and find the other terms.

Let
Ey = Zcun#-,sa (2.75)
o

and

Ej=> cumu; j=1,2 (2.76)
I
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Then, we have:

Sao [(I)m-‘rh Am+1] = —eom [Aya07m+1 - ‘¢|2a0,m+1 + go,m+1]

— el [(i¢, DoEo) + (iEo, Do) — 50(2 cu(Ormp1 + 827@3))} (2.77)
n

+ M)+
(2.78)
Using the fact that the zero modes n, satisfy the gauge orthogonality condition, we have:
(i(b, D()Eo) - 50( Z cu(alnml + 8271”1’2)) = (iEo, Do(b) (279)

“w

Therefore,

Sao [(1)7 A] = _62m+1 [Aya‘O,erl - |¢|2a0,m+1 +2 Z Cu(inu,gov D0¢) + go,m+1] + 62m+3("')+ (280)
m

Similarly,

Sas [(b7 A] = _€2m+1 [Aya3,m+1 - |¢|2a3,m+1 +2 Z cp,(inu,goa D3¢) + gs,m+1] + 62m+3("') +e

1
(2.81)
According to lemma [6] in the appendix, one can find
hjus kit R2x [0,T,,) x R — R
of class £ for j = 0,3, regardless of the choice for (c,),, such that
@jomtr = Zcuhjm +k 7=03 (2.82)
1

make the coefficient of €2 *! in the expressions (2.80) and (2.81)) to vanish. (Add details here)

Under this assumption for the functions a, ., for j € {0,3}, we have:

So[Pma1, Am
olPmets A = M2 (L +5,,,) + €M)+ (2.83)
Saj [(I)m+la Am—‘—l} j=1,2
and
’(/}erl = (LPerl’a1,m+1’a’2,m+1> (284)
and
Sy = (05 = 0D cuny) + b, (€ 0,7, €) (2.85)
o

where 9 denotes differentiation with respect to 7, ¢ and the function p,,+1 is a polynomial of degree

at most 2 with respect to (c,) and (9c,) with coefficients of class £ and independent of ), 1.
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Proposition 8. One can find smooth functions (c,) with bounded multi-derivatives such that the

vector S is orthogonal to the corresponding zero modes for every T, with 7 < Ty, 41 for some

mt1
Tot1 > 0.

Proof. The orthogonality conditions to the vectors ny for S lead to the following equation:

m+1

Olew)n = F(en) (9eu)ps 7€) (2.86)

where

and for each 7,(, the function F is linear or quadratic with respect to (c,), (Jc,) with coefficients
of class £. This is a well-posed equation and by considering the zero initial condition for (c,),,
one can find smooth solutions with bounded derivatives on the time interval [0,T,,+1] for some
Trt1 > 0. O

Now, by choosing (c,), as in the above proposition and the functions a, ., for j = 0, 3 according
to (2.82)), the vector S,,+1 satisfies the orthogonality condition to the zero modes and one can use

lemmas [10] and [I4] to find ¢,,11 of class € such that
me+1 + Sm+1 =0

Proposition 9. The vector S, ,, satisfies the gauge orthogonality condition.

n+1

Proof. Similar to the proof of proposition 7| we use lemma [} Let

2N
O (t,2) = By (t,2) + €™ Y (T, O (45 7,€)

p=1

(2.87)

A j(t2) = A j(t0) + 7 Y eu(m, Onys (i, Q) G =1,2
p=1

A"l,j (t7 J}) = Am,] (ta x) + €2m+1a’m+1,j (y7 T, C) .] = 07 3a N

By using equation (2.83) and comparing S[®,,, A,,] with S[®,, 41, Ayi1] and noting that the corre-
spondent of the ¢m+1 term of (P41, A1) in (i)
of 9,11, we deduce that

flm) is zero and the vector S,, 41 is independent

3., Ay,
(Sgo[ s Am] ) _ 62m+25m+1 + 62m+4(. c ) (2.88)

and according to and (| , we have:

Sa-[i)maiim] _ 62m+3(. ) +62m+5(. ) +--- j=0,3 (289)

J

Suppose that
Sm+1 = (Sm+1,07 Sm+1,1 y Sm+1,2)
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where S denotes the complex part. According to (2.88) and (2.89)), the coefficient of €2™*2 in

m+1,0
~ ~ 3 ~ ~
(i@, S [®rm, Am]) + 00 Say [® Z Sa; [Pm; Am]

is
2
7/¢)’ m+1, D Z m+1,j
Therefore, according to lemma [T} the vector S,,41 satisfies the gauge orthogonality condition. [

Now, according to the above lemma, one can use lemmas[10|and [14]in the appendix to find ¥, 1

of class & which satisfies the gauge orthogonality condition for every 7, and
L¢m,+l + Sm+1 =0

Since 9,41 is gauge orthogonal, then L, , = L and therefore

m+1

£¢7n+1 + SnL+1 = 0

and by equations (2.80), (2.81]), and (2.83), the expected order of error for S[®,, 1, Amt1] is ob-
tained. The desired estimates for the error terms hold due to the induction hypothesis and the fact
that

(cbm-‘rla Am-l-l) - ((I)ma Am)

is of class £. This finishes the proof of the theorem. O

2.5 Perturbation of the Approximate solution

Suppose that v = ((p, a) is an approximate solution for the Abelian Higgs model constructed in the

first part of the project. Suppose that it is of the form

o(t,y,2) = ¢(y; q(et, 2)) + €@

a;(t,y,z) = a;(y; q(et, e2)) + €%a; j=1,2

() f( (e E e (2.90)
a0<tay?z) = 6a0(t,y,z)

a3(ta Y, Z) = 6&3(tv Y, Z)

1)

for some number T;. We look for an honest solution (¢ + @, a + a) for the Abelian Higgs equations.
Let

defined on

u=(5,0) (2:91)
and

3
a=Y ajdal (2.92)



CHAPTER 2. DYNAMICS OF ABELIAN HIGGS VORTEX LINES AT THE CRITICAL COUPLING 40
and

Y = (@, aydx + aodx?) (2.93)
Also, suppose that the error terms of the approximate solutions are denoted by

E = (E,, Ey, E1.Es, E3) (2.94)

where E, correspond to the Higgs section and E; correspond to the gauge field A;. If the number

of iterations is large enough, we can ensure that
E®, ) s + Bt )| < Ce™ (2.95)

for some C. The number n depends on the number of iterations in the ansatz which will be figured

out later.

2.5.1 Gauge Choice

To find u, we need to assume a choice for gauge. Also, we need to justify, why we can assume such

a choice:

Proposition 10. Suppose that
(¢,a) € C°([0,T"); H®*) n (C*([0,T"); H*) N (C*([0,T"); H')

18 such that

w=(p.a) +(#4)

is a solution for the system of equations

S, [w] =1iG(p + @)

(2.96)
where
G = —0pag + a1 + 0209 + O3a3 — (i(p, 4,27)
Suppose that
¢(0) = a1(0) = a2(0) = a3(0) = (9:)(0) = (9a)(0) =0 (2.97)
and
Aag(0) — [[*(0)ao(0) + Eo(0) = 0 (2.98)
Then, v solves the Abelian Higgs model.
Proof. We have:
3
(sy, [w], i(¢ + @)) = —00Sa[w] + 3 018, [w] (2.99)
k=1

Therefore, by ([2.96)), we have:
(0n = A)G = o +¢°G (2.100)
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According to the initial conditions, we have:
G0)=0

Note that

3
Sao [w] = EO + Aao — Z 615(9]'&]' + (Z(,O, Btgé)

Jj=1

o o (2.101)
= do||” — 2(p, a0P) + (i@, D)
+ (i, 01p) — 2(p, @) — aol@|* — aol@|?
Therefore, together with equation (2.98)) implies that
Sao [w](0) =0
and therefore, by equation (2.96)
Therefore, (2.100]) implies that G = 0 for all times and v solves the Abelian Higgs model. O
2.5.2 Rewriting the equations
According to proposition it suffices to find u = (@, a) such that the following is satisfied:
S g+ ¢@,a+a)=iGlp+¢
Al )] ( ) (2.102)
Saj[go+g5,a+d] =0;G 7=0,1,2,3
where
3
G = —0oao + »_ 0;a; — (i, p) (2.103)
j=1
where the initial conditions are:
$(0) = a1(0) = az(0) = as(0) = (8:¢)(0) = (8,a)(0) = 0 (2.104)
and
Aag(0) — [[*(0)ao(0) + Eo(0) = 0 (2.105)

The existence of ag satisfying equation (2.105)) is provided by lemma@ in the appendix.
To write down equation (2.102)), first we study the linearization of the equations. To linearize the

equations, we use the following calculations:

Lemma 2. We have:

(D, ) (@+®) = D3®+ D3 —2iADs® —i(V.A)® — Da(iAD) —iADs® — (A)*(®+®) (2.106)
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and
(12 + B2 = 1)(@ + &) = (B2 = )@ + (2@, )0 + (| — 1)B) +2(@, ) + |
and
(i(®+ @), D, 5(®+ D)) = (i®, Da®) + (i®, Da®) + (i®, Da®) — |®|*A
+ (i6, Dad) —2(6, ) A — |°A
Proof. The proof is by straightforward calculations.
(D 4)2 (@ + @) = (Da —iA)*(® + @)
= (D% —iADj —iDs. A — (A)*) (P + ®)
= D%® + D3® —iADA® — iAD®
— iDA(AD) —iDA(AD) — (A)*(D + D)
= D%® + D4® — 2iAD,® — i(V.A)®
— iDA(AD) —iAD4® — (A)*(® + B)

42

(2.107)

(2.108)

(2.109)

Identity (2.107) is simple. To check (2.108), we use the fact that (iv,iw) = (v,w) and proceed as

follows:

(i(®+ @), Dy, (0 + D))

(i(® + @), (Da — iA) (D + D))
(i(®+®),Da® 4 Ds® — iAD — i AD)

(i®, Do®) + (i®, Do®) + (i®, D®) — |®|2A
+ (i®, Do ®) — 2(®, D) A — |®|?A

According to lemma 2] one can observe that

S(®+ @, A+ A) = S(D, A) + H[D, A|(®, A) + N(2, D, A, A)

where ) )
b A 5 oare i®(V.A— (i0,))
O, A|(D, A) = G[® + D, Al[d, A : ¢
H[®, A|(2,A) = G[0 + P, A][2, H(@(V.A—(i@@))
where
b — 2(A 3 Ain 1 2 N\&
g, Alp, A= [ A% 2(ADo® Z;iflAzDib)+2(3|<p| 1)é
OA; + |®[24; — 2(i®, D; @)
where

3
Oa=DoDo — Y _D;D;
j=1

and N consists of nonlinear terms with respect to ® and A.

(2.110)

(2.111)

(2.112)

(2.113)
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To write equations (2.102)), we use equations (2.111}), (2.112)) and (2.113)), and obtain that

Se(p+ @,a+a)) =S, ((¢+ €@) + ¢,a+ a)
S,

©
o(p.a) + (0 —iag)*@ — (0. — ias)*@
2
=1

- Z(aj - ’iOéj - i62&j)2g2)
— 2iag(0y — iag)(¢ + €¢) + 2iaz (9, — iaz)(¢p + €2¢)
2
+2iy (a;(0; —iay —ic®a;) (¢ + *9)) (2.114)
j=1
1
+ 5(3\(¢ +EQ)* = 1)@+ No +ipG
= 02¢ — 2iag0yp — 0°¢ + 2ia30.p
+ Ly[¢, af[¥)] + Eo + No

— 27;6~l(]D(]90 + 22&3D3(,0
+ Rou + ipG

where

Rou = —i(drag)p — a2 @ +i(0.a3)@ + a2

2
+> {2262%“9]'90 + i€ (9;a;)p — 262 a;a;0 + 646@@} +3€%(4,9)p + 564|<P|2<P
= (2.115)
2
+2i Y s (9 — a0 — iayp — ica;p)
j=1

and Ny consists of nonlinear terms and F corresponds to the error of the approximate solution.

Now, for j = 1,2, we have

Sa;lp + @,a+ad] = So;[p,al + 0;G + (] — 92 = A+ o+ €29*)ay
= 2(i, (95 — ey — i€%a;) (¢ + €¢)) + N
= (07 — 02 — A+ ¢1*)a; — 2(i, D;o) (2.116)
+ S;u+ N; + E; + 9;G
= (82 — 8)a; — L[, a](¥)) + Sju+ N; + E; + 9;G

where
Sju = ~26 (13,00 — ia;6 — ia;¢ — a;0) + s (2(6,9) + 1) (2.117)

and N;, E; correspond to the nonlinear terms and error of the approximate solution, respectively.
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For j =0, 3, we have:

Sa;lp + @,a+ ] = So;lp,a] + 0;,G + (0 — 92 = A+ o+ €¢°) 4y
= 2(ip, (85 — ia;)(¢ + €¢)) + N;

(2.118)
= (07 — 02 — A +¢l*)a; — 2(ip, D;9)
+Sju+Nj +Ej+8jG
where
Sju = 26%(6, )i; — 26(ip, D) (2.119)

for j = 0,3 and Nj, E; are the nonlinearity and the error of the approximate solution. Therefore,
one can write down the equations (2.102)) for u = (@, a) in the following form:

uy + Mu+Pu+ N+ E=0 (2.120)

where

—02¢ + L[g, o]y
Mu= | —Aag+ |¢|%a0 (2.121)

—Aag + |p|%as

() ) (%)

2(i<ﬁ,D0¢) Sou

and

2(i¢, D3 o) Szu

where
Ru = —2iag0;p + 2ia30,p — 2iag Doy + 2iaz D3 (2122)

where

where Rou and Sju for j = 0,1,2,3 are as before and NN, E. consist of nonlinear terms and the
error of the approximate solution respectively. The quantity Ru is of the form eF(u, Du) for some
linear function F' and the quantities Ryu, Su, Sou and Ssu are of the form €2G(u, Du) for some linear

function G
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2.5.3 local existence theorems and a priori estimates

Theorem 6. Consider the approzimate solution v = (p,a) described in the beginning of section
with error E satisfying conditions (2.95). Suppose that

0<s< —
€

We consider equation for the approximate solution . Consider the starting point to be at
t =s. For any b > 0, there exists § > 0 such that if € < 0 and the initial data for equations for u
satisfies

(u(s,.), Opu(s,.)) € H3(R?) @ H*(R?)

and
a=|[lu(s,.)|[ms + [|0¢u(s, )|, <b (2.124)

there exists Ty depending only on the function
O(t, x, z) = v(et, x, €z)
for the approzimate solution v and in particular independent of €, and a solution
u€ By =C%[s,8+To); H) N CY([s,s + Tp]; H*) N C*([s,5 + To]; H')
to equation . Furthermore, it satisfies the estimate
lult, )ms + [0l |2 < Ca+€”

for some C > 0.

Proof. Suppose that € < % Let
u
Ot
w= | 0y u
Oz, U

Oz U
Then, the equations for w can be written in the form

3
Ow+ Y A0y, w+ P(t,z,w) = f(t,7) (2.125)

j=1

for some symmetric matrices B; with constant entries so that the operator
3
0 0
K=—+ B;—
3,5 ; J c'?xj

is symmetric hyperbolic. Also F involves the first order and nonlinear terms of equation (2.120]) and
f is associated with the error E of the approximate solution and by the property (2.95) of error, we
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have T
f(yer: [[o, =) HQ(R?’)} (2.126)
for some C > 0. Now, we use the so called Friedrichs theorem from page 36, chapter 2 of [I4].

Theorem 7 (Friedrichs). Suppose that L is a symmetric hyperbolic operator and g € H’"(Rd) and
feLl (R;H"(RY) for somer > 0. Then, there is one and only one solution u € C(R; H"(R?)) to

loc

the initial value problem

Lu=f

(2.127)
u(0) =g
In addition, there is a constant C = C(L,r) independent of f,qg so that for all f,g > 0, there holds:

HT(RY) —

t
[u(®)l],, e, < C (O], o, + / CeCC £l e do (2.128)

Let r = 2 and L = K in the setting of the above theorem. By using the Sobolev embedding and
the fact that the coefficients of F' have bounded derivatives of any order and by (2.126)), we can use

the above theorem to find a sequence

wy, € C[s, %);HQ]

such that s
Owmy1 + ZBjamjme + F(t,z,wy,) = f(t,x)

j=1

and wg = 0. Suppose that C; is the constant provided by the Friedrich’s theorem. Suppose that
R =2aC; +€"

There exists a polynomial p of degree 3 such that if
llw(t, g2 < R

then
[F(w(t, )|z < p(R) (2.129)

This is because the nonlinearity in the equation (2.120) is of order 3. By assuming that wg = 0, we
will find T% such that for any ¢ € [s, s + T3], we have

Hwnz(tv')HHQ < R (2130)

Note that since R = 2aC; + €™ and a < b, there exists Ty such that if (¢ — s) < T5, then

t—s

CyeCrt=9)q (e“1=%) — 1)(p(R) + C'e") < R (2.131)

1

Suppose that for some m, we know that (2.130) holds for any ¢ € (s,s + T2). By equation ([2.128)
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and using (2.129)), we have:

t
w1tz <C1 (€0 at / U= (P(R) + Ce)do )

f (2.132)
< 01 a g L2 (0 Ry 1+ 0
1
(2.132) and (2.131) imply that if (¢ — s) < Ts, then we have
w1 (t, )2 < R (2.133)

and by induction, the above bound holds for any m. Now, we claim that the sequence {w,,}>_;
converges in C([s, s + T3); H*). Note that

K(wmt1 — wm) + F(t, x, wy) — Ft,z,wm_1) =0 (2.134)
But, since ||wm (t,.)]|g2 < R, there exists a number A > 0 such that for any m,
[|F(t, ., wm) — F(t, . wm—1)|lgz < M|wm(t,.) — wm—1(t,.)|| g2 (2.135)

Therefore, by the Friedrich’s theorem, we have:

t
[|Wimt1(t,.) — W (t, )| g2 < Cl/ e = |wp (t,.) — w1 (L, )| g2do (2.136)

Let

My = sup ||w1(t7) —U)Q(t,.)HHQ
[s,54+T1] (2.137)
My = Gy e T2

By induction on m, we have:

(MZt)mfl
(m—1)!

Therefore, the sequence {wy, }25_ is Cauchy in C([s; s+7T5); H?) and the limit satisfies the equation.
O

2.5.4 Some quantities and estimates

In this section, we are going to introduce some quantities and estimate their evolution over the
course of time. In subsections [2.5.5| and we will explain how these estimates allow us to do a
bootstrap argument.

Some quantities

The new quantities that we want to consider are as follows:
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e Let:
S = Mu (2.139)
and
Q:1(t) = / lug|* 4+ (Mu, u) (2.140)
RS
and
Q@0 = [ 15+ (5.5) (2.141)
e For each (¢, z), suppose that
w(ta ya Z) = ¢1 (ta yv Z) + Z Cu(ta Z)nu(yv tv Z) (2142)
m
where
Y1ty 2) L Tig(et,ez)) Mn (2.143)

for any (¢, z) where ¢ is the wave map in theorem

e Let:
CNLj = fj + 6‘0Xj (2144)

for j = 0,3, where x; solves the following equation:
(A —=1[6*)x; = doa (2.145)

The existence of such x; € H 3(R?) is guarantied by lemma |§| and remark [3| in
the appendix.

Estimates for the above quantities

In this section, we will describe how the quantities Q1, Q2, |[c,|| .5 and [[0¢c,|| ., change over time,

approximately.

Proposition 11. There holds:

(@1 +Q2)'(t) < Clellullzs + [INllm2 + | Ell = + elluel =) (el lull e + el | 1r2) + el lul s

(2.146)
Proof.
Q) = Q/RS ((uee, ue) + (Mu,uy)) + (Myu, ) (2.147)
So
Q1(t) =2(Pu+ N+ E,u) + (Myu,u) (2.148)
and

Q= 2(/}1{3(&,5,&) + (MS, St)) + (M,S, S) (2.149)
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SO

So

(@1 + Q2)'(t) <Cl[Pul|2[[luel |2 + [IN + Ell 2wl |2 + Cel[ul |1 [|ul| >
+C(1Pu+ N+ Ell g2 + elluel e + € [Jul ) (el lullzr + [Juel|r2) + €l ul s
<C(ellullmrs + 1INz + [1E|rr2 + el uellrr2) (el lul Lz + [Juel|zr2) + el ul 75

(2.151)
O
.
Proposition 12. For j = 0,3, we have:
—Afj + 161 f; = (Bolél*)xj + 2(i, D;¢) + N; + E; (2.152)

for 7 =0,3, where N; and E; are the corresponding components of N and E.

Proof. According to the gauge field section of equation (2.120) and equations
(2.144)), (2.145)), we have:

(=A+16)f; = (= A+]¢) (@ — dox;)
=(—-A+]|¢)a;
— (= A+18)(9ox;)
= —0}a; + 2(i¢, D;¢) + N; + E;
— (= A+1[01*)(Qox;
= —07a; + 2(i¢, D;p)
— (= A+16P) () + @6 ()
= —07a; + 2(i¢, D;j¢) + Nj + Ej + 93, + (30|8]*)x;
= (Bol9l*) (x;) + 2(i@, Dj¢) + N; + E;

(2.153)
+N; +E;

Proposition 13. There holds:
8&0” - 8zzcu = Oghog + O3hs + h (2.154)
where

ho = (2iao® + 2ixoDo — 2ix3Dsp,n, ) +2(¥, (n,),) (2.155)
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and
hs = —(2iaz@,m,, ) —2(¢, (n,).) (2.156)

and

2
h=—(Rou,nu,) — E Sunua]
j=1

Nony) = (Eynp) = (45 (n)ie) + (45 (n)22)

+ (2ifoDow — 2ifsDsp,m,, )

—(
(
(2.157)
(2 30% 507 W, g}) - (22&0(,0,8077/%%,)
+ (2i(9sa3)9,n, ) + (2ia32,03m,, )
— (2ix0(00 Do), ) — (2ix0 Do, Bonyy)
(

+ (2ix300 D3, ny, ¢) (2iX3D34p760n%@)

and therefore for any t,t', we have

z+t

o (t+t,2) = 1[%@ — 1)+ cult), z+t)]+;[/ (Bocu(t', 5)ds)]

z—t
z+t—T1
/ / h(t' + 7,8)dsdr

+%/0 [hg(t +s,z+t—s)—hs(t’+s,z—(t—8))]d8

1 et 1t 1t
—7/ ho(tﬂs)ds—i—f/ ho(t'+s7z—t+s)ds+f/ ho(t' + s,z +t — s)ds
P = 2Jo 2 Jo

(2.158)

Proof. We Take the inner product of the equations (2.120]) with the zero modes

7

n,'s:

(wtt - ¢22,n#) + (L, nu) = —(Hu,n,) — (N, n,) — (E,n,) (2.159)

where
Hu— ) 4 Fov (2.160)
0 Su
. We have:
(LY,n,) =0 (2.161)
Let

cp = (¥, ny)
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By (2.159) and (2.161]), we have:

(Cu)tt - (C#)zz = 2(t, (n#)t) —2(2, (nu)Z) - (Hu,n#) —(Nyny) — (E7nu)
+ (w’ (nu)tt - (nu)zz)
= 201(¢, (np)e) — 20:(¥, (ny)2) — (Hu,my,)

- (N, n#) - (E7nlt) - (W (n,u)tt) + ("/}7 (n#)zz)
(2.162)

Now, we want to write the term (Hu,n,) in another form.

(Hu,n,) = (Ru,n,.) + ((Rou, Su),n,)
= ( — 200 + 2ia30.¢ — 2iag Doy + 2iazD3p,n,,,)  (2.163)
+ ((Rou, Su),n#)

Now, by equation (2.163)), we have:

(Hu,n,) = ( — 2iagdp + 2ia30,$ — 2iao Do + 2iazD3p,ny,.,)

2 (2.164)
+ (Rou,ny ) + Z(Sju, Nyya;)

j=1
Therefore, according to , we have:
(Hu,ny) = =0y (2iaop,n, ) + (2i(doa0) @, n, ) + (2iao@, don, )
+ 03(2iazp,n, ) — (2i(d3a3)@,n, ) — (2iaszp, 0sn, )
— (2ifoDop — 2ifsDsp,n,, )
— 00 (2ix0Dop, npp) + (2ix0(00 Do), 1) + (2ixo Do, onyy)
+ 00 (2ix3 D3, ) — (2ix300 D3, ) — (2ixsDsp, oy,
2
Rou n, W —|—Z Siu, Nya;)
j=1

(2.165)

Combining equations (2.162)) and (2.165)), we have:

8ttcﬂ - 8zzcu = Ogho + O3hs + h (2.166)

To solve this equation, we use the explicit formulas about the linear wave equa-
tions. The crucial point is that the term dyhg in (2.166)) can be handled differ-
ently and the time derivative can be dropped in the solution, as in the following

lemma.

Lemma 3. The solution to the equation

O f — 0 f = O (2.167)
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with the initial data f(t,0) = 0;f(t,0) =0 can be written as

1 et t t
f(t,z) = —5/ w(s,O)ds—l—/ w(s,z—t+s)ds—|—/ w(s,z+t—s)ds (2.168)
z 0 0

—t

Proof. We have:
1 1

Therefore, by linearity of the equations, the solution to the equations can be

written as f; + fo where f; solves

(O +0:)f1 =5
0 ;/Ozw(o,s)ds (2.170)
and
O = 0:)f2= 5
(2.171)

f2(0,2) = 1 /OZ w(0, s)ds

[\

Therefore, we have:

1 z+t 1 t 1 t

flt,z) = 77/ w(0, s)ds + f/ w(s,z —t+ s)ds + 7/ w(s,z+t— s)ds
2 St 2 Jo 2 Jo

(2.172)

O

Using lemma [3] and the d’Alembert’s formula, we have:

z+t
c,(t+1,2) = %[Cu(t’, 2=tttz +1)] + %[/4 (Docu(t', s)ds)]

z+t—T1
/ / 83h3 +h)(t' + T, s)dsdT

_5/ ho(t, sds—l—/hot—|—sz—t+sds—|—/hot—|—3z+t—s)ds
z—t

z+t

= %[cu(t”z—t)—&—cu(t”z—f—t)] +%[/ t (Bocu(t, s)ds)]
z+t—T1
/ / h(t' + 7, s)dsdr
z—(t—T)
1 !/
+§/ {hg(t +s,z+t—38)— hs(t +s,z—(t—s))]ds
0

1 z+t 1 t 1 t
,7/ ho(t/,S)dS+§/ ho(t’+s,zft+s)ds+§/ ho(t/+5’z+t78)d5
z 0 0

—t

[\

(2.173)
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Proposition 14. For any t,t', we have:

lew(t + 1/, )|z <[llen(, as + C(t + 1)[|Gocu(t)]| 2]

53

Ot + 1) (W6, Mlme + ool Iz + 19odis(t', 12

+C'te[ sup ||(7, M|gz + sup ||Godo(T, )||ar +
(t t+t) L+t

sup [|8oas (7, .)||m1)]
(t t+t')

+Ct(t+1)€2[ sup ||’(/) HH2+ Z sup H@tdeHl]

(¢ t+t') jefo.ay (' t+t)

+Ct(t+1)] Z sup ||N;(7,.)||m2 + Z sup
je{o,3) HtHt) je{o,3) (FHtHt)

and

100cu(t + ¢, lm2 < llew(, a + [10ocu(t', )| 12

+Celt+1)| sup ||o(r, )l + sup [|dodol
(¢ t+t") (tt+1")

T, )|t + sup  ||Doas(

185 (7, )| 2]

(2.174)

(t 441

+Cet+1)| swp N+ sup (BT, |s ) |

(t' t+t') (¢ t+t")

(2.175)

Proof. We use proposition [I3]and therefore, we estimate the terms on the right

hand side of equation (2.158]). There holds:
llew(t', 2 =) + cu(t, 2+ 8)llms < 2lleu(t’, )l g

To estimate

[ et sas

—t

we use the following lemma

Lemma 4. Suppose that

z+t
z/ f(s)ds
z—t
wlls < (Il +11f11m2)

Proof. We have:
[lwllL2 < 2t][f]] >

Also,
wo(z) = fz =) = f(z+1)

(2.176)

(2.177)

(2.178)

(2.179)

T,.)HHl
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Therefore,
lw:|[g2 < C||f]|#e (2.180)

Equations (2.178)) and (2.180) finish the proof. O

Therefore, by lemma [ we have:

t
||/ (Bocu(t', $)ds) | ms < C(H100cu(t, )|e> + [|00cu (s )||2)  (2.181)
z—t

Similarly, we have:

[ / o(t', )dsl s < C(¢l100cs (¥, )l|ze + 1ocu(t M) (2.182)

Now, we want to estimate

z+t—T1
h(t' + T, s)dsH (2.183)
I .

We have:

Claim 1.
z+t—T
H/ / h(t' +T7S)dSH < Ct sup (tHh(t’—l—ﬂ.)||L2+Hh(t’+7'7.)||Hz)
2—(t—7) H? (¢t +t)
(2.184)
Now, we want to estimate the above quantities.

Proof.

Z+t—7 z+t—7
H/ / h(t'+7,s dsH <t5upH/ (t —I—T,s)dsH (2.185)
(t=7) e

By using lemma 4 we have:

z+(t—7)

M +7,5)ds|| < C(HIRE +7, )]z + IR +7,)]12)
z—(t—7) H
(2.186)

Equations (2.185]) and (2.186]) imply (2.184]). O

By differentiating with respect to z, we have:

1t
Hf/ [hg(t’+s,z+t—s)—h3(t’_|_3,z—(t—s))]dsH <Ct sup |lhs(r,.)| s
2 Jo H? Tt +t)

(2.187)
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Similarly, we have:

¢ t

H/ ho(t’—i—s,z—t—i—s)ds—f—/ ho(t’—i—s,z—i—t—s)dsH <Ct sup ||ho(T,.)||ms
0 0 H3 TE(Y ' +t)

(2.188)

By using (2.173) and combining estimates (2.176), (2.181)), (2.182),(2.184),

1|2.18?|) and 1|2.188|), we have:

llew(t + 1, )me <lleu(, s + C(#l0ocu (', llzz +1100cu(t, )l 12)
+C(tlho(t', )2 + [Iho(t', )] mr2)

—l—C’[t sup ||hs(7,.)||gs +t sup ||h0(T,.)||H3]
(' t+t7) (", t+t")

+Ct sup (Ulh(r ez + 1A, )l e )
(' +t)

(2.189)

for some C > 0. But, by (2.155)), we have:

ho (7, )as < Cllao@(T, )l as+Ixo Do (7, ) s +Ix3 D (T, )| s +el[¢(7, )| =)

(2.190)

According to equations ([2.145]) and lemma@ and remark in the appendix, we
have:

|1 (7, ) e < Cl0eay (7, )| 1 (2.191)

for some C' > 0 and any 7 and j = 0,3. According to the estimates that we

have for ayp and Dy and D3y, by and , we have:
[ho(7; NIms < Ce([[9(7; Nlms + 1000 (7, |ar + ||Goas(r, )[ar)  (2.192)
Similarly, by , we have:
ha(7, )z < Cel[¥(r, )| m (2.193)

To estimate ||h(7,.)|| g2 defined in (2.157), we first estimate ||f;(7,.)||g2. By
equation (2.152)) and (2.191)), we have:

1557, Mz < Clello(r, 2 + el|Oragll e + [IN; (7, )lze + |15 (7, )l 2]

(2.194)
Also, by equation (2.115]), we have:
(Rou(r, s mp (1. 122 < CENE(T, o (2.195)

and by equation (2.117)),

||(Sju(7—’ ')v nu,¢(7—7 ))HH2 < C€2||¢(T7 )||H2 (2'196)
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Therefore, by equation (2.157)), we have:

(e, Ml < CENeCr e+ S [0l +IN (7, s+ B (7, )l ]

j€{0,3}
(2.197)

Therefore, by equations (2.189)), (2.192)), (2.193) and (2.197)), we have:

ew(t -+t s <[[len®, )las + O+ 1)[[docu(t)]] 2]
+Ce(t+ 1) (| )l + 180 ¢ )l 2 + 1Boaa?’ |2 )
—i—C’te[ sup ||(7, ||z + sup [1Godo (7, )| + sup ||80&3(7',.)||H1)]

(t’,t+t’) (t ) ( t t+t’)
+Ctt+ 1)[ sup [[o(r, w2+ Y sup |0l mo]
(¢ ,t+t') jeqo, 3} (t,t+t')
+Ctt+1)[ > sup [INj(m w2+ D> sup [|E(r.)] | me]
j6{0,3} (t’,t+t’) ]6{0 3} (t t+t)
(2.198)

Now, we want to control ||0pc,||p2.

1 1 z+t
doc, (t+t',2) = 58 [Cu(t’,z—t)—l—cu(t’,z—i—t)] +§8t[/ t (Docu(t', s)ds)]
1 t
+§at[/ (hs(t' + 7,2+t =) = ho(t' + 7,2~ (¢ 7)) dr]
1 z+t—T1
5 / / - +T,S)d8d7:|
10
—ia/%t ho(t, S)ds+28t/ ho(t' + s,z —t + s)ds
to [t
—|—§§/0 ho(t'+ s,z +t — s)ds
1 1 1
= —5(0:c )tz —t) + f(azcﬂ)(t’ z+1t)+ (aocu)(t z+1t)+ 5(8()0”)(2& z—1)
%[/ (Oshs) (¥ + 7,2+t —7) = (Osha) (¢ + 7,2 — (¢ = 7))dr]
1t
—|—§/ [(h(t/—I-T,Z—i-t—T)—Fh(t/—‘rT,Z—(t—T))dT}
0

- 5(ho(t’, z+t)+ho(t', 2 —t)) + ho(t' +t,2)

1 [ 1/
7/ (O3ho)(t' + 5,2 —t+ s)ds + 5/ (O3ho)(t' + 8,2+t — s)ds
0 0

)
(2.199)
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Therefore, by (2.192), (2.193) and (2.197)), we have:

Bocu(t + 1", )|z < [leu (s ) as + [[ocu(t’s )| a2 +t[ sup |[|hs(7,.)||ms +( sup )||h(ﬂ~)\lm}
b+t

(t t+t")

+C(t+1) sup |lho(r,.)||us
(t,t+t")

< llew(®s las +1100cu (', )l m2

+Ce(t+1)| sup |[[(r,)l|lms + sup |[Godo(T,.)|[m + sup
(t' t+t") (t' t+t") (t' t+t")
+ Celt+ )| IN(r)lls + 1B (. .>|Hs)]
(2.200)
O

2.5.5 Returning to estimates for the perturbation

To move from the estimates that we have for the quantities Q1, Q2, {c,}, to the estimates that we

want to have for u, we use propositions [I5] and [16]

Proposition 15. There exists C > 0 such that for any t,

S len(DIR, + Qi) + Qa(t) > Cllul, )2, (2.201)

Proposition 16. There exists C > 0 such that for any t,

v )13 < € (110reuC s + lleuC s +Qa(t) + Qa (1)) (2:202)

The main ingredient in the proof of the above estimates is the coercivity result [4| which implies
that

Proposition 17. Suppose that 1 € H'(R?) and let p = (¢, ) € My is an N-vortex configuration.
Let

Cp = <¢,7’7,M>L2 (2203)

where {n,}, is the introduced orthonormal basis for T,My. Then,
/W (L, ) + > leul? = ClI¥l[3n (2.204)
n

We will also use the following estimate:

Proposition 18. Suppose that f € H'(R?) and p = (¢,a) € K C My and K C My is compact.
Let

A(f) = —Af + o f

||00as (T, -)||H1‘|
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There exist a constant C = C(K) such that

QU= | (Aff) = ClIfIE,
R3 "
The proof of this estimate can be found in the proof of lemma 7?77 in the appendix.

Proof of proposition

In the proof, we consider the time ¢ fixed. Then, let
A=) = qlt,2)
We use the coordinate system (y, z) = ((xl, x2), z) for the subspace {t} x R3. For any
we H' (R (CoR*) RO R)

with
w = (w7w07w3)
Let
Ly
Kw = —afw + | (=A, + |6*)wo

(—Ay +[6*)ws

where L and ¢ correspond to the base point vortex configuration in 7(z), for any z € R.
Let

CM(Z) = <w(a Z)vnlt(" z)>L2

and

By (w) = /RS(Kw,w) 3 Jeul2

©w

Proposition 19. There exists a constant C' > 0 such that for any w € H*(R?), we have
By (w) 2 Cllwll3n

Proof. Note that by proposition [I7 for any z, we have:

[ w2y + ke ) = Clloc

58

(2.205)

(2.206)

(2.207)

(2.208)

(2.209)
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By integrating this over z, we deduce that

Br(w) 2 0.0l + [ [ (W) 2)dzdy+ 3 [ e
o

2.210
> C (0.l + [ 1.2l dz) (40
> O|¢ll3n
Similarly, by proposition [I§ we have:
By (w) > c[ > l10-wslize + / / (A w; + \¢|2wj)wj)dydz}
j€{0,3} R IR
>0 % (0wl + [ [ (9wl + loPudyi]
Je{03} (2.211)
20 Y [10wslfe+ [ llus2IE, dz]
je{0.3} *
2
>C Y lwil?,
j€{0,3}
Inequalities (2.210)) and (2.211)) finish the proof of proposition O
Proposition 20. There exists a constant C' > 0 such that for any w € H3(R?), we have
/RS(KQvaw) + 3 lleullfre + Cellwllzn > ClIKw|[3 (2.212)
n
Proof. We apply proposition [I9] to Kw. Let
dy(2) = (029 + Ly, n,(2)) (2.213)
Then by proposition we obtain that
[ (2w Kw)+ Yl = CllKwlf (2.214)
R3
"
But, note that
du(t,z) = (=02w + Lw,ny) ,
= (2w, ), (2.215)
= —830# + 2(ws, (nu)Z>L2 + (w, (nu)ZZ>L2
Therefore,
ldyul[Z2 < lleull e + Cellwl]?, (2.216)
Therefore, by (2.214]), we have:
/RS(KQvaw) + > lleullfre + Cellwllzn > ClIKw|[3 (2.217)

©w
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O
Proposition 21. There exists a constant C > 0 such that
(Ml + [l = Cllullrs (2.218)
Proof. 1t suffices to show that
18ull2, < C (11l + lully) (2.219)
We have:
18uli3e < C(|1Mullfe + ull3 ) (2.220)
Therefore,
ullfe < C (11Mull3e + ullf ) (2.221)

By replacing w with Vu in (2.220f), we have:

IVAu|[7. < C(||MVull72 + [|Vull7)
< C(IIVMul[Z2 + [[ullF2) (2.222)
< C(IMullf + ||ull7)

where the last line follows by (2.221]). This implies (2.218]). O
According to propositions [19] and 20| we have:
Q1+ Qa+ Y lleull’, + Cellullzn > C[lul®, + [[Mulf?, ] (2.223)
n

This and (2.218]) imply (2.201)).

Proof of proposition

Using proposition [I5 we have:
Qa(t) + Qu(t) + Y 10rcullies + D llewlliys = Clurl 2 + (M u)el 2 + lful s
Iz H

+ " ol oz + D lleal s

Iz H

> C[fudllfe +11Muel 2 + 3 110, ma) a1,

I
> Cl|prul?, + [ (uiw)

L R3

+ 3110 ) 12,
I

(2.224)
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But by proposition [I9] we have:

/(Mumtt)+Z|\(3t¢7nu)ﬂll2 > Cllud|?, (2.225)
R3

H2 —
n

According to (2.224)) and ([2.225]), we have:

Qu(t) + Qo) + Y lldheullipe + Y llewllis = ClIIMul?, + luell?,]
1 I (2.226)

> OffuP,

2.5.6 Bootstrap

Theorem 8. Suppose that the number n in (2.95)) satisfies n > 6. There exists 1 > 0 such that if
€ < €1 and u solves the equation (2.120) on

[0,7") x R?

for some T' < i and
ult, Mo + [10ru(t, )], <K <€ (2.227)

and the initial conditions are as mentioned before,
1
ult, )] + [Bu®)]],e < C(et) K+ e (2.228)

for some C > 0 which depends only on the wave map and the number of iterations in the ansatz.

Proof. We have
IN]],,, < CK® (2.229)

and
1B, < Ce (2.230)

Now, we want to control @1 + Q2. According to (2.146)), (2.227)), (2.229) and (2.230), we have:

Q1(t) + Qa(t) < Q1(0) + Q2(0) + Ct[(eK + K2+ K+ eKﬂ

< CteK + Ce®

(2.231)

and by ([2.174)), we have:

llew(®)],s < Ce(t + 1)K + CteK + Ct(t + 1)’ K + Ct(t + 1)(K* + €°)

(2.232)
< CteK + Ce*

and by (2.175)), we have:

o) » SCe(t+ 1)K + Ce(t + 1) (K* + €
Bocull, e(t+1) et +1)( ") (2.233)

< CetK + Cé*
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Therefore,
Q1(t) + Q2(t) + |leu|[Fs + ||6tcu||f,2 < CteK? + O (2.234)
According to (2.234)) and propositions [15| and the inequality (2.228)) holds. O

2.5.7 Last Step: Moving forward in time
To prove theorem [ we do the iterations in the ansatz 3 times so that by propositions [ we can
ensure that the error F of the approximate solution satisfies

< Ce° (2.235)

H3 —

B s + |1 E]

and choose the initial data as in (2.104) and (2.105). We use the local existence statement, theorem
|§|, with b =1 in (2.124) to find a solution u defined over the interval [0,7T}), for some T7. Then, we
use the bootstrap theorem [8| to refine the estimates. Then, we will look at the time t = T3 and if it

satisfies condition in the local existence result, we repeat the same process and then look at the time
t = 277 and continue likewise. We claim that there exists a number x such that one can use the
mentioned procedure and find solutions to (2.120)) in a time interval of [0, &) such that u satisfies

<é (2.236)

[ull s + luel] 2 <

Suppose that (2.236) holds up to the step I; interval [0,177), but not for step (I + 1), the interval
[IT1, (I 4+ 1)Ty). Therefore by the bootstrap statement, theorem 8 we have:

< Clet)?e® + (2.237)

ull,ys + [l 2 <

for 0 < ¢ < IT. Therefore, by the local existence theorem, we have:
o + llutlls < CCEORE €] + € (2.238)

over the interval [T, (I 4+ 1)T'). Since the condition (2.236) fails to be satisfied on this interval, then
by (2-233)

Cle(l+1)T)2 > (2.239)

N |

if € is small enough, and therefore,

[+1> —
ti= 4C2T2%¢

and this finishes the proof of the fact that the aforementioned process can be carried on over a time
interval of time interval [0, Z] with the desired estimate (2.236]). Therefore, we have proved that

(2.240)

Proposition 22. Provided that the approxzimate solution v = (¢, a) constructed in theorem@ satisfies
the error condition (2.95)) with n = 6, then one can find uw = (¢,a) such that (v + u) solves AHM

on a time interval of the form [0, %) and

s )]s + (D, < € (2.241)
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for every t

2.6 Proof of the main theorem

We use theorem [p| with m = 3 iterations so that the error term F of the approximate solution is of
the form
E = (E,, Ey,E1,E2, E3) = O(®,€", €%, ¢ €") (2.242)

in a pointwise sense and since the error term is supported on an interval of length %, then we have
the estimate
NEC 0 + B, < C° (2.243)

for any t. Assume that v = (i, a) is the obtained approximate solution. Now, by proposition we
find u with
<é (2.244)

[ull s + luel] 2 <

on the interval [0, £) such that v 4 u solves the AHM equation. Property [2.244] and ({2.39)), (2.36)),
(2.37) in theorem [2.242 imply that

. t 7.
o(ty,z) = <(¢’0‘)(y’Q(€ ’ez))> + ( v > (2.245)
0 ao, as
where
11,0 + |19l . < Ce? (2.246)
and
> llagl],- < Ce (2.247)
7=0,3
and also
> (IVall,,, < Ce> (2.248)
j=0,3

Properties (2.244)), (2.245), (2.246), (2.247) and (2.248) imply the desired estimates in theorem

for a time interval of the form |0, %) where C' depends only in the wave map q.




Chapter 3
Appendix

In this appendix, we are going to mention some analytic results and estimates which have been used

in the chapters.

Lemma 5. Corresponding to the vortex centers z1, za, - -+ , zn contained inside the ball B(0, R) C R?,

consider the function © : C — R as
N
O(z) =2 arg(z — 2) (3.1)
i=1

Suppose that z = z' +iz? and

_ 12
25 = z; + 125

where z1, 22, z}, 2]2 € R. Then, for every multi-index r > 0, there exists A > 0 such that

ID"0(2)| < Alz|7IMH

for every z € R? with |z| > 2R, where D" denotes a combination of the differentials % and azi .
j

Lemma 6. Consider a compact subset K C My. Let p = (¢,a) € K . Then for any ( € L*(R?),
there exists u € H*(R?) such that:
Au— [¢f2u =1 (3.2)

Furthermore, it satisfies

lullzz < Cllnl| 2 (3-3)

for a constant C = C(K). Moreover, if n € H*(R?) and

Inl(z) < Ae~ 1" (3.4)
for some constants A,y > 0 with 0 <~ < 1, then

|u|(z) < Be~ el (3.5)

for some B = B(K).

64
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Proof. First, for any n € L2, consider the following functional:
I,: H'(R*) - R
1 2, L20
I[v] = (7|Vv| + = || v — vn)daj
Rz \2 2

If v € H', then |I,[v]| < oo, since |¢|*> < 1.

Proposition 23. Forn € L*(R?), the functional I,, has a unique minimizer uw € H'. Furthermore:
llullgr < Cllnl[L2 (3.7)

for a constant C.

Proof. In the following proof, all of the constants can be chosen in a way to depend uniformly on p.

First, we prove that there exist constants a > 0 and b > 0 such that:
Iyl] = alv]|?, — blnllZe (3.8)
To prove this, first consider the following functional:
J:H'(R?*) - R

Jv] = /R2 (%|Vv|2 + %|¢|2v2>dx (3.9)

Proposition 24. There exists a constant C' > 0 such that
2
Jv] = ClJv|[7 (3.10)

for any v € H' (Rz),

Proof. Suppose not. Then we can find a sequence {v,} C H'(R?) such that J[v,] — 0 and |[v,]|,, =
1 for any n. We know that |¢|(z) — 1 as |z| — oo. So, we can find r > 0 such that |¢|(z) > 3 if

|z| > r. Now, for any n consider the functions:

fn =g
By (0) (3 11)
gn = Un
B2\ B,.(0)
Also, consider the functional
Ji: H'(Bs,(0)) = R
(3.12)

1 1
Jr[v z/ ~ |Vl + =|¢|*v? )dz
1[ ] B2 (0) (2 2 )
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and

Jo : H'(R*\B,(0)) = R

1 1
Jv:/ —|Vo|? + =|¢|%v? ) dx
20l = [ o (GIVe + 3lePe?)

Then, we have:

Since J[v,] = 0 as n — oo, then by the above inequalities , we have:

lim J1 [fn] =0
n—oo

lim Jy[gn] = 0

n—oQ

Now, note that since |¢| > § for |z| > r, then using the definition of J», we can say:

1
Talon) = Glignl 2,

Using (3.17) and (3.18), we have:

Jim lgnll,, =0
Now, we want to prove that:

Tim [1full, =0
Using the definition of Ji, and (3.16)), we can say:

lim |V ful?dz =0

n— 00 Ba..(0)

Therefore, in order to prove (3.20), it suffices to show that:

lim f2=0

n—00 B2 (0)

Suppose that:
[
Cp = n
|BQT (O)| B2, (0)

and:
hy = fn —Cn

Then, according to one of the Poincare inequalities for a ball, we have:

[ ClIV fall

<
L2(B2,-(0)) —

L2(B2,-(0))

66

(3.13)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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for some constant C. Now, according to (3.21]), and (3.25]), we have:

Jim [|A| =0 (3.26)

L2 (B, (0))

According to (3.24), (3.26)), in order to prove (3.22)), it suffices to show that

lim ¢, =0 (3.27)

n—oo

Suppose not. Then there exists m > 0, and a subsequence {c¢;, } of {¢,,} such that |¢; | > m for any

n. Without loss of generality, we can assume that i,, = n. So for any n, we have:
cn>m>0 (3.28)

Now, according to (3.16]), and the definition of J;, we can say:

lim 1612 (hn + ¢0) 2dz = 0 (3.29)

n— 00 B2, (0)

Therefore:
lim 6% (h2 + 2 + 2y )dz = 0 (3.30)

n— oo B2 (0)

But, according to (3.26]), and the fact that ¢ is continuous, we have:

lim |p|?h2dr =0 (3.31)

n—oo B2r (0)

So, by (3:30), (3:31), we have:

lim |61 (c 4 2hpcn)da =0 (3.32)

=% J By, (0)

According to (3.28)), (3.32), we have:

lim 61? (cn + 2hy)dz =0 (3.33)

n— 00 B2 (0)

But according to ([3.26]), we have:

lim |92 hndx =0 (3.34)

n—00 B2 (0)

Now, using (3.33)), , We can say:
lim ¢, =0 (3.35)

n—oo

which is contradiction with (3.28)). This shows that (3.27]) holds, and this implies (3.20)), as mentioned
before. Now, note that:

2 2 2
[vn]] < fullyy +lgnll, (3.36)

HL1(R2)
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Using (3.19)), , and (3.36]), we can say that:
T [fonl,1 ey =0 (3.37)

But this is a contradiction, since in the beginning we assumed that |[v,||,,, = 1 for any n. This

finishes the proof of proposition 24 O

Now, we want to find a,b > 0 such that (3.8 holds. We have:
I,[v] = Jv] — / vndx (3.38)
R2
Consider the constant C' > 0 which satisfies (3.10). Now, note that:
C 1
dr < —||v||3: + =|Inl)? 3.39
[, onda < Sl + e, (339)
Using (3.10), ; and (3.39), we have:
3C 1
L] = =[0I, = Flmll, (3.40)
Therefore (3.8)) holds for some constants a,b > 0.

Now, we want to show that the functional I, has a minimizer in H'. Note that tells us
that inf(,) # (—oc). Now, consider a minimizing sequence {v,}. According to (3.8), we can say
that {v,} is bounded in H'. Therefore, there exists a subsequence {vy, }>°  of {v,} and vy € H*
such that

Up, — vo weakly in H' (3.41)

Now, note that the functional ,, is lower semicontinuous with respect to the weak topology of H'.
Therefore, vg is a minimizer for I,,. To show the uniqueness of the minimizer, suppose that ui, uo

are two minimizers of I,;. Then, we have:

1

U1 + usg
=

9 } = %(In[ul] + In[UQ]) - /]R2 {E‘V(ul — U2)‘2 + |¢|2£<u1 _ U2)2 (3.42)

Therefore, we have Vu; = Vus in L?, and since ui,us € L2, then we deduce that u; = us. So the

minimizer is unique.

Now, to prove (3.7, note that according to (3.40), we have:
3C 1
il = linll?, < Ifu] < 7/0] =0 (3.43)

Therefore,
4
lull?, < @Ilnlli (3.44)

Note that the constant C' above depends only on ¢, since it was the constant we obtained in
proposition . This proves (3.7)). O
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Proposition 25. Suppose that n € L>*R?). If u is the minimizer of I,, in H'(R?), then it satisfies
the equation
—Au+|9)*u=n (3.45)

in the weak sense.

Proof. Suppose that v € C2°(R?). Then, for any ¢ € R, we have:
1,(0) < L(u+ ev)

Therefore,

/ Vu.Vo + |o|?uv — v = 0
R2

O
Proposition 26. Suppose that n € C°(R?), and u € H'(R?) satisfies the equation
—Au+ [¢Pu =17 (3.46)
in the weak sense. Then, u € H*(R?), and:
[ullg2 < C|Inl|L2 (3.47)

where C' is a constant.

Proof. First, we use the following theorem from [10]:

Theorem 9 (Theorem 1 in Page 329 of [I0]). Suppose that U is a bounded and open subset of R™.

Consider the elliptic operator
Lv=— Z avy,) l_ +sz )y, + c(z)v (3.48)
i,j=1

Assume that
a’ e C(U), b,ce L®U) (i,j=1,2,---,n) (3.49)

Suppose that v € HY(U) is a weak solution of the equation
Lv=f in U (3.50)

for some f € L2(U). Then
ve HE . (U) (3.51)

According to theorem (9), we can say that u € H2 (R?). Therefore, Au € L? (R?). Now, note
that:
Au = |p|*u—n (3.52)

Therefore Au € L*(R?). Now, consider a smooth cutoff function 1 : R? — R such that = 1 for
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|z| <1, and n = 0 for |x| > 2. Consider the functions:

x
ny(x) = n(;) (3.53)
Now, define the functions:
Uy = U.Ty (3.54)

Then, note that u, € H?(R?), because u € Hf, .(R?). We have:
Au, = (Au)n, +2Vu.Vn, + uln, (3.55)

Therefore,
Aup|[r2 < ||Aullpz + 2[|Vu.Vn,[[2 + [[uAn.|| > (3.56)

But note we can find C such that:

V.| <C Vr>1

(3.57)
|An,.| <C Vr>1
Therefore, by , , we have
[|Au,||p2 < ||Aul|pz + 30 |ullm ¥V r>1 (3.58)
But, using and the fact that |¢| < 1, we have:
Aul[2 < |lullz2 + [In]] > (3.59)
So, by and , we have:
|Aur||z2 < Cllullgr +[Inlle Vr>1 (3.60)

for a constant C.

Now, note that according to propositions 23] and the functional I,, has a unique minimizer

Uy in H I which satisfies the equation:
—Auy + |6)?u, =1 (3.61)
in the weak sense. Using this and , we have:
—A(uy = u) + |6 (uy —u) =0 (3.62)

in the weak sense. Since (u, —u) € H'(R?), then (3.62) implies that:
2
/Rz IV (g — )| + 161ty — uf> = 0 (3.63)

which implies that u = u,. Therefore, u is the minimizer of I,, in H L. Therefore, according to
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proposition we have:
l[ullg < Cllnl|L2 (3.64)

where C' is a constant. Using (3.60|) and (3.64]), we have:

|1 Au ||z < Klnllze V> 1 (3.65)

for some constant K. Now, we use the following theorem:
Theorem 10. Suppose that v € H?(R™). Then, we have:
/ AoPdr =Y / [veso, [Pde (3.66)
R ij=17R"

Using (3.65)), theorem (10)), and the fact that u, € H?(R?), we have:

[ 1) P < Kl > 1 (3.67)

But, note that:

/ g, | < / [t )ase, | (3.68)
B, (0) R2

r
2

Now, using (3.67)), and (3.68)), we have:

[ e < Kl > 1 (3.60)
B, (0)

2
This implies that u,,,, € L?(R?), and therefore v € H?(R?). Furthermore, (3.64), (3.69) imply
(3.47). This finishes the proof of proposition O

Now, suppose that {n,}°° C C (R?) is such that 7, — 1 in L?(R?). According to propositions

=1

([23).([25), and (26), there exist {u, }>° C H?(R?) solving the equations:

—Aup +[9uy =1, (3.70)
Furthermore, they satisfy:

un|l2 < CllnnllL2 (3.71)

where C' is a constant. According to , the sequence {u,}°° is bounded in H 2, Therefore,
without loss of generality, we can assume that it is Cauchy in the weak topology of H?(R?). So,
suppose that u, — u in the weak topology of H?(R?), for some u € H?(R?). Then, since (3.70)
holds in the weak sense for every n and 1, — 7 in L2, then we deduce that u satisfies equation
in the weak sense. Furthermore, according to 7 we have:

l[ul| gz < C|lnl| L2 (3.72)

for a constant C. This proves (3.3).
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Furthermore, note that if u;,us € H? satisfy equation ([3.2), then we have
2
19 = )+ 6P — waf? =0 (3.73)
]RZ
which implies that u; = uy. Therefore, the solution to equation (3.2]) is unique.

Now, suppose that ¢ € H%(R?) and
Inl(z) < Me*! (3.74)

for some M,y > 0. First, we prove that:

Proposition 27.
lim sup |u(z)] =0 (3.75)

T—00 ‘:El:’l‘

Proof. According to the Sobolev embedding theorem, we know that C*7 (B, (z)) C H?(B,(z)) for
any ball B,(z) C R?, and any 0 < v < 1. Furthermore, there exists a constant C' = C(v,r) such
that

[l

< Cffull

COY(Br(z)) — H2(Br(z))

(3.76)

Therefore, since u € H?(R?), we can say that u € C%7(B,(z)) for any ball B,(z) C R?, and any
0 < v < 1. Furthermore, there exists a constant C = C(~, r) such that

[lull < Clfu]

cOY(Br(2)) —

(3.77)

H2(R2)

for any x € R?. Now, take arbitrary m > 0. According to (3.77)), there exists 6 > 0 independent
of x such that if |u(x)| > m, then |u(y)| > % for any y with |z —y| < §. Therefore, if |u(z)| > m,
there exists § > 0 independent of x such that:

2
/B R wo (3.78)
s(x

On the other hand, since u € L?(R?), then there exists R > 0 such that:

2
/ lu|?dx < mo (3.79)
R2\Bp(0) 4

According to (3.79), we can say that (3.78]) does not hold for |z| > R+ 6. This implies that for
|z] > R+ 6, we have |u(x)| < m. (Note that (3.78)) holds under the assumption |u(x)| > m.) This
proves (|3.75)). O]

Now, we prove that:

Proposition 28. There exists a constant C' such that:
[lul| e < CM (3.80)

Proof. Similar to the proof of proposition , note that for any ball B,.(z) C R?, and any 0 < vy < 1,
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according to the Sobolev embedding theorem, we have:

ll o,y < Clltlle e (3.81)
where C = C' (r, ’y) is a constant. This implies that:
[l ) < Cllull o (3.82)
for some universal constant C'. Therefore:
ull e g2y < Clltl] o o) (3.83)
for the same universal constant C' > 0. Now, according to (3.72)), and (3.83)), we get:
o, < CICze (3.84)
where C' is a constant. But note that
1nllze < Mlle™ ], ) (3.85)
Using (3.84) and (3.85)), we get the statement of the proposition. O
Now, to prove the exponential decay of u, consider the function:
s(x) = Ne~ el (3.86)
where N = N, (M, ¢) is a constant which we will find it later. Then, we have:
As(z) = (—ylz|™" ++7)s(z) (3.87)
Therefore:
As(z) = [¢*s(z) = (= yla|™ +7 = |¢]*) s(z) (3.88)
Using (3.88)), and the fact that u satisfies equation (3.2)), we have:
A(s £ u)(z) — [¢]*(s £u)(x) = (= yla| ™ +9* — [¢[*)s(2) F ((2) (3.89)
< N(=lol ™ 442 = ¢f2)eel + Mele |
Therefore:
Als £ u)(@) - [62(s £ u)(@) < N( =2l +42 = [p2)e 2+ el (3.90)

Proposition 29. There exist constants R = R(Y), and N = N(M,~) such that

N(=~lz|™" ++* - |¢\2)e_"’"’| +Me <0 if 2| >R (3.91)



CHAPTER 3. APPENDIX 74

and

(s +u) >0 (3.92)

|z|=R

Proof. According to theorem 8.1 of [I], we have:

Theorem 11. For every coupling constant A > 0, given € > 0, we can find K = K(\, ¢,¢) > 0 such
that:

1—|¢]? < Kem(1m9melXI (3.93)
where my, = min{\z,2}.

Now, using (3.93)), and the fact that v < 1, we can find R = R(p,~) such that:

—ylz|t+ 4% = g2 < g if |z| >R (3.94)
Therefore, if we choose N = N(M,~) such that:
N> (3.95)
then, condition is satisfied.
Now, note that according to proposition , we have:
sup u < L (3.96)

|z|=R
where L = L(M,~) is a constant. Therefore, if we choose N = N (M, ) such that:
N > L (3.97)

then condition (3.92) is satisfied. Therefore, if we choose R = R(7) as described, and N = N (M, ~)

such that both conditions (3.95), (3.97)) are satisfied, then both conditions (3.91)), (3.92) will be
satisfied. Now, using ([3.90)), and proposition , we see that for the constants R, and N = N(M, ),

we have

A(stu)(z) — ¢ (stu)(z) <0 if |z| >R (3.98)

(s+u) >0 (3.99)

|z|=R

But according to proposition , we deduce that:

=0 (3.100)

lim sup (s:l:u) "
T|=r

Using equations (3.98]), (3.99) and (3.100]), and the maximum principle, we have:

(stu)(xz)>0 if |z|>R (3.101)
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Equation (3.3) and proposition [29|implies (3.5) and this finishes the proof of lemma@ O

Proposition 30. Suppose that U C RN and f : U — L? (RQ, R) and h : U — My are differentiable.
Suppose that v : U — H? (RQ,R) solves the equation

Au(p) — o> (h(p))u(p) = f(p) (3.102)

for every p € U. Then, u is differentiable and for every p € U, we have:

ADu(p) — 6> (h(p)) Du(p) = Df(p) + (D|¢|*(h(p)))u(p) (3.103)

where D represents differentiation with respect to any of the spatial variables in U.

Proof.
Claim 2. For every p € U, there exists C > 0 and 6 > 0 such that for every g € U with |p— q| < 6,
we have
|lu(p) —u(@)]] , < Clp—dl (3.104)
Proof. Let
Wp,q = u(q) — u(p)
We have:

Awyg = 6 (h(p))wpy = (F(2) — 1))

(3.105)
+ (102 (h(@) — lol (h(p)) ) u(a)
There exists 01 = d1(p) > 0 and C; > 0 such that if |p — ¢| < 1, then
16> (h(a)) = 16* (h(p)]|, . < Cilp —dl (3.106)

Therefore, since f is differentiable, for every p € U, there exists da, Co > 0 such that for every ¢ € U
with |p — ¢| < dq,

(7@ = 1) + (16F (1)) = 161 (hw)) Ju(@)]| , ., < Colp—al (3.107)
According to 1emma@ , and , we deduce the statement of claim. O

Using the fact that f is differentiable, for every p € U and 7 € T,U, there exists a function
v, . € H? which satisfies:

Av, . — 6] (h(p))v, . = Df(p)(T) + D|¢|*(p)(T)u(p) (3.108)

Suppose that p+ 7 € U. Let:
wpr =u(p+7)—ulp) —v, (3.109)
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We have:

Awyr = |8wyr = (F(p+7) = f(p) = DF(P)(T))
+ (1912 + 7) = 16l (w) = DIoP () (7)) u(p) (3.110)

+ (112w + )~ 16P®) (ulp +7) - u(p))

According to the facts that f and h are differentiable, and claim [5] for any e > 0, there exists § > 0
such that if |7| < 4, then

lf(p+7) = F(p) = Df(P)(T)l|L2(r2)
(1612 + 7) = 82(p) — DI @)() )u@)llp2e2)
(1912w + 1) = 162®)) (e +7) = u) ) ll22e2)

<el7|

(3.111)

According to (3.110) and (3.111)) and lemma[6] we deduce that for every e > 0, there exists d; > 0
such that if |7] < d1, then

lwp,r || 2(r2) < €l7] (3.112)
Therefore, u is differentiable. O

Lemma 7. Suppose that U C RN and f: U — L? (Rz,R) is m-times differentiable for m € N and
h:U — My is (m + 2)-times differentiable. Suppose that u : U — H? (RQ,R) solves the equation

Au(p) — |¢[* (h(p))u(p) = f(p) (3.113)

for every p € U. Then, u is m-times differentiable

Proof. The base case holds by the previous statement. Suppose that the statement holds for m.

According to the base case and proposition [30} we have:

ADu(p) — |¢]* (h(p)) Du(p) = Df(p) + (DI¢]* (h(p))u(p) (3.114)

where D represents differentiation with respect to any spatial direction in U. According to the base

case, we have:

ADu(p) — |¢>(h(p)) Du(p) = Df(p) + (D|¢[* (h(p))u(p) (3.115)

where D represents differentiation with respect to any spatial direction in U. The function g : U —
H? (Rg,R) is defined by:
9(p) = (DI6I*(h(p)) )u(p)

Claim 3. The function g is m-times differentiable.

Proof. According to the induction hypothesis, u is m-times differentiable.The function

e:U — H*(R% R)
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defined by
e(p) = (DIo|*(h(p)))

is m-times differentiable. Therefore, by the Sobolev embedding theorem, g is m-times differentiable.
O

Claim (3.115)) and the induction hypothesis imply that Du is m-times differentiable. Therefore,
w is (m + 1)-times differentiable. O

Lemma 8. Suppose that U is an open subset of R?, f € £,(R?, U,R?) and h : U — My is m-times
differentiable and h(U) is a precompact subset of My and D?(h) is bounded for every s with |s| < m.
Suppose that v : R2 x U — R satisfies the equation

Au(,p) — 6> (h(p))u(,p) = f(,p) (3.116)

for every p € U and u(,p) € H? for every p € U. Then, u € &, _3(R?, U, R?).

Proof. Suppose that V = R? x U. Consider the functions

f:V = L*(R%R)

. ) (3.117)
f@p)y) =fly—=p) VYryeR:ipelU
@:V — H*(R* R)
) , (3.118)
a(z,p)(y) =u(y —x,p) Vr,yeR’pelU
h:V — M,
. , (3.119)
Wz, p)(y) = h(y —z,p) Yo,y eR*pel
The function & is m-times differentiable. For every q € V., we have
Aifg) — |¢|* (h(a))i(q) = f(q) (3.120)

Suppose that ¢ € V. For any multi-index r with |r| < m, the function x — (Drf(q))(x) has
exponential decay as |z| — oo. Therefore, f is m-times differentiable. Therefore, according to lemma
[7l the function @ is m-times differentiable. Therefore, the function u is m-times differentiable and

D u(.,p) € H? for any multi-index r with |r| < m, and for any multi-index s with |s| < (m — 3), we

have:

A(D*u(a)) @) = (D* (lel (@) ul@) ) (@) = (D" F(@)) (x) (3.121)
Therefore, by induction on |s|, the facts that h(U) is a precompact subset and f € &,,(R?, U, R?),
we deduce that f € &,,_3(R? U, R?). O

Lemma 9. Consider a smooth curve v : R — K where K is a compact subset of My . Suppose that

oy, 2) = o(y;7(2)) (3.122)
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Also, suppose that |Dvy| < m for some m > 0. Then, there exists a number § > 0 such that if
f € H2(R?) with ||f||, <6, then the equation

(—A+lo+ fPHu=g (3.123)
for g € L*(R3), has a solution u € H*(R?) with

lull ;. < Cllgll (3.124)

where C' = C(K,m, ).

Proof. The proof goes by the same arguments as in lemma [6] But, here we consider the energy
quantity:
TUZ/ [Vul® + |¢ + f*u? (3.125)
R3

and we prove a coercivity for that:

Claim 4. If § is small enough, then there exists C = C(K, m,d) > 0 such that
Tu> Cllul?, (3.126)

Proof. We have:

ruz [ [ (9P 410+ f70)
2// (IVyul?® + |¢|*u® — 6%u?)dydz

(3.127)
/ (C — 6*)uldydz
R2
(C = &)[[ull?,
where C' is the constant provided by claim [24] in the proof of lemma [6]
On the other hand, we have
2
Tu > HVUHL2 (3.128)
Therefore, by (3.127)) and (3.128]), we have Tu > C’Hu||§l1 O

Now, the rest of the proof goes in the same way as in lemma[6] We look for the minimizers of

the functional

T:H ([R?) - R

Tyu :Tu—/ qu
R3

Following claim E|, one can prove that if one considers a minimizing sequence for T}, then it would

(3.129)

be bounded in H' and one can pass to a weakly convergent subsequence whose limit is a minimizer
of T,. But minimizers of T}, satisfy equations (3.123)), and then by elliptic regularity one obtains
that the minimizer v € H?(R3). O
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Remark 2. : The weakly lower semicontinuity of the functional T follows from its convexity and
differentiability of T'.

Remark 3. By using standard elliptic regularity results, if in the statement of lemma[9 f €
H™(R3), then u € Hm + 2)(R3) and

|||

amis < CIf]

™ (3.130)
Lemma 10. Consider a compact set K C My. Let p= (¢,a) € K. Then, for any
¢ = (¢o,¢1,¢2) € L*(R?,C) & L*(R*,R) & L*(R*,R)
which is orthogonal to the zero modes at p, there exists a unique
Y = (¢,a1,a2) € H*(R*,C) ® H*(R*,R) & H*(R*,R)
which is orthogonal to zero modes at p and solves the equation

Lig.aly =¢ (3.131)

and
[91],,. < ClICH . (3.132)

Furthermore, if the vector ¢ satisfies the gauge orthogonality condition
02, C1 + 02, G2 = (i, Co) (3.133)
then v satisfies the gauge orthogonality condition:
Op, @1 + Op,a2 = (i, P) (3.134)
Furthermore, if the vector ( satisfies the exponential decay
¢(z)] < APl (3.135)
for some v with 0 < v < 1, then there exists numbers B and R = R(K) such that

|(z)| < Be~3lel

3.136
@(2)] < Be~ (5130
and if |z| > R, then

10;¢(z)| < Be™ 2l

(3.137)
9d;(2)] < Be~?1*

forj=1,2.
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Notation 1. For any r > 0, let:
ryL T L
(H") - =H"n (T(QS,Q)MN) (3.138)

Proof. Consider the functional I, : (H')* — R defined by:
1 1 1 1
b= [ | [5I90F + 51Danf + (310 — 1)f? + 510FIof

2
—2)  (in, Do, $)b Zcb ()
j=1

(3.139)

Note that if (n,b) € (H')*, then using the fact that |4|, D,,¢ are bounded, and (; € L?, and
¢, € L?, we see that |IC [777b}| < 00.

Claim 5. The functional I, has a unique minimizer (q;, a) in (HY)*. Furthermore,

(é,a)ll,,, <ClI¢Iz2 (3.140)

where C' is a constant.

Proof. Consider the functional J : H' — R defined by:
1 1 1 1
Tinitl = [ [51967 + 5IDanf + ZGI6F = Dlal? + 3 bllof
e L2 2 4 2

2
— 2" (in, Da, )b
j=1

(3.141)

Then, according to (theorem 3.1 of the Stuart’s paper)(put the statement somewhere), we have:

T, =~ b))> ¥ (,b) € (HY)* (3.142)

H1

for some constant . Using (3.142)), we have:

2
1.n,b] = 211, b) / Zcb +(¢om)

(. b)2, — %IICJH%z - ZHCOHZB

(3.143)

V
o2

for the constant v > 0 described above.

Now, take a minimizing sequence {(n;,b;)}2; C H'! for the functional I,. According to (3.143), this
sequence is bounded in H'. Therefore, there exists (19, bo) € H' such that (n;,b;) — (10, bo) in H!.
Furthermore, since {(n;,b;)} C (TpMN)l, then for any n € T, My, we have:

((mibi),n) . =0 (3.144)
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Now, since (1;,b;) — (n0,bo) in H, by (3.144)) we have:
((n0,b0),m) ;2 =0 (3.145)

Therefore, (19, bo) € (H')*. Now, using the fact that 1. is lower semicontinuous with respect to the

weak topology of H', we deduce that (1o, bo) is a minimizer for I, on (H')*.

Now, suppose that (n1,b'), (12,b?) are both minimizers of the functional I, in (H')*. Then, we

have:

1—|—2b1+b2 1 1_2b1_b2
L[5 ] S (Wt b+ L ) = 7 [P 2 (3.146)

Now, according to (3.142), (3.146)), and the fact that (n',b'), (n?,b%) are both minimizers of the
functional I in (H')%, we deduce that b' = b? and n* = 5%

Now, suppose that (¢, a,) is the minimizer of I in (H')*. Then, by (3.143)), we have:

2
NN 2 ~ 1 9 1 9
@@ < Z[1tbal+ 77 2 14l + oIl
2 1< 1
2 2
< ;[14[070]+§ZHCJIIL2 + 5G] (3.147)
1
- —2(Z||< 132 + NG 113+ )
This implies (3.140). O

Definition 1. Suppose that for for i,j,k € {1,2}

mb;,n¥,p*,q; € L (R*,R)

and
mija ﬁi’caﬁk7 qk S LOO(R27(C)

and
¢t € L*(R?)

and (3 € L2(R?,C). Then, we say that (u,v) € H' satisfies the equations:
—Zm k), +Zn ug), —&—pkuk—l—(qk,v)zck k=12 (3.148)

_ZngDa,D v—&—anD v—l—pv—i—quu = (3.149)
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in the weak sense if for any (f,g) € H*, we have:
/RZuk (mf; fr)., (Zn uk),, + pFur + (¢F,v) fk_/glfk k=12 (3.150)
/]R?Z (Do, v, Do, (1459)) (anD v+pv+Zqz ,g) /RQ(C%Q) (3.151)

Claim 6. The equation
Lip,al(n.b) =¢ (3.152)

has at most one weak solution in the space (H')*

Proof. Suppose that (11, b1), (2,b2) € (H)* are two solutions for the equation (3.152)) in the weak

sense. Let
(777 b) = (7717 bl) - (7727 b2)

Then, (1, b) satisfies the equations

L[g,a](n,b) =0 (3.153)
in the weak sense. Therefore, we have:
— Abj +16[*b; = 2(in, Da,¢) =0 (3.154)
2
— Do, Doy + 5 (3|¢>|2 1)[nf* +2i Y (Do, é)b; =0 (3.155)
j=1

in the weak sense. Now, if we integrate the above equations against the test function (n,b) € H!,

we deduce that:

/RQ Vb;]* + |6[262 — 2(in, Do, d)b; = 0 (3.156)
2

1 .
/RZ [Dan|* + 5 (3816 = 1)nf* =23 (in, D, 6)b; = 0 (3.157)
j=1

Now, adding equation ([3.156]) to the equation (3.157)), we deduce that J[n, b] = 0. ( The functional .J

was defined in (3.141)).) Now, according to (3.142), we deduce that (n,b) = 0. Therefore, (11,b1) =
12, b2). O

Claim 7. Suppose that (n,b) € (H')* is the minimizer of the functional I, in (H')*. Then (n,b)

satisfies the equations

L[, a](n,b) = ¢ (3.158)

in the weak sense.
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Proof. Consider the functionals Tj : H' — R for j = 1,2 and T : H* — R defined by:
T [no,n1,n2) :/R (Vn,.Vb; + (|¢|2bj + (2iDq, ¢,1) — Cj)nj (3.159)

(Da,n, Da,;no) + (%(?)quﬁl2 —1)n— Co,no) (3.160)

HMM

2
T, [no,n1,ng] = / Z 2Dy, ¢, n0)b
j=1

Suppose that u = (uo, U1, U2) € H'. We can write:
U=0v+w (3.161)

where
v = (vo,vl,’vz) € (HY)

and
w = (wo,wl,wg) e H! ﬂTpMN

Since (7, b) is the minimizer of I_ in (H')*, we have:

I.((n,b) +tv) =0 (3.162)

t=0

On the other hand, we have:

dt

I((1,b) +tv) =T, (v) + T, (v) + T, (v) (3.163)

t=0

According to (3.162) and (3.163]), we have:

T, (v)+T, ) +T,(v)=0 (3.164)

We know w € H?. Using this and the fact that (,b) € H', we can do some integration by parts to

obtain:
T () + T, (w) + T, (w) = / L ()b + Ly ()b + (Ly(w),) (3.165)
R
But since w € T, M, we have
L (w)=L,(w)=Ly(w)=0 (3.166)
Using (3.165)) and ( m, we have:
T, (w) + T, (w) + T,(w) =0 (3.167)

Now, according to (3.161)), (3.164)) and (3.167]), we have:

T (u) + T (u) + T, (u) = 0 (3.168)
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Since u € H' is arbitrary, (3.167) and (3.168)) imply that:

(u) =T,(u) =T,(u) =0 (3.169)

Therefore, equation (3.158)) holds in the H'-weak sense. O

Claim 8. Suppose that (p,a) € (H)* satisfies the equations
Ll al(,a) =¢ (3.170)

in the weak sense. Then, (p,a) € H?, and:

(&, a)ll,,. < Cl[¢]|L2 (3.171)

where C is a constant.

Proof. First, note that according to the claims , @ and , we can say that (@, a) is the unique
minimizer of I in (H')*. Therefore, by equation (3.140)) in claim , we have:

|8l < C|[¢][ 2 (3.172)

for some constant C. Set
hj =2(ip, Da,¢) + ¢, (3.173)

Now, note that D, ;¢ € L?, since it has exponential decay at infinity. Therefore, according to (3.172)),
we can say
8llz= < CIIC]lzz (3.174)

for some constant C'. Now, note that according to claim , we have:
—~Aa; + |#|*a; = h in the weak sense (3.175)
On the other hand, according to lemma@ we can say that there exists unique u; € H 2 such that:

—Auj + |¢[*u; = h; in the weak sense (3.176)

Now, by (3.175)) and (3.176)), we can say:

—A(uj —a;) +|¢*(u; —a;) =0 in the weak sense (3.177)

in the weak sense. This implies that:

~ 02 N
[ Vs =) +19P (s 3,)" =0 (3.178)
Therefore, a; = u;. Therefore, a; € H?, and according to lemma@ and (3.174), we have:

lla;ll = < CIIC]] L2 (3.179)



CHAPTER 3. APPENDIX

for a constant C.

85

Now, note that according to equation (3.170)), and using the standard elliptic regularity, we can

say that:
$ € Hiyo(R?)

According to equation (3.170) and claim , we have:

Doszoch5 = (3|¢)‘2 B 1)¢ + Qi(Dai(b)&j — G

M| —

in the weak sense. Therefore,
2

(Z Do, Da, @) € L2(R?)

j=1
We already know that ¢ € H' and
@Il < CIi¢]] 2

Therefore, (3.182)) implies that ¢ € H? and provides a constant C' such that

el < ClIC]| L2

(3.180)

(3.181)

(3.182)

(3.183)

(3.184)

O

Now, according to claims 7 @, and , we deduce that there exists unique ¢ = (@, a) €

(H?)* which satisfies (3.131)). Furthermore, ([3.132) holds for a constant C.

Now, suppose that ¢ € (T(p)MN)J' N HIQM, and the inequalities in (3.135)) hold for the two con-
stants A,~y. Note that using standard elliptic regularity and the fact that (p,a) € H, l2007 we deduce

that (p,a) € Hf‘oc. According to equations (3.131]), and the fact that V.a = 0, we have:

2
1
—A¢ +2i0;0;6 + (3 (B816 = 1) +1al) 6 +2i Y (Da, @)d; = Go
j=1
—Ad; = 2(i, Do, ¢) + a516]* =
Claim 9.

[|@]|re < CA
llajl|lz= < CA

for some constant C.

Proof. By the Sobolev embedding theorem, we know that

(2, )|, < ClI(2,a)ll,,.

where C is a constant. Using (3.132), (3.135), and (3.189) we deduce ([3.187) and ([3.188).

(3.185)

(3.186)

(3.187)
(3.188)

(3.189)
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Using the fact that 1 = (,a) € H? and the Sobolev embedding theorem, we deduce:

Claim 10.
lim ‘mlzix |a;(z)| =0 (3.190)
lim max |3(z)| =0 (3.191)

r—00 \:v\:r

Now, if we rewrite [3.185/13.186| as below:

_ _ 1 -
— A+ 2ia;0;6 + (5(3|¢|2 —1)+ |a|2)¢> = 05 — 2i(Da, 8)d; (3.192)
—Adj + al¢|* =1, + 2(i, Da, ) (3.193)

then, using the estimates in the above propositions, and the exponential decay for {, we can say
that there exists IV such that

1
‘ — AP+ 2i0;0;¢ + (5(3|¢\2 —1)+ |a|2)¢ < Ne AIXI (3.194)

| — Adj + aj|¢?| < Ne AIXI (3.195)

Now, note that [3.195]is in the form of lemmal6l Based on lemma ?7?, we get the expected exponen-

tial decay estimate for a;.
Now, we want to prove the exponential decay of @. Note that
Algl? = 283, 8) + 2V (3.196)
According to equation by taking the inner product with ¢, we have:
(- 26+ 2ia;0;0 + (%(3|<;s|2 ~1)+[al?)3,) < Ne #I¥l|| (3.197)

This implies that:

— Ne A1X1|| (3.198)

(88,8) > (53167 1)+ o) 6l ~ | (2i050,%,2)

Now, note that

(2mjaj¢,¢) - (2iaj¢,aj¢)

) ~ (3.199)
< 10,81 + laj|?| 37
= |V@|* + |af?|3]?

Now, suppose that Ry is chosen such that and if |z| > Ra, then |¢(z)| > %. Then combining |3.196
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3.198] [3.199] we can say that if |x| > R, we have:

1
Algl® > (5Bl6” - )3 - Ne=?7l|g) (3.200)

- 3 - —Blz|| ~
= |6 + 5 (1" = 1) (2> — Ne™"1*l|g]

But we know that (|¢|? — 1) decays to 0 faster then the exponential e~/ for any 0 < r < 1. Using
this and claim |§| in (3.200), we can say that if |z| > R, then:

Al@)* > |@]> — N'e~ Pl (3.201)
for some N’ > 0. Consider the function
v=|p|* — Ke PI¥I (3.202)

where the constant K is such that

Using [3.201}, if |z| > Ra, we have:

Av > |p|? — N'e Plel — KA (e~ Plel)
— @2 = Ne Bl _ K( _ |f3| L Bz)e—am
X

> @2 — N'eBlel — gp2e=Flel
> [@f* - Ke 7l

(3.203)

=7

Using (3.203) and the fact that |v| — 0 as || — oo, and the maximum principle, we deduce that
v <0 on |z| > Ra. Therefore, if |x| > Rg, then

‘¢|2 < Ke Bl

This and equation (3.132) proves the exponential decay estimates (3.136]). We will use the following
standard lemma in elliptic PDEs:

Lemma 11. For any n € N, there exists C,, > 0 such that for any f € C*(R"),
||Vf||L°°(Bl) < Cn(‘|f||L°°(B2) + ||Af||L°°(Bz)) (3204)
According to equation [3.193] there exists N and R such that if |z| > R, then

|Aa;(z)] < Ne®l j=1,2 (3.205)
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Therefore, according to lemma there exists R and N such that if |z| > R, then
|Okaj(z)] < Ne TVl 5 =12 | k=12 (3.206)

According to equation [3.192] the fact that |o;|(x) — 0 as |z| = oo, and lemma we deduce that
there exists R and N such that if |z| > R, then

Ok ()] < Ne™*1 | =1,2 (3.207)

This proves (3.137]).
Now, suppose that ¢ € (TPMN)J' N leoc satisfies (3.133]). We take the jth partial derivative of

equation (|3.186)):

—A0;a; — 2(i0;@, Do @) — 2(i@,0; Doy ) + (9;d5)[6]? + a;0;|¢1* = 8;(C); (3.208)
But we have:

9; Do, = 2¢ — i(0;a;)p — ia;0;¢

; (3.209)
95101” = 2(¢, 0;¢)
If we use equations in in , and add them up for all j, we get:
2
V.(C1,G) = — AV.a — 2(i0;6,0;0) + 2 a;(0;%,¢) — 2(i¢, Ag)
, = , (3.210)
+2(3,(V-a)d + ) a;0;0) + (V) +2) a;(6,0;0)
j=1 j=1
Now, using the fact that
Ly[®, Al(¢,d) = Go (3.211)
there holds: ) )
. 1 2 ~ , . ,
(300, — ; Do, D%+ 5 (3162 = 1) 6+ 2i ; 4;Da,0) = (i, Co) (3.212)
But we have:
Do, Do, ¢ =824 — a>@ — i(9;a;)¢ — 2ia;0;¢ (3.213)
If we use equation (3.213]) in , we get:
2
(i¢, Co) =(—i¢, AP) + |al* (i, &) + V.a(¢, §) +2 ) a;(¢,9;)
= (3.214)

2

(3l6f* = 1) (i, @) + 2 _ a;(6,0;0)

j=1

+

N | =
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Now if we subtract (3.214)) from (3.210)), we have:

2
—AVa+2Zzaj¢, 0;¢) +2(iA¢, §) + Z ¢, (V.a)p + a;0;0) + (V.a)|¢[°

=1 (3.215)
+ (6, A0) — |al*(i6,5) ~ V.a(6.8) 3 (36 ~1)(i6,¢) = 0

But we have: ,

A(i, @) = (iA¢, ) +2 ) (i0;6,0;8) + (id, AP) (3.216)
j=1
Using in 7 we have:
2 .
~AV.a+A(ip, ) +(V.a)| o[>+ (iA¢+(V.a)¢+2 Zajaj¢—i|a|2¢—%(3\¢|2—1)¢, @) =0 (3.217)
j=1

But we know (¢, a) is a steady state solution for the Abelian Higgs model. Therefore, it satisfies the

equation:
- ZD Dj¢+ = (|<;>|2 ~1)p=0 (3.218)
j=1
Which can be simplified as:
—A¢+ |a?o +i(V.a) ¢+2ZZaJ 00+ = (|¢\2—1) =0 (3.219)
j=1

Now, using equation (3.219)) in (3.217)), we get:
—AV.a+ A(ig, @) + |¢]*(V.a — (i, ) =0 (3.220)

Or:
(—A+[of)(V.a—(id,9) =0 (3.221)

Since a € H?, (V.a) € H'. Also, since |¢| is bounded and ¢ € L?, (i¢, $) € L?. We have:
9,(i¢,¢) = (iD,,¢,%) + (i, D, ¢) (3.222)

Since » € H' and D, ¢ has exponential decay and |¢| is bounded, then by (3.222)), (igzﬁ, 4,5) € H".
Therefore, (V.a — (i¢,¢)) € H'. Now, according to (3.221)) and lemma@

O

Proposition 31. Suppose that U C R* for some k > 0 is an open set and s : U — My is
differentiable. Suppose that

I = (s fir ) - U — (I*(R2,€), I* (R R), I*(R* R) ) (3.223)
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is differentiable. and
flp)L T, My (3.224)

s(p)

for each p € U. Suppose that
viU - (H*(R%,C), H*(R%,R), H2(R% R) )

has the property
1
v(p) € (ToyMn) (3.225)

for any p e U and

Lol (s(p)), a(s(p)l(v(p) = £, (p)

(3.226)
La;[6(s(p)), (s(p)](v(p)) = [, (p)

for 3 =1,2 and any p € U. Then v is differentiable and for each p € U and 7 € T,U, we have:

Do(p)(r) = my(7) + Ey(7) (3.227)
where my,(7) is an element of T, (My) which satisfies

(o)1 (5(9)) ) = = (00, Dy (1)) (D5(0) (7)) ) (3.228)
for each i € {1,2,3,4} and E,(r) is an element of
H*(R?,C xR*) N (T, My)"
which satisfies
Lo [6(s(p)): a(s(p))(Dvy(7)) =D fo(p)(7)
—%i (Da (s) (Ps(p)(7)) ) ((Paty0) 0) (7))

2
=23 a;(5(0) (Do (s(0) (Ds() (7)) ) vo (p) (3.229)
Jj=1

=3((p). Do (s(p)) (Ds(p) (7)) ) vo(p)

and:
L, [6(s(p)), a(s(p)))(Duy(7)) =D (9)(7)
+2(ivo(p), D(Da,6) ((0)) (Ds(p)(7))) (3.230)
—v;(p)D|¢[* (s(p)) (Ds(p)(7))

forj=1,2.
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Proof.

Claim 11. For every p € U, there exists C,6 > 0 such that for every q € U with |p—q| <0 , we

have
llo(5a) = v( D)l 22, < Clp—dl (3.231)

Proof. Suppose that p1,ps € U. Let
w =v(p1) — v(p2)

Suppose that
w = wy + we
1

where wy € T, My and ws € (T, Mn)

Claim 12. There exists C1,01 > 0 such that if |py — p2| < 61, then [[wi]],, < Cilp1 — pal.

Proof. Consider C1,6; > 0 such that if |p; — pa| < 01, then for every p € {1,2, 3,4}, we have:

I, (p1) =1, (p2)l],. < Cilpr — p2l (3.232)

We have:
(v(p1) —v(p2),n, (p1)) = —(v(p2),n, (P1) — 1, (P2)) (3.233)

Therefore, there exists Cy > 0 such that if [p; — pa| < d, then

(v(p1) —v(p2),m, (p1)) < Ca|p1 — pa| (3.234)
Therefore, there exists C3 > 0 such that if |p; — pa| < J, then

l[[wil] . < Cslp1 — pal (3.235)

There holds

Ly[¢(s(p1)), as(pr)(w2) =fo(p1) — fo(p2)

2

—2iZ (e (5(p1)) — i (5(p2))) Djv0(p2)

—(lel*(s(p1)) = la*(s(p2))) vo(p2) (3.236)
§(|so| (5(p1)) — ol (5(92))) v (p2)
—%Z ((De,6) (1)) — (D, ) (5(02)) )5 (p)

and:

L [8(s(p1)), als(p)(wz) =F;(p1) — F;(p2)
+2(iv0(5(p2)), Dayé(s(p1)) — Doy 8(s(p))  (3.237)
—u, (5(p2)) (192(5(p1)) — |6[2((p2)
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Claim 13. For every p; € U, there exists C,§ > 0 such that for every ps € U with |p; —pa| <6

llej(s(p1)) — @j(s(p2))llL= < Clpr —p2|  j=1,2 (3.238)
llel*(s(p1)) — laf*(s(p2))lz= < Clp1 — p2 (3.239)
1lgl*(s(p1)) — | ¢*(s(p2))l|L= < Clp1 — o (3.240)
1(Da;¢) (5(p1)) = (Da;6) (s(p2))l|z < Clpr — po (3.241)
Proof. This follows from the estimates in proposition [3| O

Claim 14. For every py € U, there there exists C,0 > 0 such that for every ps € U with |p1 —pa| < 6,

(s p2)ll oo, <€ (3.242)
Proof. This simply follows from lemma O

According to claims equations [3.236] and lemma [I0] there exists d;,C; > 0 such
that if |p; — pa| < d1, then
l[wa],,. < Cilp1 — p2|

Therefore, according to claim [I2] claim [TT] follows. O

Claim 15. Suppose thatp € U, 7 € T,,U, and ¢ = (Ds(p))(T) There exists a function

By(r) € H? N (TyyMy) ™ (3.243)
such that
Ly[¢(5(p)), a(s(p))|(Ep(1)) =(D fo(p)) (1) — QZZ (Da;)(s(2)(C)) (Da, vep)
, (3.244)
—3(¢, Dé(s(p))(¢)) vo — 22% (Daj®))(s(p))(C)
and

L, 6(s(p)), a(s)(Ey(r) =(Df; (1)) (7) + 2(iv0, (D(Daj) (s(p)(©))

(3.245)
—0; D(16]%) (s(0)) (<)
Proof. Let
Ry =(Dfo(p))(r) = 2i »_ ((Da)(5(p))(¢)) (Day, v0)
= (3.246)

_3(¢ (D¢( ’UO_QZZU] Ozjd) ( ))(C)
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and
Ry =(Df; (1)) (7) +2(iv0, (D(Daj) (s(p))(€) 2
~u;D(|61) (s(1)(€)
for j =1,2.
Claim 16. R = (Ro, R, Ro) € L*(R?) and
RLT, My (3.248)

Proof. According to estimates [3| the facts that v € H? and «(s(p)) € L, and the fact that f is
differentiable, we deduce that R € L2.

We hayve:
fLT, , My (3.249)
Therefore,
(Df(p)(7),nu(s(p))) > + ((f(P), (D) (5(p))(C)),» =0 (3.250)
We have:
2
fo(p) = —Avo(p) + QiZajajvo + |af*vg
e (3.251)
+ %(3|¢|2 —1)vo + QiEUJDaj¢
=
and

£i(p) = —Avj(p) — 2(ivo, Dajé(s(p))) + vj(p)|6[*(s(p)) (3.252)



CHAPTER 3. APPENDIX

According to (3.250)), (3.251f), and (3.252)), we have

(DF@E () |, =+ <vo<p>, (D(an,..) () <<>>

L
L2

=23 (1.0, D(2ym, )0 (©)

L2
— (v0. [a*(s(p) (D) (s0)(Q))
~ (v0: 5 316 ~ 1) (D) (s(Q))

2

=23 (05, (i(Da, 6(5()). (D ) s2))(©))))

j=1

L2

L2

According to the fact that vy € H?(R?)
(Do) (s(p))(C))vo € H(R?)
Therefore,

(20(Das) (5D (10,10 |, = = (20(Des) (5 () Do)

L2

According to (3.250)),(3.251)), (3.253)), (3.254), and (3.256)), we have:

(B.my)1z = = (w0, (DLo[6(s(p)). als(p))] () (<))

> (15 (DL, [6(5(0)). o)) (1)) () |
0

Therefore, according to Lemma the statement holds.

94

(3.253)

(3.254)

(3.255)

(3.256)

(3.257)

O

O

Suppose that p € U and 7 € T,U and ¢ = Ds(p)(7). Suppose that the function E,(7) : R? —
C x R? is the function which satisfies (3.243)), (3.244), and (3.245)). Let my(7) € Ty, My be such




CHAPTER 3. APPENDIX 95

that
(mp(7), mu(5(p))) , = f(v(p), (Dnu(S(p))(C))) ) (3.258)
for any pu € {1,2,3,4}. Let:
Sp(7) = Ep(1) + my(7) (3.259)
Let
wp(1) =v(p+ 1) —v(p) — Sp(T) (3.260)

Claim 17. For any p € U,e > 0, there exists 0 > 0 such that if |7| < 9§, then |wy(7)| g2 < €|7].

Proof. Suppose that A, (1) = (w,(7),n.(s(p)))

2’

Claim 18. For any € > 0, there exists 6 > 0 such that if |7| < 9§, then |A,(T)| < €|7].

Proof.
Au(r) = = (v(p)smu(s(p + 7)) =m0 (5(0)) = Dy () (<))
(3.261)
+ (v(0) = v+ 7)mu(s(p + 7)) = nu(s(p))
Therefore,
[Au (D) <[] 2 [|r (s + 7)) = nu(s(p)) — Dy (s(p)) (C)
L2 (3.262)
+[om) — v+ 1] (s +7) = nu(s@))]|
According to claim the fact that s is differentiable, and , the statement follows. O

Suppose that 0, (7) is the projection of wy(7) on (TS(,,)MN)J', with respect the L? inner product.
There holds:

Lg[6(5(p)); a(s(p))(p(7)) = F, ,(7)

(3.263)
La,[6(s(p)), a(s(p)](ip (7)) = F, ()
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for j = 1,2 where:

F, (1) =folp+ 1) = fo(p) — D fo(p)(7)

=20y (050 + 7)) = 0 (5(0)) (D00 (p + 7) = D0 (1))

=2i Y (0 (s(p+ 1) = a5 (s(p)) ~ (D) (s(2)) (<) ) (90 ()

~(jal(s(p+ 7)) = [l (5(p))) (v0(p + 7) = w0 (p))

~(la*(sw + 7)) = ol (s(p) = (Dlal?) (s())(€) ) v () (3.264)
2 (6P s+ 7)) — 161 (50))) (v0(p + 7) — vo()

S (8B +7) = 6P — (DIER) (5(2)) (©)) v, ()

and:
F,, (1) =f;(p+7) = fi(p) = (DF;(p) (7)
+2(ivo(p + 7) — ivo(p), Doy ¢(5(p + 7)) — Do, 6(s(p)))
+2(i0, (). (D, 0) (s(p + 7)) = (Do, ) (s(3)) = D(Das,) (s(0)) (<)) (3.265)
(0, 0+ 7) = 0,0) (18P (s + 7)) = |8(s(p))
v, (p) (16 (s(p + 7)) = 91 (s(p)) — (Dlel2) (1)) ()

According to estimates [3] the fact that o € L and differentiability of s, for every e > 0, there
exists 0 > 0 such that if |7| < §, then

0 (s(p + 7)) = s (s(p)) ~ (D) (s0) () )| . < el

o (5(p -+ 7) = o (5(2)) = (Dlal) (<) Q)] <elr]

(0P (s(p+7)) = [ (s(2)) — (DI6P) (se) (@), . < elr]

(Da,0) (s(p+ 7)) = (Da,0) (s0) = D (D) (s0) Q)| _ < elr]

(3.266)

Therefore, according to claims [11] and equations (3.264)), (3.265)), and differentiability of f for
every € > 0, there exists § > 0 such that if |7| < §, then

||F0,P(T)HL27 HFl,p(T)||L2’ HFz,p(T)Hm <€l (3.267)
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Since w, (1) € H?, according to (3.263),
FLP(T) 1L Ts(p)MN (3.268)

Therefore, according to lemma for every € > 0, there exists > 0 such that if |7| < J, then
||y (T)|| 2 < €|7|. Therefore, according to claim for every € > 0, there exists § > 0 such that if
|| < 6, then |w,(7)|g2 < €|T]. O

Claim [17] implies proposition O
Lemma 12. Suppose that

= (770,771,772) e (H4(R2,(C),H4(]R2,]R),H4(R2,R)>

Suppose that
p=(¢,a) € K C My

where K is compact in My . Suppose that

n L T,My
and
Lelpal=n, (3.269)
Lap,a] =n,
for j =1,2. Suppose that |n|g < M and
n(z) < Ae "l

Then, there exist a constant
B=B(K,A M)

such that
lu(z)| < Be~ 31!

and
|Du(z)| < Be~ 217!

Proof. According to lemmal[l0] there exists R = R(K) and A’ = A'(K, A) such that if |z| > R, then
lu(z)| < A’e” 217l (3.270)
Suppose that

u=|u (3.271)
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We define the functions

n, R*> = L*(R*R) j=1,2 (3.272)

by
s(y) = (p—v)
N (y) (@) =na;(x —y) k=0,1,2 (3.273)
vy (y)(l’) = uk(x - y) k= 07 172

where (p — y) refers to translation of the vortex centers by the vector y in the standard coordinate

system in R2. Then, for any z € R?, we have:

Lo[8(s(2), als(2) (0(2) = 1, (2) (3.274)
= T]j

La;[0(s(2)), als(2)](v(z)) = m,(2) j=1,2
Since n € H*, the function n : R? — L?*(R? R) is differetiable. Therefore, by proposition the
function v : R? — H? (R2,(C X R2) is differentiable. Therefore, by the Sobolev embedding, the

function u : R? — C x R? is differentiable. According to proposition and the Sobolev embedding,
there is a constant Cy = C(K, A) such that

|0ju(z)| < C||Dv||p= < Cy

for any z. Lemma [10] and this imply the statement. O
Lemma 13. Suppose that U C R¥ for some k > 0 is an open set and s : U — My is n-times
differentiable. Suppose that

f= (s fis 1) U = (L*(R%,C), L*(R%,R), L*(R%,R) ) (3.275)

is m-times differentiable. Assume
flp) LT My (3.276)

s(p)

for each p € U. Suppose that
viU — (H*(R2,C), H*(R%,R), H2(R%R))

has the property
1
v(p) € (TspyMn) (3.277)

for any p € U and
Lig(s(p)), a(s(p))]v(p) = f(p) (3.278)
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for j=1,2 and any p € U. Then, v is m-times differentiable, provided n > m.

Proof. We use induction on m. The base case holds by lemma [I3] Suppose that the lemma holds
when m = 1. Let m =14 1. Suppose that p € U. According to proposition

wv=m+E (3.279)

where m is an element of 7 My which satisfies
(o (50)) ) = = (v), (9 (nu (s0))) ) (3.280)
for cach p € {1,2,3,4} and E = (Ey, E,, E,) is an element of
H*(R®,C x R?) N (T, My)"
which satisfies
Ly [¢(s(p)), a(s(p)|(Eo) =0k fo(p)
- 52310 (20, ) 0)
p

23" 0 (5(9) (B a5 (5(0))) ) v0() (3.281)
j=1

=3(p(0), 01 (¢ () ) o)

=203 vi(P)%((Day @) (5(0))

and:

L, [6(s(p)), a(s(p)I(E,) =00S;(p)
+2 (09 (1), 01 (D, ) (5(0))) ) (3.282)
—v;(p)ok (|91* (s(p)))

for j = 1,2. According to the estimates 3] the functions
2 . [e’e] 2
8k(a1 OS),ak(Oég o s),ak(¢os),8k(\¢| os),@k((Dajqb) o s) :U— L (R 7R)
are (n — 1)-times differentiable. On the other hand, by the induction hypothesis, the functions

V0, U, , Uy, 010y, D20y, O fos Ok fy, Ok f, 1 U — L2(R2,R)

are [-times differentiable. Therefore, according to equations (3.281]) and (3.282), we deduce that the
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functions

Lol8(s(0). a(s)))(B) : U — L*(E2,R) (3.283)
L, [6(s(p)). als())(E) : U — L* (B, E) (3.284)

for j = 1,2, are [-times differentiable. Therefore, according to lemma the function E : U —
H? (RQ,R) is [-times differentiable. Since holds for any p € {1,2,3,4}, by the induction
hypothesis, the function m : U — H?*(R? R) is I-times differentiable. Therefore, the function
Owv : U — H? (RQ,R) is [-times differentiable, for any k. Therefore, the function v is (I + 1)-times
differentiable.

O
Lemma 14. Suppose that m >4, U C R* is an open set and
o
f=1rfi|€&(RU,C xR?) (3.285)
f2

for each p € U. Suppose that q : U — My is n-times differentiable and q(U) is a precompact subset
of My and D*(q) is bounded for every multi-index s with |s| < n and

flip) LT, My (3.286)

a(p)

and:

Lolé(a(p)), ala(p)](u(sp)) = £, (:;p)

(3.287)
La,[6(a(p)), alg(p)](u(sp)) = f;(:;p)
for 7 =1,2, where
u(;ip) € H2 N (Typy M) (3.288)
for each p € U. Then,
u € En_s(R?,U,C x R?) (3.289)

if n is large enough.

Proof. Suppose that V = R? x U and

u=|u (3.290)



CHAPTER 3. APPENDIX 101

We define the functions
q:V — My
go: V — L*(R?,C)
g, V—=L*R*R) j=1,2 (3.291)
vo 1V — H?(R?,C)
v, :V—=H[R*R) j=1,2

y
9, (y,p)(x) = fj(x —y,p) k=0.1,2 (3.292)
(yvp)($) = uk(‘r - yvp) k= Oa 132

for any =,y € R% and any p € U. Then, for any M € V, we have:

Ly [p(G(M), a(g(M)](v(M)) = g, (M) (3.293)
( =9 |

La;le(G(M)), a(q(M)](v(M)) = g, (M) j = 1,2

Since f € &, (R? U,C x R?), then the function g : V — L?(R? R) is m-times differentiable.
Therefore, by lemma the function v : V — H? (RQ,R) is m-times differentiable. Therefore, the
function u : U — H?(R?,C x R?) is m-time differentiable.

Claim 19. There exists a number a > 0 such that for any multi-index r with |r| < (m — 2)
ID"u(z, p) |2 < a

Proof. We proceed by induction on |r|. If |r| = 0, the claim follows by lemma [10] the fact that s(U)
is a precompact subset of My and f € &, (R? U,C x R?). Suppose that the statement holds for
|r| <1 where ! < (m —3). Suppose that r is a multi-index with |r| = . Then, the statement follows
by the facts that ¢(U) is a precompact subset of My and D*(q) is bounded for every multi-index s
with [s| < (m — 2), the induction hypothesis and lemma [12] O

Claim 20. For any multi-index r with |r| < (m — 3), there exists A,y > 0 such that
D u(z,p) < Ae~ el

and
d;D"u(x, p) < Ae~ 1=l

forj=1,2.

Proof. We use induction on |r|. Suppose that |r| = 0. Then, since f € &,,(R?,U, C x R?), according
to lemma lemma [T2] and claim there exists A1,y > 0 such that

u(z,p) < Aye el
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and
Oju(z,p) < Are™™ |zl

for j = 1,2, for any p € R%. Suppose that the statement holds for |r| < k where k < (m — 4).
Let |r| = k4 1. According to equations (3.287) and the induction hypothesis, we have:

Ly [¢(a(p)), a(a(p))| (D" u(., p)) = g5(p) (3.204)
Li[¢(a(p)), alg(p) (D u(.,p)) = gj(p) j=1,2
where
90(p), 95 (p) < Aze” "z
for every p € U and by claim there exists a number a > 0 such that
lgo ()la2, 1195 (P2 < a
for any p € U. Suppose that
D"u(.,p) = m;(p) + Er(p) (3.295)
where m, € (Tq,(p)MN)l and E;, € T;,yMy. By claim there exist As,y3 > 0 such that
E,.(p)(z), 1 By (p)(x), 0 Er(p) () < Age™e1"!
for every p € U. By lemmas [10| and there exist Ay, 4 > 0 such that for any p € U
my(p) (@), Ormy(p) (), Damr (p) (x) < Age” 417!
This finishes the proof. O

Claim [20] imply lemma O
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