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ABSTRACT

On Multiplicative Weightings for Lie Groupoids and Lie Algebroids
Daniel Hudson
Doctor of Philosophy
Graduate Department of Mathematics
University of Toronto

2024

We present a thorough study of the differential geometry of weightings
and develop the theory of weightings for vector bundles, Lie groupoids,
and Lie algebroids.

We begin by extending the work of Loizides and Meinrenken in [LM23]
on weighted manifolds. We define weighted submanifolds, weighted im-
mersions, and weighted embeddings, and prove normal form theorems for
these objects. We also study characterizations of weighted morphisms in
terms of their graphs and in terms of weighted paths. We further extend
the theory of weighted manifolds by developing a theory of linear weight-
ings for vector bundles. Our work on linear weightings is the content of
the pre-print [Hud23].

Following this, we give three equivalent definitions of a multiplicative
weighting for a Lie groupoid G = M: one involving the structure maps for
the Lie groupoid, one involving the graph of the groupoid multiplication,
and one involving the weighted deformation space. We also include a
discussion of weighted VB-groupoids, and prove some basic theorems

involving these objects.
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In the last two chapters of this thesis, we study infinitesimally multiplica-
tive weightings for Lie algebroids. We characterize these in terms of linear
Poisson structures and homological vector fields. We show that multiplica-
tive weightings differentiate to infinitesimally multiplicative weightings
and solve the integration problem for infinitesimally multiplicative weight-
ings along wide Lie subalgebroids. In particular, we classify multiplicative
weightings of a Lie groupoid along its units in terms of Lie filtrations
of its Lie algebroid (cf. [VEY19, Definition 67]). We make progress to-
wards a solution for the general integration problem by giving a condition
for when an infinitesimally multiplicative weighting along a general Lie

subalgebroid integrates.
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INTRODUCTION

The purpose of this thesis is to give a detailed and thorough study of
the theory of weightings in the categories of manifolds, vector bundles,
Lie groupoids, and Lie algebroids, with the goal of unifying, clarify,
and generalizing constructions of Connes [Cong4], Debord and Skan-
dalis [DS14], Higson and Yi [HY19], Haj and Higson [SH18], van Erp and
Yuncken [VEY17], and Severa [éev17].

1.1 BACKGROUND
1.1.1  Connes’ tangent groupoid

The story of weightings can be said to have started with the so-called
tangent groupoid introduced by Connes in his book [Cong4]. Given a smooth
manifold M, the tangent groupoid TM is defined as a set to be the disjoint
union

TM =TMU (M x M xR*).

The topology on TM is specified by declaring that M x M x R* is an open
set, and a sequence (Xy, Yu, tn) € M X M x R* with t, — 0 converges to a
tangent vector X, € T,M if and only if

Xn ", x
ty pr

Xp =P, Yn— P,
where the last term is understood to take place in a local coordinate system.
This admits the structure of a Lie groupoid TM — M x R. Alternatively, it
can be understood as a family of Lie groupoids TM; = M parameterized
t € R, where
Pair(M) t#0

TMt:{TM t=0.

Connes uses this construction together with K-theory for groupoid C*-
algebras to give a geometric reformulation of the analytic index map
of Atiyah and Singer and a proof of the Atiyah-Singer index theorem
(see [Hig23] for a more thorough account of Connes’ argument).
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1.1.2  The groupoid approach to pseudodifferential operators

There is a smooth action & : R* x TM — TM (the zoom action) defined on
the open set M x M x R* by

ar(pqt) = (p,q,A"'t)

and on TM by scalar multiplication. Debord and Skandalis [DS14] ob-
served that any order k differential operator D on M extends to a family
of differential operators ID; on TM which is homogeneous of degree k, as
follows. Suppose that in local coordinates x, on M one has

D= ) a(x)o“

|| <k

Let Dy be the differential operator on TM which, for p € M, acts on the
fibre T, M as the constant coefficient differential operator

Then DDy is given by
t*D t#0
D; =
' { Dy t=0,

where t*D acts on the first component of TM; = M x M x {t}. More
generally, if D is a pseudodifferential operator on M of order k with
Schwartz kernel d € D'(M x M), then d extends to a distribution ID on
TM such that a;ID — AFD is a smooth density. It was then shown by van
Erp and Yuncken that this property characterizes the pseudodifferential
operators on M ([VEY19, Theorem 2]).

An attractive feature of this result is that it allows for a coordinate
free definition of pseudodifferential operators. In particular, it provides
an avenue for defining pseudodifferential operators and their principal
symbols in situations where the Fourier transform is unavailable. The
setting in which van Erp and Yuncken apply this principle is that of
filtered (or Carnot) manifolds, first considered by Melin [Mel82]. A filtered
manifold is a manifold M together with a filtration

TM:F—T2F77+12“'2F—120

of TM by subbundles F_; such that
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The Lie bracket condition ensures that the graded vector bundle

’
trM = @F—i/F—H-l — M
i=0

has the structure of a family of nilpotent Lie algebras. The corresponding
family TrM = exp(trM) of simply connected nilpotent Lie groups fits
into a smooth family of Lie groupoids

TrM = TrM U (Pair(M) x R*)

generalizing Connes’ tangent groupoid ([CP15, VEY17, SH18]). The action
of R* on trM defined by

ar(§) = Mg, for&eF ;/F i,

is by Lie algebroid automorphisms, hence integrates to an action on TrG
by Lie groupoid automorphisms, and this extends to a smooth action
on TrM by Lie groupoid automorphisms; this is the zoom action on
TrM. Using their characterization of pseudodifferential operators, van Erp
and Yuncken then define the F-pseudodifferential calculus for a filtered
manifold M by replacing TM with TrM.

1.1.3  Euler-like vector fields and deformation to the normal cone

Around the same time as van Erp and Yuncken’s work on pseudodifferen-
tial operators, Bischoff, Bursztyn, Lima, and Meinrenken ([BLM19, Meiz1,
BBLM20]) had discovered that many linearization and normal form results
could be deduced from the fact that a specific class of vector fields, called
Euler-like vector fields, could be linearized.

Recall that the Euler-vector field E on a vector bundle V — M is the
vector field whose flow is given by scalar multiplication by el; if x,, py are
local vector bundle coordinates for V then

0
E = —
Ly,

A vector field X € X(M) is called Euler-like with respect to a submanifold
N C M if it vanishes along N and the induced vector field v(X) on the
normal bundle v(M, N) is equal to the Euler vector field; if x,, y; are local
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coordinates on M such that N is cut out by setting y, = 0, then X € X(M)
is Euler-like with respect to N if and only if

X = LA + Dt se )y

where f, vanishes along N and g;, vanishes to order 2 along N. The
linearization theorem of Bursztyn, Lima, and Meinrenken ([BLM19, Propo-
sition 2.7]) is that there is a 1-1 correspondence between (germs of) tubular
neighbourhoods of N in M and vector fields on M which are Euler-like
with respect to N. The connection between the linearization theorem of
Bursztyn, Lima, and Meinrenken and Connes’ tangent groupoid was es-
tablished by Haj and Higson ([SH18]), who use TM to give a beautiful
geometric explanation of this result.

1.1.4 Weightings

More generally, Haj and Higson also considered filtered manifolds. If M
is a filtered manifold, then they define (cf. [SH18, Definition 7.1]) filtered
submanifolds to be submanifolds N C M with the property that the inter-
sections TN N (F_;)|n are vector subbundles of TM|y. Haj and Higson
construct a smooth deformation to the normal cone is this setting, and
explain how this construction generalizes the aforementioned F-tangent
groupoid ( [SH18, Section g]). Motivated by this work, Loizides and Mein-
renken (cf. [LM23]) determined what additional structure was needed
along a submanifold to define these “exotic” deformation spaces. To this
end, they introduced the concept of a weighting (cf. [LM23, Definition 2.2]);
a similar definition was given by Melrose in [Melg6] under the name of a
“quasi-homogeneous structure".

A weighting of a manifold M along a closed, embedded submanifold N
in defined terms of a multiplicative filtration

Cht = Ci0) 2 Ct1) 2 Cn) 2 (1.1)

of the sheaf of smooth functions on M such that Cf\‘j[,(l) = Iy is the
vanishing ideal of N (see Definition 2.1). Given a weighting of M along N,
Loizides and Meinrenken define a fibre bundle

vw(M,N) = N,
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called the weighted normal bundle (Definition 2.39), generalizing the normal
bundle of M in N. Additionally, they explain how the weighted normal
bundle fits into a weighted deformation space

Sy (M, N) = vy (M, N) U (M x R¥)

(Definition 2.46). Loizides and Meinrenken explain in [LM22] how their
constructions generalize the work of Haj and Higson, by showing that if
M is a filtered manifold then M x M has a canonical weighting along the
diagonal and with respect to this one has (M x M, M) = TpM.

1.2 OVERVIEW AND SUMMARY OF RESULTS

A key feature of Connes’ construction is that the tangent groupoid is, as
the name suggests, a groupoid. Therefore a motivating question for this
work is when a weighting of a Lie groupoid G along a subgroupoid H
is compatible with the Lie groupoid structure in such a way that the
groupoid structure of G x R* extends to oy (G, H).

This question turns out to be more subtle than one might expect. Recall
(or see Section 4.1) that the data of a Lie groupoid G = M includes the
submanifold M C G of units, two surjective submersions s,t : G — M,
a partially defined multiplication mult : G X1 G — G, and an inversion
map G — G. Therefore, the reasonable first attempt at a definition of a
“multiplicative weighting” would be to simply add the adjective “weighted”
in front of everything. However, this already begs the question of what
exactly one means by this: what is a weighted submanifold? What is a
weighted submersion? In order to ask that multiplication be a weighted
morphism, we need the fibre product G x; G to be weighted - is this au-
tomatic? Once the notion of weighted submanifold is understood, another
reasonable definition of multiplicative weighting would be the requirement
that the graph of the groupoid multiplication be a weighted submanifold
of G3. Do these two approaches amount to the same thing?

1.2.1  Overview of Chapter 2

This question thus demands a careful investigation into the weighted
analogs of the basic notions of differential geometry, and to this we de-
vote Chapter 2. We begin in Section 2.1 by reviewing the basics of weight-
ings, as described in [LM23]. In particular, we recall how a weighting of
M along N defines a filtration

TM|n = (TM|N)(-) 2 -+ 2 (TM|N)(-1) 2 (TM|n)(0) = TN (1.2)
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by subbundles. In Section 2.2, we define the notion of weighted subman-
ifolds, give several examples, and explain how weighted submanifolds
become weighted manifolds in their own right.

A weighted morphism is a smooth map between weighted manifolds
whose pull-back respects the filtrations of smooth functions (1.1). We
devote Section 2.3 to an in depth study of weighted morphisms, where
we define weighted embeddings (Definition 2.14) and weighted submer-
sions (Definition 2.20) using the filtration (1.2). The weighted analogues
of the classical normal form theorems for these maps are the content
of Theorem 2.16 and Theorem 2.22.

It is not always easy to check whether or not a map is a weighted
morphism, and so an important result in this chapter is the following.

Theorem (= Theorem 2.32). Suppose that (M, N) and (M’', N') are weighted
pairs and F : (M, N) — (M’', N') is a smooth map of pairs. Then F is a weighted
morphism if and only if

(a) the graph T(F) C M’ x M is a weighted submanifold and
(b) the tangent map TF : TM|n — TM'|n is filtration preserving.

This theorem combined with our work on weighted embeddings is a
valuable tool for our work on multiplicative weightings. We also include
another characterization of weighted morphisms, this time using weighted
paths (Definition 2.34), which is based on valuable discussions with Beiner,
Loizides, and Meinrenken.

Theorem (= Theorem 2.35).  (a) We have f € C®(M); if and only if

for every weighted path v : R — M.

(b) A smooth map F : (M,N) — (M',N’) between weighted pairs is a
weighted morphism if and only if it takes weighted paths to weighted paths.

In Section 2.4 and Section 2.5, we review the aforementioned weighted
normal bundle and weighted deformation space and their functorial prop-
erties. In particular, we show that our definitions of weighted immersions
and weighted submersions are exactly the correct ones:

Theorem (= Theorem 2.49). Suppose that F : (M,N) — (M',N’) is a
weighted morphism. Then

(a) F is a weighted immersion if and only if 5y (F) : dy(M, N) — Sy (M, N')
is an immersion.

6
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(b) F is a weighted submersion if and only if by (F) : Sy (M, N) — dw(M', N')
is a submersion.

This chapter ends with Section 2.6, which is a review of singular Lie fil-
trations; these constitute an important method of constructing weightings.

1.2.2  Overview of Chapter 3

With a more thorough understanding of the differential geometry of
weightings, we turn our attention to linear weightings for vector bundles.
In addition to Connes’ tangent groupoid and the F-tangent bundle of Choi-
Ponge and van Erp-Yuncken, another example of a weighted deformation
space appearing in the literature is the re-scaled spinor bundle of Higson
and Yi [HY19], which we now recall. Suppose that M is a Riemannian spin
manifold with spinor bundle S — M. In order to understand Getzler’s
approach ([BGVo3, Get83]) to the index theorem from the perspective
Connes’ tangent groupoid, Higson and Yi introduce their rescaled spinor
bundle S, which is a vector bundle over the tangent groupoid TM =
TMU (M x M x R*). It can be understood as a family of vector bundles
parameterized by IR, given by

g _ J S®S t#0
T TH(ACTM) £ =0,

where 77 : TM — M is the vector bundle projection and S X S* is the vector
bundle over M x M with fibre (S S5%), m,) = Sm; @ Sy,

We unify the constructions of the rescaled spinor bundle S and the
weighted deformation space dyy(M, N) by introducing linear weightings.
If V.— M is a vector bundle over a weighted manifold, then a linear
weighting of V is defined in terms of a Z-graded filtration

2Ty 2Ty gy 2 -+ (1.3)

of the sheaf of sections of V which is compatible with the filtration of
C}1, see Definition 3.1. In particular, we allow the filtration (1.3) to be
non-trivial in negative degree, in contrast with (1.1); this was originally
suggested by Beiner [Bei22].

We give the basic definitions, examples, and constructions of linear
weightings in Section 3.1. A specific result we obtain (Theorem 3.8) says
that linear weightings may equivalently be defined in terms of a multi-
plicative filtration

[e0] [e0]
2 CPOLV,(Z') =2 Cpol,V,(iH) =2y

7
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where C77, , denotes the sheaf of fiber-wise polynomial functions on V.
We use this result in Section 3.2 and Section 3.3 to extend the definition
of the weighted normal bundle and weighted deformation space to linear
weightings. This gives vector bundles

Vw(V) — Uw(M, N) and (SV\;(V) — 5]/\/(M, N)
such that d)y (V) can be understood as a family of vector bundles

Sw(V) =vw (V) U (V xR*)

|

ow(M,N) =vy(M,N) (M xR*);

see Theorem 3.21 and Theorem 3.34. We also give the following explicit de-
scription of the sections of vy (V) — vyy(M, N) and Sy (V) — dw (M, N).

Theorem (= Theorem 3.29 and Theorem 3.40). If V. — M is a linearly
weighted vector bundle then

(@) T(vw(V)) = C(vw(M, N)) ®gr(c(my) gE(T(V)) and
(0) T(6w(V)) = C*(dw(M, N)) @Rees(ce(m)) Rees(I'(V)).

In Section 3.4 how our construction captures the rescaled spinor bundle
of Higson and Yi ([HY19]), as well as a related construction by Severa in
his letters to Weinstein ([Sev17]).

1.2.3  Overview of Chapter 4

In Chapter 4 we return to the issue of multiplicative weightings for Lie
groupoids. We begin by reviewing the basics of Lie groupoids, including
VB-groupoids. After this, equipped with correct definitions of weighted
submanifolds and weighted submersions, we give the following definition:

Definition (= Definition 4.8). A weighting of G along H C G is said to be
multiplicative if

(@) The units M C G are a weighted submanifold,
(b) the source map is a weighted submersion,
(c) multiplication m : G?) — G is a weighted morphism, and

(d) inversion is a weighted morphism.
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We devote Section 4.2 to exploring this definition and examples thereof.
We prove, in particular, that it is not enough to simply ask that the graph
of multiplication be weighted.

Theorem (= Theorem 4.12). A weighting of G = M along H C G is multi-
plicative if and only if

(a) M is a weighted submanifold,
(b) the graph of multiplication is a weighted submanifold, and

(c) the filtration of TG|g is by subgroupoids

(TGlr) @) = (TM|n)a)

This characterization of multiplicative weightings is particularly useful
when applied to VB-groupoids, which we shall use for the problem of
differentiating multiplicative weightings (Theorem 5.20). We close this
chapter by showing that our definition of multiplicative weightings is
exactly the right one, by proving the following theorem:

Theorem (= Theorem 4.22). A weighting of a Lie groupoid G along H is
multiplicative if and only if the groupoid structure G x R* — M x R* extends
to

(Sw(G, H) = (Sw(M, N)

1.2.4 Overview of Chapter 5

Chapter 5 is devoted to the study of the infinitesimal analogue of mul-
tiplicative weightings, called infinitesimally multiplicative weightings. We
being with a review of the basics of Lie algebroids, including the Lie
functor from Lie groupoids to Lie algebroids, as well as the descriptions
of Lie algebroids as linear Poisson manifolds and 1-shifted vector bundles
equipped with a homological vector field.

In Section 5.2 we give the following definition:

Definition (= Definition 5.11). An infinitesimally multiplicative weighting of
A = M is a linear weighting of A with the additional properties that

(a) the anchor a: A — TM is a weighted morphism, and

(b) forallc € I'(A)(; and T € T(A)(;), we have

[0’, T] € F(A)(H_])
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In Section 5.3 we prove the following alternative characterizations of
infinitesimally multiplicative weightings.

Theorem (= Theorem 5.15). Let A = M be a Lie algebroid endowed with a
linear weighting. Then the following are equivalent.

(a) A is a weighted Lie algebroid,
(b) the Poisson bivector field = € X%(A*) has filtration degree zero,
(c) the differential dy : T(ANA*) — T'(AA¥) is filtration preserving.

We use this, as well as the theory of weighted VB-groupoids, in Sec-
tion 5.5 to prove that multiplicative weightings can be differentiated to
infinitesimally multiplicative weightings.

Theorem (= Theorem 5.20). Let G = M be a weighted Lie groupoid with Lie
algebroid Lie(G) = M. Then

F(LIG(G)’u)(l) = {0’ € F(LIG(G)’L[) : O'L € xL(G|u)(l)} (14)
defines an infinitesimally multiplicative weighting of Lie(G) such that
Lie(vw (G, H)) = vy (Lie(G)) and Lie(éw (G, H)) = dy(Lie(G)).

In Section 5.6 we prove the following partial converse to the previous
theorem.

Theorem (= Theorem 5.23). Suppose that G = M is a Lie groupoid and
A= A,r 2 A—r+l :_) cee A—l 2 0 (15)

is a Lie filtration of A = Lie(G). Suppose that H C G is a wide, s-connected Lie
subgroupoid. If B = Lie(H) is such that

(a) [T(B),T(A_;)] CT(A_) foralli
(b) the assignment m +— dim(B,, + A_;|) is constant as a function on M

then (1.5) defines a multiplicative weighting of G along H such that the induced
weighting of A defined by Theorem 5.20 is given by the filtration

A:A7r+BQA—r+1+BQ"‘A—1+BQB-

Using this, we show that a filtered Lie groupoid (cf. [VEY19, Definition
67]) is the same thing as a Lie groupoid with a multiplicative weighting
along its objects (Theorem 5.28).

10
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1.2.5 Overview of Chapter 6

In Chapter 6 we use a description of weightings as graded subbundles of
the higher jet bundles to prove another partial converse the differentiation
theorem, Theorem 5.20.

We begin by reviewing the r-th order tangent bundle T,M — M, and
review Loizides and Meinrenken’s work ([LMz23, Section 7] relating weight-
ings of M along N and graded subbundles Q C T, M over N. We charac-
terize multiplicative and infinitesimally multiplicative weightings in terms
of the graded bundle Q.

Theorem (= Theorem 6.12 and Theorem 6.15). (a) Let G = M be weighted
along H C G. The weighting is multiplicative if and only if the graded
subbundle Qg C T,G is a Lie subgroupoid Qc = Qum of T,G = T, M.

(b) Let A = M be linearly weighted along B = N. The weighting is infinites-
imally multiplicative if and only if the corresponding graded subbundle
Qa C T, A is a Lie subalgebroid Qa = Qum of T,A = T, M.

Taking advantage of this characterization of multiplicative and infinites-
imally multiplicative weightings, we show that the spray exponential
([CMS20, Definition 3.20]) corresponding to any Lie algebroid spray of
filtration degree zero is a (partially defined) weighted morphism. The
main result of Chapter 6 is following theorem.

Theorem (= Theorem 6.23). Suppose that G = M is a s-connected Lie groupoid
and H = N is a s-connected Lie subgroupoid with Lie algebroids A = Lie(G)
and B = Lie(H), respectively, and suppose that A is infinitesimally multiplica-
tively weighted along B. Let Q4 = Qu be the graded subbundle of T,A = T,M
corresponding to the weighting of A along B. If Q 4 integrates to an s-connected
subgroupoid Qc = Qm of T,G = T, M, then Qg is a graded subbundle of
T,G = T, M which defines a multiplicative weighting of G along H.

1.2.6  Overview of Chapter 7

We end this thesis with some possible future directions we would like
to pursue. First, we propose a definition of linear singular Lie filtrations
(Definition 7.1) and put forward the problem of determining when a linear
singular Lie filtration defines a linear weighting, extending the work of
Loizides and Meinrenken on singular Lie filtrations ([LM22]) to vector
bundles.

Next, we briefly review associative algebroids in the sense of Severa
([Sev1y, Letter 6]) and present the task of studying deformation spaces in

11



1.2 OVERVIEW AND SUMMARY OF RESULTS

this setting, with a possible application the work of van Erp and Yuncken
to pseudodifferential operators acting on sections of vector bundles.

Following this, we summarily explain k-multifiltered manifolds and
multiweightings. We ask for a connection between the two in a way that
generalizes Theorem 5.23. In particular, we make a conjecture that the right
object for the "tangent groupoid" for a 2-multifiltered manifold should be
a double groupoid of the form

Syy(Pair®*(M), A", A°) —= TpM

| |

TrM M x R,

where F? and F" are Lie filtrations of M coming from the 2-multifiltration.

We conclude by asking what type of C*-algebraic information could be
obtained from such an object.

12



THE DIFFERENTIAL
GEOMETRY OF WEIGHTINGS

Weightings were first introduced by Melrose under the name of “quasi-
homogeneous structures" in order to do analysis on manifolds with corners
([Melg6]). Independently, they were later considered by Loizides and Mein-
renken ([LM23]) in order to understand the local information necessary to
construct the exotic deformation spaces appearing in the work of Haj and
Higson on linearization theorems for Euler-like vector fields with weights
([SH18]). Our exposition follows the work by Loizides and Meinrenken.

2.1 BASICS OF WEIGHTINGS

Let M be a smooth manifold and N C M an embedded submanifold.
Associated to N is a filtration of the sheaf of smooth functions C3; by

ideals
Cu2INDIX 2

where
InU)={feC™U): flunn =0}

that is, Z; is the subsheaf of smooth functions on M vanishing to order k
along N. This filtration has the following special property: if x1, ..., x, is
a coordinate system defined on U C M such that

NNnU={x;=--=x,=0}
then Z& (U) is the ideal generated by the monomials
xjt---xy where ) s > k. (2.1)

A weighting of a manifold M along a submanifold N is a modified notion
of order of vanishing along N. More specifically, a weighting of M along
N multiplicative filtration of the sheaf smooth functions on M satisfying a
local property generalizing (2.1). We recall their definition now.

13



2.1 BASICS OF WEIGHTINGS

2.1.1  Definition of a Weighting

A weight vector w = (wy,...,wy,) € Z%, is an m-tuple of non-negative
integers. Any integer r € Z satisfying r > max;{w; } will be called the order
of the weight vector. Given an open subset U C R™, let C*(U); € C*(U)
be the ideal generated by the monomials

S1 S .
xi' - xr where Zwasa > 1.
a

This defines a filtration

C®(U) =C®(U) ) 2 C*(U) 1y 2C%(U)(2) 2 - (2.2)

Definition 2.1 ([LM23, Definition 2.2]). A weighting of M is a multiplicative
filtration
Cht = Ci0) 2 Ct1) 2 Gty 2 (23)

of the sheaf of smooth functions on M with the property that each point
p € M has an open neighbourhood U C M with coordinates xi,...,x;,
defined on U so that the filtration of C3;(U) = C*(U) is given by (2.2).

The coordinates x, will be called weighted coordinates. Given a weighting
of M, let N C M denote the set of points for which the filtration (2.3) is
non-trivial. Then [LM23, Lemma 2.4] implies that N is closed submanifold
and Cj\‘z,(l) = In. If N is given in advance, then we will say that M is
weighted along N and refer to (M, N) as a weighted manifold pair. We note
that, by definition, weighted coordinates serve as submanifold coordinates
for N.

If (M,N) and (M’,N’) are weighted pairs, a weighted morphism from
(M,N) to (M’,N’) is a smooth map F : M — M’ such that

F'Chr iy < Chnti

foralli > 0.

Remark 2.2. In this thesis we will work in the C*-category unless explicitly
stated otherwise. Therefore we may take advantage of the existence of
partitions of unity to avoid the use of sheaves, working instead with the
filtration of global functions

C*(M) =C*(M)(g) 2 C®(M)1) 2 C¥(M) ) 2 -+ - .

Basic Examples

We now give several examples of weightings.

14



2.1 BASICS OF WEIGHTINGS

Examples 2.3. (a) As already discussed, if N is a closed submanifold of

(b)

()

M then order of vanishing defines a weighting of M along N:
CM2IN2IZ 2.

We refer to this weighting as the trivial weighting of M along N. There
are two extreme cases we want to point out: N = M and N = @. In
these cases, the trivial weighting is given by

and
C*(M)DC*(M)DC*(M)D---,

respectively.

Define a weighting of R? along the origin by declaring that x has
weight 1 and y has weight 3. The resulting filtration is given by

C®(R?) 2 (x,y) 2 (P y) 2 (y) 2 (¢Hayy?) 2 -

As simple as it is, this example will shed a considerable amount of
light on some of the concepts later in this chapter.

[LM23, Examples 2.9 (c)] A nested sequence
M=N+1 2N 2--- 2N 2Ngp=N

of embedded submanifolds N; (with N closed) defines a weighting

of order r by
C?\’Z,(i) = Z _ Z 'ZNil AN -
k>0 iy 4+ iy =i

Weighted coordinates near point p € N are given by coordinates x,
which are submanifold coordinates for each of the N;.

(d) [LM23, Secton 2.2] If (M,N) and (M’,N’), then M x M’ is natu-

rally weighted along N x N’ by letting C*(M x M') ;) be the ideal
generated by
L, CT(M)i) ©C™(M) ).
i+ip=i
If x, are local weighted coordinates for M and y;, are local weighted
coordinates for M’, then x,, y;, for a local weighted coordinate system
for M x M'.

15



2.1 BASICS OF WEIGHTINGS

2.1.2  Filtration of the Tangent and Cotangent Bundles

It was observed ([LMz23, Proposition 2.6]) the a weighting of M along N
determines a filtration

v(M,N)=F_,DF 12 - DF=0 (2.4)

of the normal bundle of N in M by subbundles F_; — N. This filtration is
induced by a filtration of TM|y, which is in turn defined by “dualizing” a
filtration of T*M|n. Through our study of weighted manifolds, we found
it to be fruitful to consider the filtrations of TM|y and T* M|y in their own
right. We recall their constructions now.

Let

(T*M|n) i) = spanceyy{df|n : f € C(M)(; }-
If x, is a weighted coordinate system defined on U C M, then {dx,|ynn :

w, > i} is a frame for T*M|unn, hence each (T*M|y) ;) is a subbundle of
T*M]|n. This defines the filtration

T*M|n = (T*M|N) (o) 2 (T*M|n)ay 2 - 2 (T"M|n) ) 20. (25)
We remark, in particular, that (T*M) ;) = ann(TN) and
rank(gr(T*M|n) ;) = #{a : w, = i},
where
gr(T*MIn) i) = (T*MIN) i)/ (T*MIN) (i41)-

Lemma 2.4. Let (M, N) be a weighted pair and p € N. Let x1,...,x; be
functions of filtration degrees wy, . . ., wy defined near p. Suppose that for all i the
image of the set {dyx, : w, = i} in gr(T;M) ;) is linearly independent. Then
the functions x, are contained in a system of weighted coordinates on an open
neighbourhood U of p.

Proof. Let y, be any system of weighted coordinates near p. The image
of {dyya : w, = i} in gr(T;M)y; is a basis for gr(T,; M) ;), hence by the
replacement theorem from linear algebra there is an index set J; such that
the image of

{dpxs :w, =i} U{dpys : wa = i,a € Ji}

in gr(T;M); is a basis for gr(T,M);. Letting | = UJ; J; it follows that
{dpxa} U{dpya : a € J} is a basis for T; M, hence

{xs} U{yp:b €]}

16



2.2 WEIGHTED SUBMANIFOLDS

is the required coordinate system. O

The filtration of TM|y,
TM|n = (TMIN)(—r) 2 - 2 (TM|n) (o) 20, (2.6)
is the “dual” of (2.5), given by
(TM|N)(—i) = ann((T*M|N) (i11))-

In a local weighted coordinate system x, defined near p € N we have

:waﬁi};
p

note in particular that (TM|y) ) = TN. As we will see in the forthcoming
sections, the tangent bundle for the weighted pair (M, N) should be TM
together with the filtration of TM|y.

d
E—

a

Examples 2.5. (a) If M is given then trivial weighting along N, then the
filtration (2.6) is just
TM|n 2 TN.

(b) If R? is weighted by declaring that wt(x) = 1 and wt(y) = 3 as
in Examples 2.3 (b), then the filtration of ToR? = R? is

R? 2 {y =0} 2 {y =0} 2 {0}
(c) If M is given the weighting defined by a nested sequence of subman-
ifolds M = N;41 2 N, D --- O N; O Np = N as in Examples 2.3 (c),
the filtration of TM|y is given by

TM|N 2 TNy|N 2 TN,—1|[y 2 -+ D TN.

(d) If (M;, N;), i = 1,2 are weighted pairs, then the filtration of T(M; X
My) = TM; x TM, is given by

(T(M1 x M2)|Nyxny) i) = (TMa|ny) gy X (TMa|n,) iy
2.2 WEIGHTED SUBMANIFOLDS

Recall that submanifolds of M are subsets which locally look like coordi-
nate subspaces. Modifying this definition by requiring one use weighted co-

17



2.2 WEIGHTED SUBMANIFOLDS

ordinates gives the definition of a submanifold in the category of weighted
manifolds.

Definition 2.6. Let (M, N ) be a weighted pair. A submanifold R C M is
called a weighted submanifold if there exists a weighted atlas of submanifold
charts. Such a choice of coordinates will be called weighted submanifold
coordinates.

That is, at each point p € N N R there exist local coordinates which are
simultaneously submanifold coordinates for R and weighted coordinates
for N.

Examples 2.7. (a) Let (M, N) be a weighted pair. If RN N = @ then R
is a weighted submanifold of (M, N). Any submanifold R C N is a
weighted submanifold.

(b) Any point p € M is a weighted submanifold.

(c) Recall submanifolds N, R C M are said to intersect cleanly if N N R
is a submanifold and T(N N R) = TN N TR. This is equivalent to M
admitting an atlas of submanifold charts for N and R simultaneously
(see [Horoy, Proposition C.3.1], for instance). Thus, if M is trivially
weighted along N, then the weighted submanifolds are exactly the
submanifolds of M intersecting N cleanly.

(d) If (M, N) is a weighted pair then any submanifold R which is trans-
verse to N is a weighted submanifold. Indeed, let p € RN N. Choos-
ing weighted coordinates x, near p, then N is, by definition, given
near p by {x, = 0: w, > 1}. If R is given near p by {y, = 0}, then
transversality ensures that each y;, € C*(M) gy and the image of the
set {dpyp} in gr(T;M)(g) is independent. Thus,

{yb} U{xg:w, > 1}

can be completed to a weighted coordinate system near p by Lemma 2.4.

(e) If R" is weighted by assigning weights to the standard coordinates
X4, then any linear subspace V is a weighted submanifold. To see this,
let e; be the standard basis for R". The weighting defines a filtration

R*"=W_py 2 W) 2 2 W) 20,

where
W(_j) = span{e, : w, < i}.

18



(f)

2.2 WEIGHTED SUBMANIFOLDS

Letting V(_;) = VN W(_;), we can inductively find subspaces

B(z) = {U,gl) a4 = 0, e ,dim(V(_i)/V(_i+1))}

be a linearly independent set with the property that J._, B is a
basis for V(;; in particular, B = Ui, B;) is a basis for V. Letting B’
be an analogously constructed basis for V’, the linear coordinates for
R" defined by B U B’ define weighted submanifold coordinates for
V.

Define a weighting of IR? along the origin by declaring that wt(x) = 1
and wt(y) = 3, as in Examples 2.3 (b). Then the weighted submani-
folds of (R?,{0}) are precisely those which:

a) do not pass through the origin

b) submanifolds S passing through the origin which are not tan-
gent to the x-axis.

¢) submanifolds R passing through the origin with at least third
order tangency with the x-axis. In particular, the curve y = x>
is not a weighted submanifold.

The first case is obvious. For the second case, by the implicit function
theorem we can locally describe S as x = f(y) for some function f
with f(0) = 0. In this case, the weighted submanifold coordinates
can be given by ¥ = x — f(y) and 7 = y. For the third case, the
submanifold R is given near the origin by y = f(x) with f(0) =0
and f'(x) = 0 (i.e. tangent to the x-axis). Suppose that ¥ and § are
weighted coordinates so that the curve y = f(x) has the standard
form 7 = 0. Then

g=aly—f(x))+0s(4)

where O¢(4) are terms of filtration order at least 4. However, this has
filtration order 3 if and only if only if f = O(x3).

Remarks 2.8.  (a) Note that Examples 2.7 shows that for a weighted pair

(M, N), submanifolds R C M containing N need not be weighted
submanifolds.
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2.2 WEIGHTED SUBMANIFOLDS

(b) A weighted submanifold R of a weighted pair (M, N) is not simply
a submanifold with a weighting along R N N such that the inclusion
R — M is a weighted morphism.

For example, consider the weighting of IR? defined by declaring x to
have weight 1 and y to have weight 3. If we give the curve y = x?
the doubled trivial weighting along {0} then the inclusion into R? is
a weighted morphism, but y = x? is not a weighted submanifold.

Proposition 2.9. If R is a weighted submanifold of the weighted pair (M, N),
then R inherits a natural weighting along R N N. With respect to this weighting,
the inclusion R — M is a weighted morphism, and we have moreover that

(TR|rAN)(5) = TRNO (TM]N)(i)- (2.7)
Proof. Recall that restriction to R determines an isomorphism
C*(M)/Ir = C*(R).
Using this, we define
CP(R) ) = CZ(M) i)/ (C*(M) iy NIn);

the restriction of weighted submanifold coordinates to R yields weighted
coordinates for R, hence this defines a weighting. Since the inclusion
R — M induces the restriction map C®(M) — C®(R), it is clear that it is
a weighted morphism.

For the statement about filtration of tangent spaces, let p € NN R and
let x4, y, be a weighted submanifold coordinate system defined on U C M
containing p so that RNU = {y, = 0}. As a subbundle of T; M,

ann((TyR) ;) = span{d,x, : w, > i} + span{dpys}.
On the other hand, we have that

ann(T,R) = span{d,y,} and
T;‘M(i) = span{d,x,, dyyp : w, > i,wp > i},

hence ann((TR|rN)(;)) = ann(TR) + (T*M|n) ;). Therefore,

(TR|rN) () = ann(ann((TR|rAN) (=i+1))
= ann(ann(TR) + (T*M|N)(—it1)) = TRN(TM|n) ). O

Proposition 2.10. Let (M, N) be a weighted pair. Given p € M, any subspace
of TyM is realized as the tangent space to a weighted submanifold S.
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2.2 WEIGHTED SUBMANIFOLDS

Proof. A choice of weighted coordinates x, on U C M allows us to identify
U with T,U = R" as weighted manifolds, where R" is weighted as
in Examples 2.7 (e), from which the result follows. O

We close our discussion with a weighted version of [KMS13, Theorem
1.13].

Proposition 2.11. Let (M, N) be a weighted pair, and suppose that p : M — M
is a weighted morphism satisfying po p = p. Then R = p(M) is a weighted
submanifold.

Before proceeding to the proof, we need a lemma from linear algebra.

Lemma 2.12. Let V be a finite dimensional vector space and P : V — V be
a projection. If {v1,...,v,} is any basis for V, then there exists an index set
7 C{1,2,...,n} with |Z| = dim(Im(P)) such that

{Pv,:acZ}U{(1—Plv,:bel%

is a basis for V.

Proof. For the existence of Z, by an inductive argument it is enough to show
that {Pvq,v,...0,} or {(1 —P)vy,vy,...,0,} is a basis for V. If Pv; =0
or (1 — P)v; = 0 then there is nothing to prove, so assume that Pv; # 0
and (1 — P)v; # 0. If neither of these sets are linearly independent then
Py € span{vy,...v,} and (1 — P)v; € span{vy,...v,}. However, this
implies that v; € span{vy,...v,}, which is a contradiction.

To see that |Z| = dim(Im(P)), note that we obviously have |Z| <
dim(Im(P)). On the other hand, since P is a projection,

n—1|Z| =1|Z¢ < dim(Im(1 — P)) = n — dim(Im(P))
hence dim(Im(P)) < |Z]. O

Proof of Proposition 2.11. By [KMS13, Theorem 1.13], p has constant rank
near R = p(M). Let ¢ € R and let x, be a weighted coordinate sys-
tem defined near 4. Since the cotangent map T;p : TyM — T;M is a
projection, Lemma 2.12 implies that there is an index set Z with |Z| =
rank,(p) = dim(R) such that

{p'xg:ae€ZU{x,—p*xp:beZ} (2.8)

is a coordinate system. In fact, since p is a weighted morphism, it is a
weighted coordinate system near g. Note as well that for any 4/ € R
sufficiently close to g we have that

(xp = p*x0)(q") = x(q") — x(p(q") = %(q") — x(q") = 0;
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2.3 WEIGHTED MORPHISMS

since |Z¢| = codim(R) it follows that (2.8) is a weighted submanifold
coordinate system for R. O

2.3 WEIGHTED MORPHISMS

We now turn our attention to weighted morphisms. In this section we
will establish the weighted analogues of embeddings, submersions, and
transversality. In practice, it can be hard to check whether a given map
is a weighted morphism or not, so we also give two characterizations
of weighted morphisms - one in terms of its graph and one in terms
of “weighted paths”. Let us begin be giving some examples of weighted
morphisms.

Examples 2.13. (a) Let (M, N) and (M’, N’) be weighted pairs, and let
F : M — N be a smooth map. If M and M’ are both trivially
weighted, then F is a weighted morphism if and only if F(N) C N'.
In general, if F is weighted then F(N) C N'.

(b) With the set up as above, if N = @ or N’ = M/, then F is a weighted
morphism.

(c) Suppose that (M, N) and (M’, N’) are weighted manifolds. Then
both of the projections M x M’ — M and M x M’ — M are weighted
morphisms. If p € M/, then the inclusion M — M x M', m — (m, p)
is a weighted morphism if and only if p € N'. On the other hand,
the inclusion M x {p} — M x M’ is a weighted morphism for any
p € M’ since M x {p} is a weighted submanifold of M x M’; in the
case when p ¢ N, M x {p} is weighted along the empty set, hence
is not isomorphic to M as a weighted manifold.

2.3.1  Weighted Embeddings

We now discuss weighted embeddings. Recall that an immersion is a smooth
map whose tangent map is an isomorphism onto its image. Taking into
account the philosophy that the tangent bundle of a weighted pair (M, N)
is TM together with the filtration (2.6) of TM|y, we arrive at the following
definition.

Definition 2.14. A weighted morphism f : (M, N) — (M’,N’) is called a
weighted immersion if

(@ f: M — M is an immersion,
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2.3 WEIGHTED MORPHISMS

(b) Tf : TM — TM restricts to injections (TM|n);) — (TM'|nr) ;) with
image
TF(TM) N (TM'|nr) i)-

A weighted embedding is defined analogously.

In particular, the intersections Tf(TM) N (TM'|n) ;) are subbundles of
TM/|N/ and

is a vector bundle isomorphism.

Examples 2.15. (a) If R is a weighted submanifold of the weighted pair
(M, N), then the inclusion ¢ : (R, RN N) — (M, N) is a weighted
embedding by Proposition 2.9.

(b) If (M, N) and (M’, N') are both given the trivial weighting, then a
weighted morphism f : (M, N) — (M’, N’) is a weighted embedding
if and only if f is an embedding and f(M) intersects N’ cleanly, with
intersection f(N). Indeed, for i = 1 the bundles in question are the
zero bundles, so we have a diffeomorphism

N f(M)NN/,

which, in particular, says that f(M) N N’ is a manifold with T(f(M) N
N') = Tf(TN). For i = 0 this says that

TN =~ Tf(TM)N TN/,

hence f(M) intersects N’ cleanly.

(c) Let M = R with wt(x) = 2 and M’ = R with wt(x) = 1. Then
the identity map M — M’ is a weighted morphism, but it is not a
weighted embedding, since (ToM)(_y = 0 but (ToM')(_) = R.

Theorem 2.16 (Normal Form for Weighted Immersions). Leti: M — M’
be a smooth map between weighted manifolds of dimensions n < n'. Then i
is a weighted immersion if and only if for all p € M, with image py = i(p),
there exist weighted coordinates x1, ..., X, near po such that i*xy,...,i*x, are
weighted coordinates near p and i*x,41 = --- = i*x,y = 0.

We refer to the coordinates x1,...,x,y in Theorem 2.16 as immersion
coordinates for the map i.

Proof. The direction (<) follows by direct examination in weighted immer-
sion coordinates. For the converse, suppose that 1 is a weighted immersion.

23



2.3 WEIGHTED MORPHISMS

To build weighted submanifold coordinates near py € f(M) N N’, choose
a system of weighted coordinates xy,...,x,,. We may choose a subset
of coordinates, re-indexed as xi,...,x;,, such that the image of the set
{dppxa + wa = i} in gr(T, M')(;) pulls back to a basis of gr(T;M);. In
particular, y, = 1*x,, fora = 1,...,n, are weighted coordinates on M. If
the pull-backs of remaining coordinates vanish, we are done. Otherwise,
consider a coordinate x, with a > n and i = w, as large as possible that
such that *x; # 0. Then 1*x, has filtration degree i, so it can be written as
*xg = h(y1,...,Yn), where h is a function with h(t“icy, ..., t%¢c,) = O(t)
for all ¢ € R". By replacing x, with x, — h(x1,...,x,), we can arrange
that /*x, = 0. Proceeding in this way, we obtain the required weighted
coordinate system. O

Applying this to the case that our weighted immersion is a weighted
embedding yields the following.

Corollary 2.17. Ifi: (M,N) — (M, N') is a weighted embedding, then i(M)
is a weighted submanifold of (M', N') such that i(M) "N’ = i(N) and (M, N)
is isomorphic to (i(M),i(N)) as weighted manifolds.

Applying this to the inclusion of a submanifold R C M yields the
following characterization of weighted submanifolds, which generalizes
clean intersection.

Corollary 2.18. If (M, N) is a weighted pair, then a submanifold R C M is a
weighted submanifold if and only if

(a) R is weighted along RN N,
(b) the inclusion R — M is a weighted morphism, and
(c) (TR|RQN)(Z-) =TRnN (TM’N)(z‘)-

Remark 2.19. Note that this says that we could have taken the conclusion
of Proposition 2.9 as a definition of weighted submanifolds. In particular,
we could use this to give a define immersed weighted submanifolds.

2.3.2  Weighted Submersions

We now discuss weighted submersions. Since a submersion is a smooth map
whose tangent map is fibrewise surjective, the discussion at the beginning
of the last section leads us to the following definition.
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2.3 WEIGHTED MORPHISMS

Definition 2.20. Let (M, N) and (M’, N’) be weighted pairs. A submersion
7w M — M is called a weighted submersion if it is a weighted morphism
such that for each i the map

(TM|n) iy — (TM'|nr) i)
is fibrewise surjective.

Examples 2.21.  (a) If (M;,N;) and (M, N,) are weighted pairs, then
both of the projections 7; : My x My — M; are weighted submer-
sions.

(b) If M = IR? is weighted by wt(x) = 1 and wt(y) = 3,and M’ = R? is
given the trivial weighting along the curve y = x?, then the identity
map M — M’ is a weighted morphism and a submersion, but it is not
a weighted submersion. Indeed, we have that (TOM)(,Z') = span{dy},
but (ToM') (1) = span{dy, dy }

(c) If (M, N) and (M’, N') are both trivially weighted, then the weighted
submersions are the submersions 7 : M — M’ which restrict to
submersions 7|y : N — N'.

Theorem 2.22 (Normal Form for Weighted Submersions). Let 7 : M — M’
be a smooth map between weighted manifolds of dimensions n > n'. Then 1t is a
weighted submersion if and only if for all p € M, with image po = 7t(p), there
are weighted coordinates x1, ..., x, around p such that xi,...,x, are rt-basic
and descend to weighted coordinates near py.

We refer to the coordinates xq,...,x, in Theorem 2.22 as submersion
coordinates for the map 7.

Proof. The direction (<=) follows by direct examination in weighted sub-
mersion coordinates. For the opposite direction, note that the condition
implies that for p € N, with image py = 7(p), the map

gr(Tp,M') i) — gr(T, M)

is injective for each i. Let {y;} be coordinates on an open neighborhood
Uy of po. Then the set {dp,y; : wt(yy) = i} defines a basis of gr(T; M') ;.
Their pullbacks under 7 are hence linearly independent in gr(T;M) ;).
By Lemma 2.4, the functions 7t*y, are part of a system of weighted coordi-
nates near p. O

Put differently, this result says that given a weighted submersion we can
always find weighted coordinates which are simultaneously submersion
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2.3 WEIGHTED MORPHISMS

coordinates. In light of this, we have the following weighted versions of
the standard results from differential geometry.

Corollary 2.23. Let (M, N) and (M', N') be weighted pairs and 7t : (M, N) —
(M', N') a weighted submersion. Then the pre-image of any weighted submanifold
is a weighted submanifold. In particular, the fibres of a weighted submersion are
weighted submanifolds.

2.3.3 Weighted Transversality

We may also consider the weighted analogue of transversality. Let (M, N),
(M',N"), and (M"”, N") be weighted pairsand f : M — M", g : M' - M"
be weighted morphisms.

Definition 2.24. We say that f and g are weighted transverse if they are
transverse and

Ty f(gr(TyM) (i) + Tyg(gr(TyM ) y) = gr(TrpnM”) (5
for all (p,q) € N x N’ such that f(p) = g(q).

Example 2.25. A weighted submersion is weighted transverse to any
weighted morphism.

Remark 2.26. 1If f and g are weighted transverse, then their restrictions to
N and N’ remain transverse. Hence N x n» N’ is a smooth manifold.

Theorem 2.27. If f : My — Mand g : My — M are weighted transverse, then
their fibre product

My xpm Mo ={(q,p) € M1 xMo: f(p) =8(q)}

is a weighted submanifold of My x My, with induced weighted along N1 X 5 No.
Moreover, the projections

pri:Ml Xm Mo — M;, i=0,1,
are both weighted morphisms.

Proof. Since f and g are transverse, it follows that M; x 1 My is a sub-
manifold of M; x Mj. Therefore, we must produce weighted submanifold
coordinates near any (p,q) € (M xnm Mo) N (N1 x Np).
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2.3 WEIGHTED MORPHISMS

Let U C M be an open neighbourhood of the pointr = f(p) = g(q) € M
and let x1, ..., x,, be a weighted coordinate system defined on U. Consider
the functions

Ya: M1 X MO — R
(q,p) = (f"xa)(p) — (& %) (q)-

Since f and g are weighted morphisms, and since x, has weight w,, it
follows that y, € C*(M; x MO)(wa)- Moreover, since

dy, = f*dx, — ¢g*dx,

the weighted transversality assumption ensures that the image of the
set {d(p)Ya : wa = i} in gr(T(*q,p)(Ml X My)); is linearly independent.
Thus, Lemma 2.4 ensures that y, can be extended to a weighted coordinate
system. Since M X M is locally cut out by the y,, it follows that the
completed coordinate system are the required weighted submanifold
coordinates. Since the projections factor as the composition

My xp Mg — M1 X My — M;,
it is clear that they are weighted morphisms. O

Corollary 2.28. If two weighted submanifolds intersect in a weighted transverse
manner (i.e. the inclusions are weighted transverse), then their intersection is
again a weighted submanifold.

Remark 2.29. In fact, if the intersection of two weighted submanifolds R
and R’ is weighted transverse, then by modifying the standard argument
appropriately one finds that any point p € RN R’ is contained in an open
neighbourhood U C M on which there is a local weighted coordinate
system x, such that

Rﬂll:{xlz---:xrzo} and R’ﬂU:{x,H:---:xr/:O}.

2.3.4 Characterizations of Weighted Morphisms

It can be difficult in practice to verify if a given map between weighted
manifolds is a weighted morphism. It is therefore desirable to have alter-
native characterizations that one can appeal to in specific examples.

Let (M, N) and (M’, N') be weighted manifolds. One might guess that
weighted morphisms are the smooth maps of pairs f : (M,N) — (M',N’)
for which the tangent map Tf : TM|y — TM/|y: is filtration preserving.
However, this is not sufficient, as the following example shows.
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2.3 WEIGHTED MORPHISMS

Example 2.30. Consider R with the trivial weighting along the origin, and

R? weighted along the origin by declaring that wt(x) = 1 and wt(y) = 3.

Consider the function
f:R — RR?
x— (x, x2) ;

this is not a weighted morphism because y has weight 3, but f*y = x? has
weight 2. However, Tfy : To)R — TolR? is a filtration preserving map.

For another possible approach, recall that morphisms of manifolds with

some additional structure can be characterized in terms of their graphs.

For instance,

(a) linear maps between vector spaces are exactly the maps ¢ : V. — W
whose graph

I(g) = {(p(0),0) :0 €V} C WXV
is a linear subspace of W x V;

(b) Lie algebroid morphisms are the vector bundle morphisms ¢ : A —
B between Lie algebroids whose graphs are Lie subalgebroids of
B x A;

(c) Lie groupoid morphisms are exactly the smooth maps ¢ : G — H

between Lie groupoids whose graphs are Lie subgroupoids of H x G.

In light of this, one might guess that weighted morphisms are exactly the
smooth maps whose graph is a weighted submanifold of the product. It
turns out that this is also not sufficient, as the following example shows.

Example 2.31. Let (M, N) = (IR?,{0}) be the trivially weighted pair, and
let (M’,N’) = (R?,{0}) be weighting pair given by assigning x weight
1 and y weight 3. Then the identity map id : (M,N) — (M/,N’) is
not a weighted morphism, but its graph is a weighted submanifold of
(M' x M, N’ x N). Indeed, this follows because id : (M, N’) — (M, N) is
a weighted morphism.

The following theorem says that these two conditions together are
enough to characterize weighted morphisms.

Theorem 2.32. Suppose that (M,N) and (M',N') are weighted pairs and
f:(M,N)— (M',N') is a smooth map of pairs. Then f is a weighted morphism
if and only if

(a) the graph T(f) C M’ x M is a weighted submanifold and
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2.3 WEIGHTED MORPHISMS

(b) the tangent map Tf : TM|ny — TM'|n is filtration preserving.

Proof. First, suppose that f : (M,N) — (M, N’) is a weighted morphism.
Let x, be weighted coordinates near p € N and y;, be weighted coordinates
near g = f(p) € N’'. Then weighted submanifold coordinates for I'(f) near
(q,p) are given by X, = x, and J, = ¥, — f*yp. To see that Tf|y is filtration
preserving, let p € N. Since 0y, (f*ys) € C*(M) () —w,) We have that

wy, > w, = a(g w)| 0.
Xo |,
Therefore,
0 oypf)| 9 ’
Tpf < > = ) 3 € (Tr(pyM') (—aw,)-
ax“ P b : wy<w, axa Payb f(p)

For the converse, suppose that (a) and (b) are satisfied. The map f
factors as a composition of the diffeomorphism

M—=T(f), xw— (f(x),x), (2.9)

the inclusion I'(f) — M’ x M, and the projection M’ x M — M’. Since the
composition of weighted morphisms is a weighted morphism, it suffices to
show that the map (2.9) is a weighted diffeomorphism (i.e. a weighted mor-
phism with weighted inverse). The inverse map I'(f) — M is a weighted
morphism, since it is the restriction of the projection M’ x M — M to a
weighted submanifold. By Theorem 2.22 it is enough to show that the map

TT(f)Ir(p)nn — TM|n

is an isomorphism of filtered vector bundles. By Proposition 2.9, the
filtration on TT'(f) = TT(f) N (N’ x N) is defined by the intersections

(TT(f)lrHnn) iy = TT(F) 0 ((TM[n) iy < (TMn) iy)-

This intersection consists of all (Tf(v),v) such that v € (TM|y)(;) and
Tf(v) € (TMyy)(), hence it maps isomorphically onto (TM|y); if and
only if Tf is filtration preserving. ]

Example 2.33. For any weighted manifold M, the diagonal Ay C M x M
is a weighted submanifold.

Another characterization of weighted morphisms is given by the notion
of a weighted path. Let (M, N) be a weighted pair.
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2.3 WEIGHTED MORPHISMS

Definition 2.34. A path v : R — M is called a weighted path if it is a
weighted morphism for the trivial weighting of R along the origin.

If x, is a system of weighted coordinates, with weight w,, then + is of
the form

y(1) = (21(E), ..., xa (1)) = (O(FD), ..., O(t)).

We can completely recover the weighting of M by knowledge of the
weighted paths.

Theorem 2.35. (@) We have f € C*(M); if and only if

for every weighted path v : R — M.

(b) A smooth map ¢ : (M,N) — (M',N’) between weighted pairs is a
weighted morphism if and only if it takes weighted paths to weighted paths.

Proof.  (a) We have to show the "only if" direction. Suppose that f <
C*(M) has the property that f(y(t)) = O(t) for every weighted
path v : R — M has filtration degree i.

Let p € N and let x, be weighted coordinates defined on U C M.
Consider the Taylor expansion of f with respect to these coordinates:

i—1

flo)= 3 el +g(x) =} pi(x) +8(x),

lw<i j=1

where I = (i, ...,iy) is a multi-index, g € C*(M);), and p; are
weighted homogeneous of degree j. Let A = (A4,...,A,) € R" and
consider the weighted path y(f) = (A1t*1,...,A,t""). Using that the
p; are weighted homogeneous of degree j, we have, by assumption,
that

i—1 i—1
fir(8) = ;)P;‘(’)’(t)) +8(r(t) = ;)fjpj()\) +g(r(1) = O(t).
j= j=
Since g(y(t)) = O(t'), this implies that #/p;(A) = O(t'), whence

pj(A) =0forall A € R". Thus, f =g € C*(M).

(b) Since the composition of weighted morphisms is weighted, a weighted
morphism takes weighted paths to weighted paths. For the con-
verse, suppose that ¢ takes weighted paths to weighted paths. Let
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f € C®(M');) and let v : R — M be a weighted path. Then
povy:R — M is a weighted path and
(@ N)(r(1) = flp(v(1)) = O(F),

hence ¢*f € C*(M) ;) by part (a). O

2.4 THE WEIGHTED NORMAL BUNDLE

Let us motivate this section by the following observation, which we learned
from Haj and Higson ([SH18]). Suppose that N C M is a closed submani-
fold, and let

v(M,N) =TM]|n/TN

be the normal bundle of N in M. Any f € C®(M) defines a fibrewise con-

stant function f% ¢ Col (v(M,N)) = C*(N) by restriction to N followed

by pull back, and the assignment f + fl% defines an isomorphism
C®(M)/In — Cy(v(M,N)).

If f € In, the differential df vanishes along TN, hence defines a fibrewise
linear map

e Cy(v(M,N)) =T(v(M,N)*), X, — d,f(Xp),
and the assignment f — [l defines an isomorphism
In/T — Ch(v(M, N)).

This extends uniquely to an isomorphism of graded algebras

B IN/I! = Cry(v(M,N)),
k=0

where C2, (v(M, N)) denotes the graded algebra of fibrewise polynomial
functions on v(M, N) (see (2.11)). It can be shown (see, for instance, [GRog])

that the map
v(M, N) = Homag(Copy (v(M,N)),R), X, > evx,

is a bijection of sets. Even more, one can naturally define a vector bundle

structure on Homalg(C;‘;l (v(M,N)),R) in such a way that the evaluation
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2.4 THE WEIGHTED NORMAL BUNDLE

map is an isomorphism of vector bundles. From this observation, we
deduce that we can recover the normal bundle of N in M from the filtration

C°(M)2INDTI42D---.

Loizides and Meinrenken repeated this construction with general weight-
ings in [LM23], calling the resulting object the weighted normal bundle
vw (M, N) — N, which is the topic of this section.

2.4.1 Graded Bundles

In contrast to the normal bundle, the weighted normal bundle is not
naturally a vector bundle; instead it is a graded bundle, in the sense of
Grabowski and Rotkiewicz, [GR12].

Definition 2.36 ([GR12]). A graded bundle is a smooth manifold E with a
smooth monoid action of (R, -),

k:RxE—E, (tx)— x(x).

A morphism of graded bundles if a smooth map between graded bundles
which intertwines the (IR, -)-action.

Note in particular that «o o kg = ko, hence N = x((E) is a submanifold of
E; in fact, Grabowski and Rotkiewicz showed in [GR12] that E is a locally
trivial fibre bundle over N.

Examples 2.37. (a) A vector bundle V — M is a graded bundle, with the
monoid action of R given by scalar multiplication. In fact, Grabowski
and Rotkiewicz showed in [GRog] that vector bundles are precisely
the graded bundle for which the map

V-TE, v k() (2.10)

'_> N
dt],_,
is injective.

(b) A negatively graded vectorbundle E=E_, ®E_,;1®---SE_1 —
N is a graded bundle, where R acts on the factor E_; as scalar

multiplication by . If E — N is a graded bundle, then v(E,N) is a
graded vector bundle and there is a non-canonical isomorphism

E=v(E,N)

as graded bundles (see [GR12]). Thus, any graded bundle is non-
canonically the total space of a vector bundle.
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(c) A graded Lie groupoid is a Lie groupoid G = M with a monoid
action of (R, -) by Lie groupoid morphisms. In the case that the
scalar multiplication satisfies (2.10), then this recovers the notion of a
VB-groupoid. On the other hand, if G = M is a vector bundle, then
this recovers the notion of a graded vector bundle.

Given a graded bundle 7 : E — N, let Cf}) (E) = {f € C*(E) : k; f =
t"f} and let
pol (E) = @CFE](E) (2.11)

n>0

be the space of polynomial functions on E; note that Co) (E) = C®(N).
Let kg = dim(N) and k; = rank(v(E, N)_;). Given an open set U C N,
coordinate systems x, defined on 77~ !(U) C E are called graded bundle
coordinates if x, € Cﬁ’(E) for ki1 < a < ki. A graded subbundle is a
submanifold F C E which is closed under the monoid action of IR; graded

subbundles are always locally cut out by graded coordinates.

Example 2.38. If E — N is a vector bundle then Cfj, (E) 2 T(E*). More
generally, we have
pot (E) = Sym(I'(V7))

as graded algebras. Graded coordinate systems for E are vector bundle
coordinates systems, consisting of coordinates for the base and linear
coordinates on the fibres.

As shown in [GJR17], graded bundles are completely determined by
their polynomial functions, in the sense that

E = Homgg (Cyy (E), R). (2.12)

2.4.2  Definition of the weighted normal bundle

In light of (2.12), one could define a graded bundle by declaring what its
polynomial functions are (cf. [SH18]). Motivated by the observation that
Coo(V(M,N)) = Di>0 ZK /I, let (M, N) be a weighted pair and let
gr(C®(M)) be the graded algebra with graded components

gr(C™(M)) ) = C(M) ;) /C= (M) (i11)-

Definition 2.39 ([LM23]). The weighted normal bundle of the weighted pair
(M, N) is the set

vy (M, N) = Homgjg(gr(C*(M)), R).
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Given f € C*(M);), let f 1l denote its class in gr(C*(M)) ;. Evaluation
by fl!! determines a map, which we also denote by !,

fTvp(M,N) =R = o(fI)

which we refer to as the i-th homogeneous approximation of f. The C*-
structure of 1,y(M, N) is defined by declaring that fl is smooth for any
f S COO(M)(I)

34

Theorem 2.40 ([LM23, Theorem 4.2]).  (a) The weighted normal bundle vy, (M, N)

has a unique structure as a graded bundle over N, of dimension equal to
that of M, in such a way that

pot (Vw (M, N)) = gr(C™(M))
as graded algebras.

(b) Given weighted coordinates x1,...,x, on U C M, the homogeneous ap-
proximations xf[,w”] fora =1,...,n serve as graded bundle coordinates
on vyy(M, N)|unn = v (U, U N N). Moreover, C;‘;l(vw(u, UNN)) is

[wa]

generated as an algebra over C*(UNN) by x, " with w, > 1.

This construction is functorial for weighted morphisms. That is, any
weighted morphism ¢ : (M, N) — (M’, N’) induces a morphism of graded
bundles

vw (@) : vw(M, N) = vyp(M', N').

Note as well that for any f € C*(M’)(; we have

v () il = (¢ f)I1.

Examples 2.41. (a) If M is trivially weighted along N then vy (M, N) =
v(M, N), as explained at the beginning of this section. In particular,
vy (M, M) = M and vy (M, D) =@

(b) If (M,N) and (M’, N') are weighted pairs then the canonical map
V(M x M/, N x N') — vyy(M, N) x vyy(M', N')

is an isomorphism of graded bundles, as can be seen by considering
local graded bundle coordinates. Moreover if ¢ : (M,N) — (R, Q)
and ¢ : (M',N’) — (R, Q’) are weighted morphisms, then under
this identification vy (¢ X P) = vy (@) X vy ().
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(c) If R? is weighted be declaring that wt(x) = 1 and wt(y) = 3, then
v (R, {0}) = R?. The monoid action of R on IR? is given by

Ke(x,y) = (tx, ).

(d) If E = N is a graded bundle, then E is canonically weighted along
N by '
C¥(E)p = {f € C2(E) i f = O(t) };
weighted coordinates are then given by graded bundle coordinates.
With respect to this weighted, vy (E, N) = E canonically.

2.4.3 Properties of the weighted normal bundle
Proposition 2.42. If 1 : (R, Q) < (M, N) is a weighted embedding then
u(t) : (R, Q) = (M, N)

is an embedding.

Proof. By Theorem 2.16 we may assume that R is a weighted submanifold
of M and Q = RN N. We will show that any choice of weighted subman-
ifold coordinates for R define submanifold coordinates for the image of
vw(R,RNN) in vy (M, N).

Recall that the weighting on R is defined so that ; : R < M defines a
surjection gr(C*(M)) — gr(C*(R)), hence an injection 1)y (R, RN N) —
vy (M, N). The image of v)y(R, RN N) in vyy(M, N) consists of algebra
morphisms ¢ : gr(C®(M)) — R with the property that the value of
¢(f!1) depends only on (f|r)!l € C*(R);)/C®(R)i,1). Therefore, if x,
are weighted submanifold coordinates defined on U C M such that

RNU={x;=---=x =0},

and ¢ € vy (U, UNN) is in the image of vy (RN U, RN N NU), then since
(x4|g)®) =0 fora=1,...,r we have wa”} (¢) = 0. This shows that

w(RNU,RANNU) C {x") = = x[*) =0}
For the reverse inclusion, let ¢ € {xgwl] == = 0}. Given f €

C*(U) i) NZrnu, we want to show that @(fl) = 0. Since f vanishes along
RN U we can write f = Y3_; fax, with f; € C*(U)(i_y,), hence

o(f1) = 21 2 (g) . i) =0,
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as needed. O

Proposition 2.43. There is a canonical isomorphism
Tuy (M, N) |y = gr(TM] ).

If o : (M,N) — (M',N') is a weighted morphism, then with respect to this
identification one has
Tvw(¢)|n = gr(Te|n)

Proof. Using that vy (M, N) is a graded bundle and [LM23, Proposition
4.4], we have that

Tvw(M,N)|y = TN @& gr(v(M, N)).
The filtration of v(M, N) is given by v(M, N);y = (TM|n);) /TN, so that
r
Tvw(M,N)|y = TN & @ v (M, N) iy /vw(M, N) _i11)
i=1
= TN & P(TMIn) i)/ (TM|n) (=is1)
i=1
= gr(TM|n),
as claimed. 0

Corollary 2.44. If F : M — M’ is a weighted submersion between weighted
pairs (M, N) and (M, N'), then vy (F) is a submersion.

Proof. By Proposition 2.43, v)y(F) is a submersion along N C vy(M, N)
hence near N. Since vy (F) is a morphism of graded bundles it follows
that it is a submersion everywhere. O

Proposition 2.45. Suppose that F: M — M" and G : M’ — M"" are weighted
transverse. Then

(a) v (F) : vw(M,N) = vyw(M",N") and viy(G) : viy(M',N’) —
vy (M, N") are transverse, and

(b) the canonical map
Vw(M X M M/,N X N N/) — Vw(M, N) XVW(M“,N“) Vw(M,, N/)

is an isomorphism of graded bundles.

Here the graded bundle structure on the fibre product is as a graded
subbundle of vy, (M, N) x vyy(M',N') = N x N/,
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Proof.  (a) By modifying the standard argument appropriately, one finds
that F and G are weighted transverse if and only if the graph I'(F x
G) of F x G is weighted transverse to the diagonal Ay prspxpr =
{(m",m",m,m")} CM" x M" x M x M It follows by considering
weighted coordinates adapted to this transverse intersection that
I'(vw(F x G)) =T (vw(F) x vy(G)) is transverse to the diagonal in
v (M”" x M" x M x M',N"” x N” x N x N'), which establishes the
claim.

(b) This follows by considering graded bundle coordinates, since it is a

graded bundle morphism which is the identity along the base. [

2.5 THE WEIGHTED DEFORMATION SPACE

Motivated by the construction of Haj and Higson [SH18], Loizides and
Meinrenken show that a weighted manifold M can be "deformed" to its
weighted normal bundle in a smooth way. The construction is known in
algebraic geometry as the deformation to the normal cone, which we now
review.

2.5.1  Construction of the Weighted Deformation Space

Let (M, N) be a weighted pair, and let
Rees(C™(M)) = {Zfiz_i fe C°°<M><i)} c co (M), 2)
i€Z
denote the Rees algebra associated to the weighting of M.

Definition 2.46 ([LM23]). The weighted deformation space of the weighted
pair (M, N) is the set

Sw (M, N) = Homge (Rees(C*(M)), R).

We now explain how to endow &)y (M, N) with a smooth structure.
Given f € C®(M) ), its i-th homogeneous interpolation is the function

flow(M,N) = R, ¢ (fz7);
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note that if f € C*(M)(; and ¢ € C®(M);) then f?hﬂ] = fligll, The
map 7 = 1071 : 6, (M, N) — R is a surjection with fibres

Ny =t ={ M T e

see [SH18, LM23]. Given f € C*(M); one has

ﬁi]|n4({t}) :ow(M,N); = R, x— { ;_[l;](:(c;c) ; i 8 (2.14)

Loizides and Meinrenken prove the following.

Theorem 2.47 ([LM23, Theorem 5.1]).  (a) There is a unique C*-structure
on oy (M, N), as a manifold of dimension dim(M) + 1, such that the
maps (2.14) are smooth for each f € C®(M);). In terms of this struc-
ture, the map 1t : dy(M, N) — R is a surjective submersion and the
identifications (2.13) are diffeomorphisms.

(b) If x, is a weighted coordinate system on U C M, then the homogeneous

interpolations ft[zw“], together with the coordinate t = 7t : dyy(M, N) — R

are coordinates on dyy(U,UNN) = vy (U, UNN) U (U x R*).

Examples 2.48. (a) If M is trivially weighted along N, then 6,y (M, N) is
the standard deformation to the normal cone. In particular, éy (M X
M, M) is the tangent groupoid TM of Connes (cf. [Congg, SH18]).

(b) If M is weighted along itself then dy, (M, M) = M x R.

(c) If E is a graded bundle over N, then dy (E, N) is canonically isomor-
phic to E x R. The isomorphism is given by the family of maps

Sw(E,N); — E

e»—>{ Kpae t#0
e t=0,

where on the t = 0 we are identifying vy, (E, N) with E.

(d) If (M,N) and (M’, N’) are weighted pairs, then éy(M x M/, N x
N/) = 5w(M,N) XR 5w(M,,N/).

2.5.2  Properties of the Weighted Deformation space

We now list some properties of the weighted normal bundle. Most of the
proofs are similar as for the weighted normal bundle, so we will be brief.
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2.5 THE WEIGHTED DEFORMATION SPACE

The weighted deformation space is functorial for weighted mor-
phisms. That is, any weighted morphism F : (M,N) — (M',N’)
induces a smooth map &y (F) : dy(M,N) — sy(M’,N’). In terms
of the identifications (2.13), one has

F(x 0
OBy s x = { Vy(v()p)(x) :io

Moreover, given f € C*(M')(;) we have that éy (F )*flil = P+ f i,

If R is a weighted submanifold of the weighted pair (M, N), then
dw(R, RN N) is a submanifold of dyy (M, N). In particular, 6y (N, N) =
N x R is a submanifold of dy,(M, N). As with the weighted nor-
mal bundle, if x, are weighted submanifold coordinates for R on

U C M, then ff[lw“} together with t, are submanifold coordinates for
Sw(R,RNN) on dyy(U,UNN).

If F: (M,N) - (M",N") and G : (M,N') — (M",N") are
weighted transverse, then dy(F) : dyw(M,N) — dy(M",N”) and
Sw(G) : y(M',N') — by (M", N") are transverse and the canonical
map

5w(M X m M/,N X N N,) — 51/\)(M, N) X5W(M”,N”) 5w(M/, N,)
is a diffeomorphism.

([LM23, Section 5.2]) Given u € R*, consider the algebra morphism
of Rees(C®(M)) ' o
Kyt ) fiz 't Y falz
i i

This defines a smooth action of the group R* on dyy(M, N) called the
zoom action. Given f € C*(M);), the function flil is homogeneous of

degree i; in particular, 71 = 1[-1 is homogeneous of degree -1. Thus,
Ky : 5w(M, N)t — (Sw(M, N)u—]t.

On the open set M x R* = 7~ 1(R*) C &y (M, N) the action is
given by

Kyt (m,t) — (m,u_lt),
whereas on vy (M, N) = dyy(M, N)o the action is the graded bundle

multiplication. If F : (M,N) — (M',N’) is a weighted morphism,
then oy (F) : oy (M, N) — dyy(M', N') is R*-equivariant.
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We have, furthermore, the following theorem which justifies our defini-
tions of weighted immersions and weighted submersions.

Theorem 2.49 (Characterization of Weighted Immersions and Submer-
sions). A weighted morphism F : (M, N) — (M',N') is a weighted immersion
(resp. submersion) if and only if the induced map

5)/\;(F) : 5w(M,N) — 5w(M,,N,)
is an immersion (resp. submersion).

Proof. We prove the statement for weighted immersions, the proof for
weighted submersions being entirely analogous.

If F is a weighted immersion, then dyy(F) is an immersion as can be
seen by considering weighted immersion coordinates. On the other hand,
if dyy(F) is an immersion, then clearly F is a immersion. To see that the
map (TM|n) — (TM'|nr)(;) is fibrewise injective, we remark that

Tow(M, N)|nx oy = gr(TM|n) x R

and with respect to this

Tyow(F) = Trw(F) aﬁ*\y/i[w]@)

forany p € N C 6w (M, N)|;-1(40}), where

— —— [w] ——— [w}]

#(Fy) (p)=(Fy)  (p)... 0e(Fym)  (p)]T-

In particular, T,dy(F) is injective only if T,vyy(F) is, which happens
if only if the map (TM|n)u) — (TM'|n)(;) is fibrewise injective. It re-
mains to show that TF(TM) N (TM'|n/)) € TF((TM|n)(;)) (the other
inclusion is automatic since F is a weighted morphism). Let p € N and
Xp(p) € TF(TyM) N (Tp(pyM') ). Since F is an immersion, there exists
a unique Y, € T,M such that TF(Y,) = Xp(,), and furthermore, be-
cause Tvyy(F)|n = gr(TF|n) is injective, we see that Y, € (T,M);, as
needed. O

2.6 SINGULAR LIE FILTRATIONS

In this section we review singular Lie filtrations, which are the main tech-
nique for constructing weightings. Singular Lie filtrations are filtrations
of the sheaf of vector fields on a smooth manifold by locally finitely gen-
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erated C};-submodules which are compatible with Lie brackets (see Defi-
nition 2.50), generalization both Lie filtrations and singular foliations in
the sense of Androulidakis and Skandalis [ASog]. They recently made
an appearance in the work of Androulidakis, Mohsen, and Yuncken on
maximally hypoelliptic operators [AMY22].

Every weighted manifold has a canonical singular Lie filtration asso-
ciated to the weighting. Conversely, Loizides and Meinrenken showed
in [LM22] that a singular Lie filtration on a manifold M together with a
submanifold N satisfying a cleanness assumption canonically defines a
weighting of M along N, generalizing the work of Haj and Higson [SH18].
This has the practical application that, in examples, it is more natural to
define a singular Lie filtration than a weighting. In this section, we review
their work.

2.6.1 Filtration of vector fields

Let M have an order r weighting along N. Define X(M); to be the
collection of vector fields X € X(M) whose Lie derivative shifts filtration
degree by i; that is,

f € COO(M)(]) — Xf c COO(M)(Z+])
This defines a filtration
X(M) =X(M)(_y) 2 X(M)(_py1) 2 -+ (2.15)

which is compatible with Lie brackets in the sense that if X € X(M);
and Y € X(M); then [X,Y] € X(M) ). If x, is a system of weighted
coordinates on U, then X € X(U) ;) if and only if

d
X = ;faaixa/
with f € C*(U)(j_y,)- In particular, for any p € N we have
TPM(Z') = span{Xp : X e %(M)(l)}

More generally, the weighting of M determines a filtration

-+» 2 DO(M)4) 2 DO(M)(g41) 2 - -
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2.6 SINGULAR LIE FILTRATIONS

of the graded algebra of differential operators on M, where DO(M),
the operators D € DO(M) with the property that

q) is

feC®(M)s = Df € C¥(M)(i1g)-

One has that D € DO(M) ) if locally D is given by a linear combination
of terms of the form

X1 Xk,
where X; € %(U)(ij) with i1 + - - - + iy = g; in particular, we note that the
filtration of DO¥(M )(q) starts in degree —kr

DO (M) = DO¥(M) () 2 DO*(M)(_gry1) 2 -+

where r is the order of the weighting. With respect to the filtration of
differential operators we have
C*(M)y ={f €C*(M): —q <i, D€ DO(M) = Df|y =0}
(2.16)

q)

2.6.2  Singular Lie filtrations

Equation 2.16 implies, in particular, that we can recover the weighting of
M from the filtration of X(M) and the submanifold N. It is reasonable,
therefore, to ask when a filtration of X(M) defines a weighting of M. An
answer to this question was given by Loizides and Meinrenken in [LM22],
which we now summarize.

Definition 2.50 ([LM22]). Let M be a smooth manifold.

(a) A singular distribution on M is a sheaf D of C3;-submodules of X
which is locally finitely generated. That is, each point p € M is
contained in an open neighbourhood U such that D(U) is a finitely
generated C*®(U)-module.

(b) A singular foliation is a singular distribution / on M which is involu-
tive:
[F,F1C F.

(c) A singular Lie filtration is a filtration
XM=F,2F 122 F
of X by singular distributions F; with the property that
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2.6 SINGULAR LIE FILTRATIONS

Examples 2.51.  (a) If (M, N) is a weighted pair then X(M) g, is a singu-
lar foliation and the filtration of vector fields (2.15) is a singular Lie
filtration.

(b) A filtered manifold is a manifold M together with a filtration of TM
by subbundles

TM:F—rQFfr+12"'2F7120

satisfying [['(F;),T(F);] C T'(Fy;); this called a (regular) Lie filtra-
tion. Filtered manifolds appear in CR geometry, contact geometry,
and parabolic geometry (see [CP15, SH18, VEY19, Yun18] and the
references therein).

Definition 2.52 ([LM22]). Let M be a smooth manifold.
(@) Let D be a singular distribution on M. A (closed) submanifold
N C M is called D-clean if the function
N — N, p~ dim(D,+ T,N)

is a constant.

(b) Let F, be a singular Lie filtration on M. A (closed) submanifold
N C M is called F,-clean if it is F;-clean for each i.

Examples 2.53. (a) If (M, N) is a weighted pair and X(,) is the corre-
sponding singular Lie filtration, then N is X(M),)-clean.

(b) If H, is a singular Lie filtration on M, then F, x F, is a singular Lie
filtration on M x M. The diagonal Ayy C M x M is F, X Fe-clean if
and only if the F, is a regular Lie filtration.

(c) Let D be the submodule of X(IR?) generated by the vector fields x%
and %. Then the x-axis is D-clean, whereas the y-axis is not.

The theorem relating singular Lie filtrations with weightings is the
following.

Theorem 2.54 ([LM22, Theorem 4.1]). Let F, be a singular Lie filtration on a
manifold M, and let N C M be an F,-clean, closed submanifold. The filtration
defined by C3 1) = In and

Co*(U)y ={feC?(U): XeF(U), 0<j<i = XfeC(U);}
for i > 1 defines a weighting of M along N such that

(TM|n)i = Filn + TN.
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Before moving on, we record the following simple proposition about
weighted morphisms, the proof of which is obvious from the construction
of the weighting in Theorem 2.54.

Proposition 2.55. Let F, be a singular Lie filtration on M and let N C M
be an Fe-clean submanifold. Suppose that (M',N') is a weighted pair, and
that F : (M,N) — (M’,N’) is a map of pairs with the property that for all
X € F(U) there exists some Y € X(M') ;) such that X ~p Y. Then F is a
weighted morphism with respect to the weighting of M defined in Theorem 2.54.

2.7 INNER AUTOMORPHISMS OF WEIGHTED MANIFOLDS

Let (M, N) be a weighted pair. We close this chapter by showing that vector
fields X € X(M) o) are exactly those whose flow is an automorphism of
the weighted manifold. We begin with a lemma.

Lemma 2.56 ([ASog9, GY19, LGLR22, Propositions 1.6, 3.1, 1.6.9]). Let D be
a singular distribution on M and let X € X (M) be a vector field whose flow ¢;
is defined for |t| < €. If [X, D] C D, then

¢; (D) € D.
Proposition 2.57. Let (M, N) be a weighted pair, and let X € X (M) be a vector
field whose time flow ¢; is defined for |t| < €. Then the following are equivalent:
(@) X € X(M)),
(b) [X,X(M);)] € X(M)) forall i,
(c) ¢y is a weighted diffeomorphism for all |t| < e.

Proof. Recall that the filtration of X(M) is compatible with brackets in the
sense that if Y € X(M); and Z € X(M) ;) then [Y, Z] € X(M) ;). Thus,
(a) implies (b).

Now suppose that (b) holds. By applying Lemma 2.56 to the singular
distribution D = X(M) ;), we have that

o7 (X(M)(;y) € X(M);

for all |t| < e. By Proposition 2.55, this implies that ¢; is a weighted
diffeomorphism.
Finally, suppose that (c) holds and let f € C*(M);. Since

d
PP Xf = aqbff € C*(M) ),

it follows that Xf € C*(M);), hence X € X(M) ). O
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LINEAR WEIGHTINGS

3.1 WEIGHTED VECTOR BUNDLES

We now turn our attention to weightings for vector bundles. In [LM23],
Loizides and Meinrenken define a linear weighting of a vector bundle V' to
be one for which scalar multiplication is a weighted morphism. We found
this definition to be too restrictive in the sense the it excludes some basic
examples. For instance, there is no natural weighting of the cotangent
bundle of a weighted pair (M, N) even though the tangent bundle is
canonically weighted. Moreover, since vector bundles can be defined in
terms of their sheaf of sections, it is desirable to have a definition of linear
weighting in these terms.
We define linear weightings in terms of a Z-graded filtration

- DTy 2Ty i1y 2 -

filtration of the sheaf of sections of a vector bundle, satisfying a local
condition modelled after Definition 2.1. To ensure our definition contains
naturally arising examples, we allow for the filtration of the sections of
V to be non-trivial in both positive and negative degree. If V. — M is
a linearly weighted vector bundle, then M is a weighted manifold and
the constructions of the weighted normal bundle and the weighted defor-
mation space still go through yielding vector bundles over the weighted
normal bundle and weighted deformation space of M, respectively.

We let T'(V) denote the (smooth) sections of V. If W — N is a subbundle
of Vs> MthenT(V,W)={ceT(V):0|y € W}

3.1.1 Definition of linear weightings

A linear weighting of a vector space V is a filtration of V by subspaces.
Therefore, we define a weighted vector bundle to be one which is locally
the product of a weighted manifold with a filtered vector space. This is
formalized as follows.

Let (M, N) be a weighted pair and M x RF — M the trivial bundle of
rank k over M. A vertical weight vector for M x RF is a k-tuple of integers
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3.1 WEIGHTED VECTOR BUNDLES 46

(v1,...,vk) € ZF. A choice of vertical weight vector determines a filtration
of T'(M x RF) by C*®(M)-submodules

k
T(M xR =Y C®(M) ;)0 (3.1)
a=1

where 07, ..., 0} is the standard basis for R*.

Definition 3.1. A linear weighting of a rank k vector bundle V over the
weighted pair (M, N) is a Z-graded filtration

2Ty 2Ty 2 -

of the sheaf of sections I'y by Cjj-submodules such that for every point
p € M there exists an open neighbourhood U C M containing p and a
frame 07,...,0% € T(V|y) such that T'(V|y); is given by (3.1). The frame
0, is called a weighted frame. We refer to a vector bundle with a linear
weighting as a weighted vector bundle.

Remarks 3.2.  (a) If v1,..., v, is the vertical weight sequence for V, then
Iy =Ty fori< min,{v,}.

(b) By definition, I'y is a filtered module over the filtered algebra Cj;.
That is, for all i,j € Z,

Chiiy - Tv() € T iv)-

(c) Using that we are working in the C*-category, we may take advan-
tage of the existence of partitions of unity to avoid the use of sheaves,
working instead with the filtration of global sections

2IT(V)iy 2T(V) 41y 2 -+
Examples 3.3. (a) If M is weighted along itself, then a filtration of V
DV 2 Vi 2

by subbundles V; — M via defines a linear weighting of V via
correspondence

(b) If M is a weighted manifold and V is a weighted vector space, then
the trivial bundle M x V' is a weighted vector bundle.



()

(d)

(e)

3.1 WEIGHTED VECTOR BUNDLES

Let (M, N) be a weighted pair and let
D2 X(M) () 2 X(M) (1) 2 - (3-2)

be the induced filtration of X(M) (see Section 2.6). If x, is a local
weighted coordinate system on M, then the local coordinate vector
fields a% define a local weighted frame for TM. Thus, (3.2) is a
linear weighting of TM. If wy, ..., w, are the weights for M, then the
vertical weights for TM are given by —wq, —ws, ..., —wy.

With the same setting as in (c), let QO'(M) ;) denote the 1-forms
w € QM) on M with the property that

If x, is a weighted coordinate system on M, then the differentials
dx, form a weighted frame for T*M. Thus, T*M is a weighted
vector bundle. If wy, ..., w, are the weights for M, then the vertical
weights for T*M are given by wy, ..., w, as well. Note that the map
d: C®(M) — QY(M) is filtration preserving.

Let N C M be a closed submanifold with vanishing ideal Zy. The
trivial weighting of M along N is given by order of vanishing,

If W — N is a subbundle of V — M, then the filtration
r(v) i< -1,
F(V)(i) =q (VW) i=0,
I, -T(V) i>1,

determines a linear weighting of V. If M is trivially weighted along
N, this recovers the tangent weighting of TM from the previous
example for W = TN

Recall from Section 2.1 that a weighting of M along N determines a
filtration of TM|y be subbundles. The analogue of this in the context of
linear weightings is the following.

Proposition 3.4. Let (M, N) be a weighted pair. A linear weighting of V. — M
with vertical weights v1, ..., vy determines a filtration of V|N

2 (VIN) gy 2 (VIN) (i) 2 -+
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3.1 WEIGHTED VECTOR BUNDLES

by subbundles (V|n); — N of rank k; = #{a : v, > i}. In fact, T((V|N) ;) is
given by the image of T (V) ;y in

I(V)/(In-I(V)) =T(V|n)

under the quotient map.

Proof. Let p € N be contained in the open neighbourhood U C M, and
let 0, be a weighted frame for V|;. Then the image of T(V|y) ;) in the
quotient I' (V) / (Znnu - T(V|u)) is freely generated by

{Ua‘NﬂU 1Uq 2 1} [

Remark 3.5. This shows that if M is weighted along itself then a linear
weighting of V' — M is equivalent to a filtration of V by subbundles, as
in Examples 3.3 (a). In particular, a weighted vector space is equivalent to a
filtered vector space.

Examples 3.6. (a) If (M, N) is a weighted pair and TM and T*M are
weighted as in Examples 3.3 (c) and (d), then the filtrations of TM|y
and T*M|y are the ones defined in Section 2.1.

(b) If V. — M is trivially weighted along W — N as in Examples 3.3 (e),
then the filtration of V|y is

VIN2 W D0.

(c) Let R be given the trivial weighting along the origin, so that the

coordinate x has weight 1. Let V = R x R? P R be the trivial
bundle of rank 2 over IR, and let 01,07 € T (V) be standard frame.
The linear weightings

F(V)iy =C®(R)(j) - 01+ C*(R)(i42) - 2

L(V)(; = C(R)(j) - (01 + x02) + C¥(R) j42) - 02
determine the same filtration of Vo = {0} x R?, but they are different
weightings. Indeed, oy + x0» € F(V)zo), but 01 + xo2 & T(V)(g)- In

particular, this example shows that the filtration of V|y alone is not
enough to recover the weighting of V.

3.1.2 Constructions

We now explain how various constructions with vector bundles work in
the weighted setting.
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(@) (Dual weighting) The dual of a weighted vector bundle is linearly

weighted by
T E T(V*)(l) <~ Vo € F(V)(]), <T,0’> c COO(M)(H_])

If 0, is a weighted frame for V|;; then the corresponding dual frame
T, is a weighted frame for V*|y;. In particular, if v, are the vertical
weights for V then —v, are the vertical weights for V* and V =
(V*)* as weighted vector bundles. Furthermore, the corresponding
filtration of V*|y is given by

(V*IN) @y = ann((V|N) (—i41))-

This generalizes the weighting of T*M defined in Examples 3.3 (d).

(b) (Direct sums, tensor products, etc.) If V. — M and W — M are weighted

vector bundles over the weighted pair (M,N),then V& W, VW,
Hom(V,W), A"V, and Sym" (V) all inherit linear weightings in a
canonical way.

For example, the linear weighting on V ® W is given by

F(V & W)(k) = Z F(V)(i) ®C°°(M) F(W)(])
i+j=k

The linear weighting on Hom(V, W) is given by the identification
Hom(V, W) = V* ® W. With respect to this weighting we have that,
foralli,j € Z,

I'(Hom(V, W))(i) X F(V)(]-) — F(W)(iﬂ')'

(c) (Shifted weighting) Given a linear weighting of V' — M we denote by

V[k] the vector bundle V linearly weighted by

C(VIK]) @y = T(V) (i4x)-
Note that:

@) (VIKIN) ) = (VIN)(i+k), and
(i) VIK* = V*[—Kk].

(d) (Pullbacks) Suppose that (M, N) and (M’, N’) are weighted pairs and

that ¢ : M’ — M is a weighted morphism.
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Proposition 3.7. If V. — M is a weighted vector bundle, then

L(e* V) = ;}COO(M/)(]') @' T(V)i—j)- (33)
]=

defines a linear weighting of the pullback bundle ¢*V — M.

Proof. Let U C M be open and let oy, ...,0x be a weighted frame
for V. We claim that the pullbacks ¢*0, € I'(¢*(V|y)) define a
weighted frame for ¢*(V|y). Indeed, we have that

L™ (Vo)) = X;)Cw(¢_l(u))(j) @ T(V]u)i-j
jz

=), (Zcm@"l(u))(]‘) : GO*COO(U)(I‘]'UH)) ¢ 0y

j=0
To complete the proof, we must show that

Y C2(@ (W) (j) - 9" C (W) i-jo,) = C(¢ 7 (U)) (1o,

j=0

note that there is nothing to show if i — v, < 0. We have that
@*C®(U) (i—j—v,) € C®(¢ 1 (U))(i—j—0,) as ¢ : M' — M is a weighted
morphism, hence the left hand side is contained in the right hand
side. The other inclusion follows by putting j = i — v, in the sum. [

3.1.3 Linear Weightings as a Filtration of Polynomial Functions

We now relate linear weighting to the weightings discussed in Chapter 2.
For this, we replace the algebra of smooth functions on M with the algebra
of fibrewise polynomial functions on the total space of V. Recall that the space
of space of fibrewise polynomial functions on a vector bundle V. — M is
the direct sum
;i;z(v) = @C%(V),
n>0

where CFZ](V) are the functions of homogeneity n. This perspective al-
lows for a quick definition of the weighted normal bundle and weighted
deformation bundles in Section 3.2 and Section 3.3.

Theorem 3.8 (Polynomial Characterization of Linear Weightings). Let V be
a rank k vector bundle over the m-dimensional manifold M. There is a one to one
correspondence between linear weightings of V and multiplicative filtrations

e D C;%l(v)(l) D C;%Z(V)(i—i-l) DI

50



3.1 WEIGHTED VECTOR BUNDLES

of the sheaf of polynomial functions on V with the following property: there
exist tuples (w1, ..., wy) € Z%, and (vy,...,vr) € ZF such that for each
¢ €V, there is an open set U C M with ¢ € V|y and vector bundle coordinates
X, € Ciy(Vlu), py € CF (V|u) such that C3, (V|u) ;) is generated as a C*(U)-

1] pol
module by the monomials

t m £ t
Xpi=atare g py (3-4)
such thats-w —t-v =Y s;wy — Y5 tjv; > i.

We refer to the coordinate system x,, p, described in Theorem 3.8 as
weighted vector bundle coordinates. We stress that while the base coordinates
x, have non-negative weight, the fibre coordinates y;, can have both positive
and negative weight.

Proof. Suppose that V is linearly weighted. For each n > 0 we will define
a filtration of CfJ) (V) and define filtration of C7, (V') by taking the direct
sum. Given n > 0, recall that there is an identification

= (V) = T(Sym"(V")). G5)

Since Sym"(V*) inherits a linear weighting from the weighting of V
(see Section 3.1.2 (b)), we use the identification (3.5) to define the filtration
of Ch (V). Explicitly, for any open set U C M, elements of Ch (Vlu)y are
functions f € C%(Vm) such that for any o € I'(V|[y) ;) one has

foo € Co(U) -

In particular, Cij (V) ;) = C®(M) ;) and C}

0] 1 (V)(z) = F(V*)(l) Let

vt (Vi) = B Cy (V) o)-

n>0

To get weighted vector bundle coordinates, let U C M be an open subset
over which V| is trivialized, let x, be weighted coordinates on U and
let 0, be a weighted frame for V|y. Let 1, € T'(V*|;) denote the dual
frame and p;, € Co) (V]u) the corresponding linear coordinates. The n-fold
symmetric products of the 7, form a weighted frame for Sym"” (V|};), hence
the functions x,, p, define the necessary vector bundle coordinate system.
Note that if the section ¢; has weighted v}, then the corresponding fibre
coordinate p; has weight —vy,.
Conversely, suppose that we are given a filtration

D Cooy(V) iy 2 Comy (V) i1y 2 - -
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as described in the statement of the theorem. For U C M open, define

C®(U) ) = Cg(VIu) NCpoy(Vlu) ) and (3.6)
T(VIg) = C(VIu) Ny (Viu) - (3-7)

The requirement that C77, (Vi) be generated as a C*°(U)-module by terms
of the form (3.4) ensures that (3.6) defines a weighting of M and (3.7)
defines a linear weighting of V*. By taking the dual weighting, we have
thus also defined a linear weighting of V. These constructions are clearly
inverse to one another, and so we have proved the theorem. O

Example 3.9. If W — N is a vector subbundle of V — M, then order
of vanishing defines a linear weighting of V, which we refer to as the
trivial weighting along W. This agrees with the linear weighting defined
in Examples 3.3 (c).

Remarks 3.10.  (a) One can use to conclusion of Theorem 3.8 to define
graded bundle weightings, using graded bundle coordinates in place of
vector bundle coordinates.

(b) Let V. — M be a linearly weighted vector bundle. Recall that the
weighting of V determines a filtration

2 (VIN) G 2 (VIN) 1) 2 -+

of V|y by wide subbundles. In local vector bundle coordinates
X1, %y € C°(U), p1,---,px € C‘[’f](V]u), (VINnu) iy is cut out
by the equations

x, = 0 for w, > 0,
pb:0forvb<i.

(c) As a consequence of Theorem 3.8, one finds that a linear weighting
of V naturally defines a filtration of TV |y by subbundles. In terms
of the canonical decomposition TV |y = TM|y @ V|y, one has

(TVIN) Gy = (TMIN) i) @ (VIN) (i)

(d) We say that a linear weighting of V' — M is concentrated in non-positive
degree if
(V|N)(z) =0 for i>0.
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In this case, Theorem 3.8 shows that a linear weighting is a weighting
in the sense of Definition 2.1 along the subbundle

W = (V|n) ),

and we say that V is linearly weighted along W. For example, if
(M, N) is a weighted pair then the linear weighting of TM is con-
centrated in non-positive degree and TM is linearly weighted along
TN.

Weighted subbundles

Now that we have a characterization of linear weightings in terms of
polynomial functions, we can define weighted subbundles.

Definition 3.11. Let V — M be a weighted vector bundle. A subbundle
W — R is a weighted subbundle if there exists a weighted atlas of subbundle
coordinates for W.

That is, W is a weighted subbundle if and only if for every w € W
there exist weighted vector bundle coordinates x, € Col (V|u) and py €
Ch (V|u) such that W is locally defined by the vanishing of a subset of the
coordinates. Coordinates with this property are called weighted subbundle
coordinates.

Examples 3.12. (a) If V is a linearly weighted vector bundle over the
weighted pair (M, N), then V|y is a weighted subbundle. Any sys-
tem of weighted vector bundle coordinates are weighted subbundle
coordinates for V|y.

(b) If V is linearly weighted vector space then any subspace is a weighted
subspace (cf. Examples 2.7 (e)).

Proposition 3.13. Let V. — M be a linearly weighted vector bundle. If W — R
is a weighted subbundle,

(a) R is a weighted submanifold of (M, N),

(b) W inherits a linear weighting and the filtration of W|rny is given by
(Wlrnn) iy = W N (VIN) (i)-

Proof. One proceeds as in the proof of Proposition 2.9 using weighted
subbundle coordinates. O
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3.1.4 Weighted vector bundle morphisms

We now discuss morphisms of weighted vector bundles. The easiest defini-
tion uses the characterization of linear weightings in terms of polynomial
functions.

Definition 3.14. A vector bundle morphism ¢ : V — V' between linearly
weighted vector bundles V. — M and V' — M’ is called weighted if

9*Cy (V) i) S Cooy(V) i) for alli € Z.

Recall that a vector bundle map ¢ : V — V' induces a module map
¢* :T((V')*) = T'(V*). In terms of this perspective, one has the following
characterization of weighted vector bundle morphisms.

Proposition 3.15. Let ¢ : V — V' be a vector bundle morphism between linearly
weighted vector bundles V.— M and V' — M/, respectively. Then ¢ is weighted
if and only if

(a) the base map ¢p : M — M’ is weighted and
(b) fO?’ alli € Z, (P* : F((V’)*)(Z) — F(V*)(Z)

Proof. Suppose that ¢ : V — V' is a weighted vector bundle morphism.
Then,

PMC™ (M) iy = e (Coor (V) )y N Cly (W)
€ Coa (V)i NCgy (V) = C=(M) 3),
whence ¢y : M — M’ is weighted. Similarly, for any ¢ € T'((V')*),
let f, € Cﬁ’](V) be the corresponding function under the identification
ff](V) =T(V*). Then

¢ (o) = 9" fo € C1(V) 5y =T (V') i)

The converse follows by a similar argument, using that ¢* : Chal (V') —
Cpoi(V) is an algebra morphism and C, (V) ;) is locally generated as a

filtered algebra by C*(M) and CE’{’](V) =T(V*). O

Example 3.16. If f : M — M’ is a weighted morphism between weighted
pairs (M, N) and (M’, N’), then the tangent map Tf : TM — TM' is a
weighted vector bundle morphism.

In the case that V and V' are vector bundles over a common base the
definition of a weighted vector bundle morphism reduces to the one that
one might expect.
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Proposition 3.17. Suppose that that V and V' and linearly weighted vector
bundles over a common weighted pair (M, N) and ¢ : V. — V' is a vector bundle
morphism covering the identity. Then ¢ is a weighted vector bundle morphism if
and only if (T(V);)) CT(V')) for all i.

Proof. Suppose that ¢*(T'((V')*)(;)) C F(V(";)), and let o € T(V);. Let
T € T((V')")(;) be arbitrary, and note that

(T, 9(0)) = (9" (1),0) € C°(M) 14,

since ¢*(7) € I'(V*)(;; here the angular brackets denote the pairing
between a vector bundle and its dual. This implies that ¢(c) € T'(V');),
proving one inclusion. The opposite inclusion follows similarly. O

We state the following observation, whose proof is obvious, which
allows us to apply the results of Section 2.3 to vector bundle morphisms.

Lemma 3.18. Let V — Mand V' — M’ be weighted vector bundles, and k € Z.
A vector bundle morphism ¢ : V — V' is a weighted vector bundle morphism if
and only if ¢ : V[k] — V'[k] is weighted.

Note that by taking k to be sufficiently large, the weighting of V[k] is con-
centrated in negative degree. In particular, V[k| is weighted along a closed
submanifold N C M in the sense of Chapter 2. In light of Lemma 3.18,
all of the definitions and results in Section 2.3 hold for vector bundle
morphisms, replacing TM|y with TV|y = V|ny @ TM|N. Let us illustrate
this with the following result (cf. Theorem 2.32).

Theorem 3.19. Suppose that V. — M and V' — M’ are weighted vector bundles
and ¢ : V. — V' is a vector bundle morphism whose base map is a smooth map of
pairs (M, N) — (M',N'). Then ¢ is a weighted VB-morphism if and only if

(a) the graph T(¢) C V' x V is a weighted subbundle and
(b) the maps V|n — V'|n» and TM|n — TM'| N are filtration preserving.

Proof. By replacing V and V' with V[k] and V'[k] for sufficiently large
k, we may assume the weightings are concentrated in negative degree.
By Theorem 2.32, ¢ : V — V' is a weighted morphism if and only if its
graph is a weighted subbundle of V' x V and the map T¢|y : TV |y —
TV'|n is filtration preserving. With respect to the canonical decomposition
TV|n = TM|n & V|N, the map T¢|n decomposes as T¢|n = Tom|n D ¢|N
hence T¢|y is filtration preserving if and only if the maps V|y — V/|n
and TM|y — TM'|py are filtration preserving. Therefore, ¢ : V. — V' is a
weighted morphism. O
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3.2 THE WEIGHTED NORMAL BUNDLE

We now define the weighted normal bundle of a linearly weighted vector
bundle. Since we have defined weightings in terms of filtrations of fibre-
wise polynomial functions on V, much of the discussion in Section 2.4
carries over, almost verbatim, to linear weightings.

3.2.1 Definition

Let V — M be a linearly weighted vector bundle. Let gr(C;‘t’)l(V)) be the
graded algebra associated to the filtered algebra, with graded components
given by

gr( ;%I(V))i = C;%l(v>(i)/c;;<;l(v)(i+l)-

Definition 3.20. The weighted normal bundle of the linearly weighted vector
bundle V — M is the character spectrum

vw(V) = Homgg(gr(Cpp (V)), R)

Given a function f € C;‘;I(V)(i), let £l denote the class of f in gr( ;f,l(v))i-

We think of fl as a function on vy (V), defined by evaluation

flomp(V) =R, g o(f1).

Let 1 : V —+ M and k) : V — V denote the bundle projection and
scalar multiplication by A € IR, respectively. Since these maps are filtration
preserving, they induce maps

vw () v (V) = vp(M,N) and  vw(xy) : v (V) = vy (V),

which we take to be our vector bundle projection and scalar multiplication,
respectively, in the following theorem.

Theorem 3.21. Let V — M be a weighted vector bundle.

(a) The weighted normal bundle vy, (V) has the unique structure of a C*-
vector bundle over vyy (M, N) of rank equal to that of V, such that for all
n>0

gr(Ciy (V) € Cy v (V).

(b) Given weighted vector bundle coordinates x, and py, on V|, the functions

x[[lw“], pévb} serve as vector bundle coordinates on vy (V]u) = vw (V) |y, (u,unny-
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(c) This construction is functorial: any weighted vector bundle morphism
¢ : V. — W between linearly weighted vector bundles defines a vector
bundle morphism vy (@) : vy (V) — vy (W).

The proof mirrors that of [LM23, Theorem 4.2]. We include it for com-
pleteness and to explain the use of polynomial functions.

Proof. Let U C M and let xq,..., X, p1,-.., px € C*°(V|u) be a system of
weighted vector bundle coordinates. We will show that the homogeneous
approximations vy, = wa”}, gy = pl[;vb} serve as vector bundle coordinates

on vy (71) (v (U, UNN)) = vy (V|y). By Theorem 2.40, the map
(1, Ym) v (U, UNN) — R"

is a diffeomorphism onto an open set U C R™. Since gr(C;“’Jl(V|u)) is gen-
erated as an algebra over gr(C®(U)) by the elements ¢j, .. ., gi it follows
that the map

W1, Ymr g1, -, qk) vw(n)’l(vW(U,UﬂN)) — R™FK

is a bijection onto an open set of the form U x R¥. This defines a smooth
structure on vy (V|y). We now show that if f € C;‘(’)Z(V\u)(i), then fl1 :
vw(V]u) — R is smooth. We may assume that f(x,p) = g(x)py' - - - p)f

with ¢ € C°°(U)(j), s-v=2Y 50, =1—],and Y s, = n, in which case

iy, q) =g y)ay g

which is evidently smooth and homogeneous of degree n with respect to
the scalar multiplication vy (x;). In particular, if i, ...,y; is a different
choice of weighted linear coordinates on V| then (y,)[=%! is smooth as
a function of y, and g;,. The uniqueness assertion and the claim about
functoriality are clear. O

Remark 3.22. This proof shows that if [f,;,] is the transition matrix for
V|u corresponding to two weighted vector bundle coordinate systems,
then f;; € C*(U)(y,—v,) and the transition matrix for vy, (V|[y) is given by

[F27%)) € (1 (U, U N N), GL(RF)).

Examples 3.23. (a) Suppose that W — N is a subbundle of V — M. If
V is given the trivial weighting along W, then

vw(V) =v(V,W),

as a vector bundle over v(M, N).
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(b) If V is linearly weighted by a filtration of wide subbundles
V=Viy 2V 22V 20,

as in Examples 3.3 (a), then vy (V) = gr(V) — M. In particular, if
V=V_,y® @V is a graded vector bundle, then vy (V) = V.

(c) If (M, N) is a weighted pair and TM is linearly weighted as in Ex-
amples 3.3 (b), then

Vw<TM) = TVW(M, N)

Remark 3.24. The weighted normal bundle is invariant under shifting the
weighting: for any k € Z one has that

vw(VIK]) = vw (V).

In particular, shifting the weighting of V so that it is concentrated in
negative degrees, we can see that the weighted normal bundle as a bundle
of homogeneous spaces of nilpotent Lie groups (cf. [LM23, Proposition

7.71)
3.2.2  Action of R*

Let R* act on gr(C3,
action o : R* x v)p(V) — (V) on the weighted normal bundle which
commutes with the vector bundle multiplication and extends the action of
R* on vy (M, N) described in Section 2.4.2; note in particular that since we
are allowing the fibre coordinates to have negative weights multiplication
by zero is not defined, so vyy (V) fails to be a graded bundle in general. As

in Section 2.4.2, given any f € C;‘;l(V)(i) the function fll € C®(v(V))

(V)); by multiplication by #. This defines a smooth

is homogeneous of degree i. Letting Cﬁfj.] (v (V)) denote the functions
with are homogeneous of degree i Wit{‘l respect to the vector bundle
multiplication and homogeneous of degree j with respect to the R*-action,
we have that

Ciy ow (V) = gr(CR(V));.

Example 3.25. Suppose that V. =V_,) & - - @& V(,) — M is a graded vector
bundle over M.With respect to the identification 1), (V) = V explained
in Examples 3.23 (b), we have that

A (Vr,...,09) = (Nv_p,...,A7T0,).
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3.2.3 Sections of the weighted normal bundle

Recall from Section 2.4.2 that
gr(C™(M)) = Cpoi(vw(M, N)).
In this section, we are going to define a canonical identification

gr(I'(V)) = Ipar(vw(V))

of graded gr(C®(M))-modules, where
gr(T(V)) = P T(V)i/T(V)(iz)
icZ

and Ty (vyy(V)) are the polynomial sections of vyy(V), defined as follows.
Fori € Z, let I'; (vw(V)) denote the sections of vy (V) which are homo-
geneous of degree i, i.e. sections ¢ € I'(v),(V)) such that

Dé/\,*(U') =NK)O00 0K, -1 = )\iO'.
Then
Tpot (v (V) = @ Ty (v (V).

i€Z

Before we begin, recall that

vy (M, N) = Hom,jg(gr(C*(M)), R)

and that forany o € T'(V)(; and f € Cf;](V)(j) one has foo € C®(M) (jipi)-

This motivates the following definition.

Definition 3.26. Given o € I'(V);), the i-th homogeneous approximation is
the map ol : 1)y (M, N) — 1)y (V) defined by

(@) (f) = p((foa)H™), (38)

where ¢ € v)y(M,N) and f € CfZ](V)(j).

Example 3.27. Suppose that V =V(_,) & --- @ V(,) — M s a graded vector
bundle over M. A section ¢ € T(V) has filtration degree —i if and only if
it can be written as a sum

c=0i+0it1+ -+0g where o ;€T (V_;).

Then vy, (V) = V and ¢l~] = ¢_; with respect to this identification. Note
that o~ € I (vw(V)), by Example 3.25.
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Lemma 3.28. For o € ['(V);, the i-th homogeneous approximation is a smooth
section of vyy (V') which is homogeneous of degree —i and which depends only
on the class of o in T(V) /T (V) ij1). Moreover, for any f € Ch (V) and
g € C*(M) ) one has

ol = (f o)+l € C®(1y(M,N)) and

Mol = (g0)7H € T(u (V). =

Proof. See Section C.1. O

This establishes a map gr(T'(V)) — T'o(vw(V)). By abusing notation,
given o € T(V)(;) we denote both its class in I'(V);/T(V) ;1) and its
i-homogeneous approximation by cll.

Theorem 3.29. If 0y, is a weighted frame for V|1, then the homogeneous approx-

imations OIEM define a frame for viy(V[u) = vw (V)|y,,u,unn)- In particular,

the map

gr(L(V)) = Tyt (vw(V)) (3.10)

is an isomorphism of graded gr(C*(M))-modules and

Tvw(V)) = C*(vw (M, N)) @gr(c(my) 8r(T(V))-

Proof. Let p, € Cﬁ’](V\u)(,vb) be the linear vector bundle coordinates

defined by the frame o, and note that for any non-zero ¢ € vy, (U, UNN)
one has

[Ub] [_Ua} — [Z) 71;”] _ ]. lf a = b
% (o) (Pa ) o ((p“ 0 0p))" ) { 0 else,

[

which shows that ¢! form a linearly independent set. In particular, this
shows that the map (3.10) is injective.
Since gr(Cyy,(V|u)) is generated as an algebra over gr(C*(U)) by the
elements pifﬂb], any ¢ € vy (V|y) is determined by its value on gr(C*(U))
(]

and p, ", b=1,..., k. In particular, if vy (7)(¢) = @o then
o= (r ™) o (90,
b

SO (Tlgvb] spans as well.
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To see that (3.10) is an isomorphism, it suffices to show that it is surjective
as we have already established injectivity. Suppose that o € T'(viy(V]|u))

can be written as ¢ =}, belEv”]. The pairing

T (V) @ T(vw(V7)) = C*(vw (M, N))
respects homogeneity, hence

(S F[i] (Vw(V‘u)) < fb eC (Vw(u,Nm U))

[i—v]

for b = 1,...,k. This implies that gr(I'(V))) — T o (v)y(V)) is surjective,
which completes the proof. O

3.2.4 Weighted Subbundles

Recall that a subbundle W — R of a linearly weighted vector bundle
V — M is called a weighted subbundle if there exist a weighted atlas of
subbundle coordinates for W. In this case, it is explained in Section 3.1.3
that W inherits a linear weighting.

Proposition 3.30. If W — R is a weighted subbundle of V. — M, then vy, (W)
is a subbundle of vy, (V).

Proof. If x,, py are weighted subbundle coordinates for W|rny;, then the ho-

mogeneous approximations el p}[;vb] € C®(vw(V|u)) define subbundle
coordinates for vy, (W|rnur), as in Proposition 2.42. O

Let (V|n)i) — N be the filtration of V|y defined by the linear weighting
(see Proposition 3.4). Proposition 3.30 allows us to describe the weighted
normal bundle of V' in terms of the associated graded bundle

gr(VIn) = B VIn) i)/ (VIN) (ix1)-

1

Corollary 3.31. Suppose that V. — M is linearly weighted. If 7t : vy (M, N) —
N denotes the graded bundle projection, then one has a (non-canonical) identifica-
tion

v (V) = gr(V|n).

Proof. Recall that V|y is a weighted subbundle of V and that the induced
weighting of V|y is given by the filtration (V|n)(;). As in Examples 3.23
(b), we have

vw(Vin) = gr(Vn).
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On the other hand vy (V|y) is a subbundle of vy, (V)|x of equal rank, and
so vw(V|n) = vw(V)|n. Since 7 : vy (M, N) — N is a smooth homotopy
inverse of the inclusion ¢ : N < vy (M, N) it follows that

vw (V) Z v (V) = n* (v (V) |n) = mgr(V|n),
as claimed. 0

Example 3.32. If V — M is given the trivial weighting along the subbundle
W — R, then this proposition amounts to the identification

v(V,W) = m*(VIn/W e W)

as vector bundles over 77 : v(M,N) — N.

3.3 THE WEIGHTED DEFORMATION BUNDLE

Let V. — M be a linearly weighted vector bundle. As explained above,
the weighting of M determines a weighted deformation space dyy (M, N)
which admits a set-theoretic decomposition

(Sw(M,N) = Vw(M,N) [ (M X IRX).

The purpose of this section is to explain how this construction carries over
to the context of linearly weighted vector bundles, yielding a weighted
deformation bundle 5y, (V) which is itself a vector bundle over d)y (M, N).
Since many of the proofs in this section are very similar to those in the
previous section we will omit them for brevity.

3.3.1 Definitions

We use the same definition for the weighted deformation bundle as in Sec-
tion 2.5.

Definition 3.33. The weighted deformation bundle of the linearly weighted
vector bundle V — (M, N) is the character spectrum

ow (V) = Homyg(Rees(Cppy (V)), R)

Given f € C;‘(’)Z(V)(i), let fiI : 6,,(V) — R be as in Section 2.5 and

s = 10U 6y(V) = R If 7 : V — Mand k) : V — V denote the
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vector bundle projection and scalar multiplication by A € IR, respectively,
it follows that we get maps

5)/\;(7‘[) 5)/\;(‘/) — (Sw(M, N) and 51/\}(1(/\) 51/\/(‘/) — (Sw(V)

As before, these give d)y (V) the structure of a family of vector spaces over
dw (M, N). The following can be proved by the same argument as [LM23,
Theorem 5.1] (cf. Theorem 2.40 and [LM23, Theorem 4.2]).

Theorem 3.34. Let V — M be a weighted vector bundle.

(a) The weighted deformation bundle has the unique structure of a C*-vector
bundle over dyy(M, N) of rank equal to that of V over dyy(M, N) such
that 115 : oy (V) — R is a surjective submersion and that for all n > 0

Rees(Ciy(V)) € Chy(dw(V)).

(b) Given wei%)hted vector bundle coordinates x, and py, on V|, the func-
tions x,e

, pb[_v”] serve as vector bundle coordinates on dy(V]y) =
ow (V) s, unny-

(c) This construction is functorial: any weighted vector bundle morphism
¢ : V. — W between linearly weighted vector bundles defines a vector
bundle morphism Sy (@) : oy (V) — dy(W).

As before, the surjective submersion 775 : 6y, (V) — R defines a decom-
position (V) = vy (V) U (V x R*). The following diagram commutes

dw ()

sw(V) Sw(M,N)
A

so we can think of dyy (V) as a family of vector bundles over dy, (M, N),
with
_Jv t#0,
(5W(V)‘n;1(t) - { Vw(V) t—=0. (3-11)

Examples 3.35. (a) fV =V_,) @ - @V, is a graded vector bundle,
then there is a canonical diffeomorphism dyy (V) — V x R given by
the family of maps

(Vpyenyvg) = (tT0y, ., H0,), E#0

ow(V)|. - 1%
w( )’”al(f)% ! {(v_r,...,vq)>—>(v_r,...,vq), t=0,

where we are identifying vy (V) with V for t = 0.
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(b) If (M, N) is a weighted pair and TM is linearly weighted as in Ex-
amples 3.3 (b), then

teR

3.3.2  Zoom action of R

The action of R* on vy (V) extends smoothly to a linear action of R* on
6w (V) such that for any f € C5,(V)(;) the homogeneous interpolation

ﬁi] € C®(6(V)) is homogeneous of degree i. On the open dense set
V x R* C 4y (V), this action is given by

wy(v,t) = (v, A7)

Example 3.36. If V = V(_,) & --- @ V(_,) is a graded vector bundle then,
with respect to the identification dyy(V) — V x R described in Exam-
ples 3.35, the zoom action is given by

A (V—r,...,05,t) = Ny, ..., A0, /\_1t).

3.3.3 Sections of the weighted deformation bundle

Analogous to Section 3.2.3, let I';; (6w (V)) denote the sections of dyy (V)
which are homogeneous of degree i with respect to the zoom action of R*,
and let

pol (5W @r[z 5W
i€Z

We are going to define an inclusion
Rees(I'(V)) = Tpor (9w (V)

of Rees(C*®(M))-modules, where

Rees(T {Z oiz o € T( V)(,-)} CT(V)[zz7Y.

i€Z

Definition 3.37. Given o € T'(V);), the i-th homogeneous interpolation is the
map &l : &y (M, N) — (V) defined by

@) (f277) = 9((foa)zT™™), (3.12)

where ¢ € dyy(M,N) and f € Co1(V)y;).
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Lemma 3.38. For o € T(V);), the i-th homogeneous interpolation is a smooth
section of dyy (V) of homogeneity i such that, for any f € Ch (V) and g €
C*(M) k), one has

Aol = Fool ™ ¢ c®(5(M,N)) and -
gHol = go™ e T(ow(V)).

As was the case for the weighted normal bundle, this yields a map
Rees(L(V)) = Dot (V)), Yoz i Y&
i i

In terms of the decomposition (3.11) one finds, using the relations (3.13),
that if ¢ € T'(V);) then

i [ tio t#£0
"H|n,;1<t)—{0-[f1 (o

Example 3.39. Suppose that V. = V(_, @ --- @ V|, is a graded vector
bundle, and let

C=0_i+0_jy1+--+05¢€ F(V)(,i).

With respect to the identification d)y(V) — V x R described in Exam-
ples 3.35 (a), we have that

dl =0 i tto i+ + 10,
which clearly extends to o; = ¢~ as t — 0.

Theorem 3.40. If 0y, is a weighted frame for V |y, then the homogeneous interpo-
lations 5b[vb] define a frame for Sy (V|u) = ow(V)ls,,uunn)- In particular, the
map

Rees(I'(V)) — Tpor (o (V))

is an inclusion of Rees(C*®(M))-modules and
L(ow(V)) = C*(dw(M, N)) @Rrees(c(m)) Rees(I'(V)).

Remark 3.41. In general, the map Rees(I'(V)) — Ty (dw(V)) fails to be
surjective because the map Rees(C*(M)) — Cool (6 (M, N)) need not be
surjective.

For completeness, we record the following.
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Proposition 3.42. If W — R is a weighted subbundle of V. — M, then &y, (W)
is a subbundle of Sy (V).

3.4 THE RESCALED SPINOR BUNDLE AND SEVERA’S ALGEBROID

We now take a some time to explain how our constructions put two
separate constructions in the literature, namely the rescaled spinor bundle
of Higson and Yi introduced in [HY19] and the "associative algebroid"
introduced by Severa in [Sev17], under the same umbrella. The results
of this section are the result of discussions with Gabriel Beiner, Yiannis
Loizides, and Eckhard Meinrenken. See [Bei22] for another account and
more information on the connections to index theory.

3.4.1 The rescaled spinor bundle

Let M be an even dimensional spin Riemannian manifold with spinor
bundle S — M and Clifford connection V on S. Higson and Yi define a
filtration of differential operators acting on sections of S by declaring that
Clifford multiplication and covariant differentiation have order —1. Thus,
D € DO(S)(—y) if and only if it can be locally expressed as a sum of terms
of the form

fD;---D,

where f € C®(M) and each D; is either a covariant derivative V, Clifford
multiplication ¢(X), or the identity operator (cf. [HY19, Definition 3.3.1]).
Higson and Yi say that D has Getzler order —q if D € DO(S)_g).

The Getzler filtration of DO(S) determines a filtration of I'(S X S*) as
follows. Recall that C1(TM) is naturally filtered

CI(TM) = Cl_ gimzagy(TM) D --- D Clp(TM) =C,  (3.14)
hence S X S*|y = S ® §* = CI(TM) is naturally filtered. Define

F(S ®S*)(1) = {0’ S F(S &S*) :D e DO(S)(_q)

—> Do € T(SKS*,ClL_4(TM))}, (5-15)

where we are using the identification C1(TM) = SX 5*|p.

Theorem 3.43 ([HY19, Lemma 3.4.10]). . If M x M is given the trivial weight-
ing along the diagonal then the filtration (3.15) defines a linear weighting of
S ™ S* such that the induced filtration of S X S* | is given by (3.14).

Applying the weighted deformation bundle to S X 5* with this linear
weighting yields the rescaled spinor bundle.
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Definition 3.44. (cf. [HY19, Section 3.4]). The rescaled spinor bundle is the
weighted deformation bundle

S = 6y (SKS*) — TM.

3.4.2  Severa’s algebroid

Let V. — M be a rank k vector bundle with inner product and assume
that the principal SO(k)-frame bundle admits a lift to a principal Spin(k)-
bundle P. Let C1(RF) be the complexified Clifford algebra, and consider
the action of Pair(Spin(k)) on Pair(P) x CI(RF) given by

(81,82)-(f1, f2,0) = (f1-81, f2.82, 81087 1)

Definition 3.45 (cf. [Seviy]). If V is a rank k vector bundle equipped with
inner product and spin structure, the Clifford algebroid is the associated
bundle

%1(V) = Pair(P) Xpyir(spin(k)) CLRY) — Pair(M)

We will show that there is a canonical linear weighting of ¢1(V), starting
with a technical lemma. The proof of this lemma uses weighted paths so in
order to keep our exposition short, we postpone the proof to the appendix.

Lemma 3.46. If Pair(P), Pair(Spin(k)) are given the doubled trivial weighting
along the diagonal, and C1(R) is given the linear weighting defined by its
filtration by subspaces, then the group action

Pair(Spin(k)) x Pair(P) x Cl(R¥) — Pair(P) x CI(R¥) (3.16)
is a weighted morphism.
Proof. See C.2 (cf. [Bei22]). O
A consequence of this lemma is the following theorem.

Theorem 3.47. Let 7t : Pair(P) x CI(RF) — %I1(V) be the quotient map. Then

b (C1V)) ) = {f € Cru(€1(V)) : " f € Cpyy(Pair(P) x CL(RY)) 5}
defines a linear weighting of €1(V'), where Pair(P) x C1(IR¥) is given the product
weighting.

Proof. We have to find weighted vector bundle coordinates. Any point
p € Pair(M) is contained in an open neighbourhood U C Pair(M) such
that Pair(P)|y is isomorphic to U x Pair(Spin(k)) as weighted manifolds.
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Choosing U small enough, we may assume that there exist weighted
coordinates x, € C®(U). If p,, are linear weighted coordinates on CI(IRF)
then since the action map (C.3) is weighted and the following diagram
commutes

Pair(P) |y x CI(R¥) = U x Pair(Spin(k)) x CI(IR¥)

”l \ (3-17)

€1 (V) |u U x CI(R¥),

IR

it follows that we can take x,, pj, to be our weighted vector bundle coordi-
nates on €1(V)|u. O

Definition 3.48. The Severa algebroid is the weighted deformation bundle

TGV = oy (V).
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MULTIPLICATIVE
WEIGHTINGS

In this chapter we will develop the theory of multiplicative weightings for
Lie groupoids G = M. We will show that if G = M is multiplicatively
weighted along H = N, then one has Lie groupoids

Vw(G,H):%VW(M,N) and 5w(G,H):§5w(M,N).

We also discuss the appropriate notion of equivalence of weighted Lie
groupoids.

4.1 PRELIMINARIES ON LIE GROUPOIDS
4.1.1  Definition and basic examples

A Lie groupoid G = M is a smooth manifold G with a partially defined
associative binary operation together with two surjective submersions
t,s : G — M onto a smooth submanifold M C G. Elements of G are called
arrows, elements of M are called units, and the maps ¢, s are called the farget
and source, respectively. The space of k-arrows is the k-fold fibre product

GM = {(g1,...,8) € G*:s(g) =t(gip1), i=1,...,k—1};

we refer to G(?) as the space of composable arrows. The partially defined
multiplication is a map

multg : G? = G, (g1,82) — g10%

defined on composable arrows, satisfying
(@) g10(82083) = (81082) 0 g3,

(b) t(g)og =gos(g) =g
Moreover, we assume that for every ¢ € G there exists some I € G such
that (g,1) € G@, (h,¢) € G and that both g o h and h o g are units. It is
automatic that for a given g, the corresponding element / is unique and
denoted ¢~ !; the map corresponding map g — ¢~ ! is denoted invg.
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A smooth map F : H — G between Lie groupoids H = N and G = M
is called a morphism of Lie groupoids if

F(goog1) = F(g0) o F(g1)-

If F is the inclusion of a submanifold then H = N is called a Lie sub-
groupoid. We will often denote a Lie groupoid G = M together with a Lie
subgroupoid H = N as a pair (G,H) = (M,N).If (G,H) = (M,N) is a
Lie groupoid pair with N = M then we call H a wide subgroupoid.

Remark 4.1. In general, it is not required our Lie groupoids to be Hausdorff
manifolds, asking only that the source (equivalently, target) fibres and units
be Hausdorff. However, for simplicity, we will assume that all groupoids
are Hausdorff.

Examples 4.2. (a) A Lie group is a Lie groupoid whose object space is a
single point.

(b) Any smooth manifold M defines a trivial Lie groupoid with s =t =
id .

(c) The pair groupoid of a manifold M is the groupoid
Pair(M) =M xM=M
where s(m,m’') = m’ and t(m, m") = m. Composition is defined as

(m,m') o (m',m") = (m,m").

(d) Let G be a Lie group, M be a smooth manifold M, and
a:GxM—M, (gm)r—g-m

be a smooth action. The action groupoid is the defined to be the
manifold G x M with source map s(g,m) = m, target t(g,m) = g-m,
and composition law

(g,m) — (g/,m/)o(g//,m/l) = m = m//’ ml — g/l'm//’ andg :glg//'

By identifying G x M with the graph of the group action, the action
groupoid can be realized as a Lie subgroupoid of G x Pair(M)

(e) A Lie groupoid G = M such that s = t is called a family of Lie groups
over M. Note that this differs slightly from a Lie group bundle over
M, since the Lie group structure may differ from fibre to fibre. In
particular, vector bundles are examples of Lie groupoids.
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An important observation is that the groupoid structure of G is com-
pletely determined by the graph of multiplication,

T'(multg) = {(g,80,81) € G>: g =goog1} C G°.
Indeed,

(a) the objects of G are exactly the elements m € G with the property
that (m, m,m) € T'(multg)

(b) given g € G, s(g) is the unique element of G such that (g,g,s(g)) €
I'(multg); t(g) is described similarly,

(c) ¢! is the unique element for which (s(g),¢ !, ¢) € T'(multg) and
(t(8),8,87") € T(multg).

4.1.2  The group of bisections

One consequence of the partially defined multiplication operation is that

there is no map
G — Diff(G)

generalizing left or right translation on a Lie group. Instead, one needs to
consider certain submanifolds S C G called bisections.

Definition 4.3. A bisection of a Lie groupoid G =% M is a submanifold
S C G such that both t and s restrict to diffeomorphisms s|s, t|s : S — M.
The set of bisections of the groupoid G is denoted I'(G).

The set of bisections is naturally a group, with multiplication given by
S108 ={g1082: (31,82) € (S1 % $2) NG},
The group I'(G) acts on G in three ways:
(@) the left action
AL:T(G)xG— G, (S,8)— Ak(g) =hog,

where h € S is the unique element such that s(h) = t(g);

(b) the right action
AR T(G)xG =G, (S, AR(g) =goh™},

where h € S is the unique element so that s(h) = s(g);
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(c) the adjoint action, Adg = ARAL.

For a general Lie groupoid, a global bisection through an element ¢ € G
might not exist, unless the groupoid has connected source fibres ([ZCLo9,
Theorem 3.1]). On the other hand, there always exists a local bisection
through any ¢ € G.

4.1.3 VB-groupoids

A useful tool for the problem of differentiating weighted groupoids is
the notion of a so-called "vector bundle groupoid", or VB-groupoid. Using
the Grabowski-Rotkiewicz characterization of vector bundles in terms of
their scalar multiplication (cf. [GRog]), Bursztyn, Cabrera, and del Hoyo
showed that VB-groupoids can be defined rather simply as groupoids with
a vector bundle scalar multiplication by groupoid morphisms [BCdH16,
Theorem 3.2.3]. Following their lead, we define graded bundle groupoids, or
GB-groupoids.

Definition 4.4 (cf. [BCdH16, Theorem 3.2.3]). A Lie groupoid V = E is
called a GB-groupoid if it is also a graded bundle such that the monoid
action k¥ : R x V — V is by groupoid morphisms. If V' is a vector bundle
then it is called a VB-groupoid. A GB-subgroupoid is a Lie subgroupoid
which is closed under scalar multiplication.

If V. = E is a VB-groupoid, then the zero section G C V inherits a
groupoid structure over the zero section M C E. We depict a VB-groupoid
as a diagram

||

G—=M
If V = E is any VB-groupoid, then the dual bundle V* is canonically a VB-
groupoid with units ann(E) (cf. [Mei1yb, Theorem 4.8]; see also [Macos,

Section 11.2] and [Pra88]). The groupoid structure on V* is uniquely
characterized by the requirement that y = y; o yy if and only if

—_—
_—

(4.1)

(,0) = (1, 01) + (p2, 02)
whenever v = v1 0 v;. The graph of multiplication of V* is
T'(multy-) = ann (T (multy)),
where ann® (T (multy)) is the subbundle defined by

(2, 1) € ann®(T(multy)) <= (p2,02) = (1, v1) V(v2,v1) € I'(multy).
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Example 4.5. The main example of a VB-groupoid is given by applying the
tangent functor to a Lie groupoid G = M. This yields the tangent groupoid,

TG—=TM

L

G—=M.

An explicit formula for multiplication on the tangent groupoid can be given
using bisections. Indeed, let X, € T G and Yy, € Ty, G be composable. If
Sp is a bisection through gy and S; is a bisection through g1, then

Xgy 0 Yo, = (Tgp A8 ) (Xgy) + (Tg A5, (Yg,) — (T, (A5, AS 1) (Y, ); (42)
see [MXgy, Proposition 3.1].
We now record two lemmas that we will need later on.

Lemma 4.6 ([LBM14, Corollary C.4]). Let V = E be a VB-groupoid. If W
is a VB-subgroupoid, then ann(W) C V* is a VB-subgroupoid with objects
ann(W) Nann(E).

Suppose that V. = W and W = F are VB-groupoids with base groupoid
G = M. Their direct sum is the VB-groupoid

VOW—=ES®F

L

G M

with the obvious source and target maps, and multiplication defined by
(vo, wp) o (v1, w1) = (vo © V1, Wp © W)

for ((vo, wo), (v1,w1)) € VP a W2 = (Vo W),

L

is a VB-groupoid, then TV | is the direct sum VB-groupoid TG®V = TM & E.

Lemma 4.7. If

_
-

_
P

Proof. The map

TGOV — TV|s, (&0)— &+,
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where we are identifying V with the vertical bundle in TV|, is an iso-
morphism of vector bundles, so it remains to show that it is a groupoid
morphism. But this follows since multy : V() — V is a linear map with
base map multg, so

Tmulty | = Tmultg @ multy. O

4.2 DEFINITION OF MULTIPLICATIVE WEIGHTINGS

We are now move on to multiplicative weightings for Lie groupoids G = M.
The obvious definition is given by inserting the adjective "weighted" in the
standard definition. However, we recall from Section 2.2 and Section 2.3
that it is not obvious how to do this!

Definition 4.8. A weighting of G along H C G is said to be multiplicative if
(@) The units M C G are a weighted submanifold,
(b) the source map is a weighted submersion,
(c) multiplication m : G?) — G is a weighted morphism, and
(d) inversion is a weighted morphism.
A groupoid with a multiplicative weighting is called a weighted Lie groupoid.

Remarks 4.9. (a) Since inversion is its own inverse, it is automatically a
weighted diffeomorphism.

(b) Since t = s oinv, it follows that the target map is also a weighted
submersion.

(c) Since the source and target are weighted submersions, if follows
from Theorem 2.27 that the space of k-arrows is a weighted submani-
fold of G¥. In particular, the space of composable arrows is naturally
a weighted manifold, and therefore Definition 4.8 (c) makes sense.

(d) All of the face maps 9; : G — G-,

(82/---,8k) i=0,
ai(gl,...,gk): (glr---/giogi+1/---/gk) 0<i<k,
(1, 8k-1) i=k,

and all the degeneracy maps

€ : G — GMY (g1, q0) = (g1, 8,5(81), 8itt -+, Q)

are automatically weighted.
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Note that in the definition we did not assume that H C G was a Lie
subgroupoid. It turns out that this is automatic.

Proposition 4.10. Suppose that a weighting of G = M along H is multiplicative.
Then H is a Lie subgroupoid of G with units N = H N M.

Proof. Since M C G is a weighted submanifold, it follows by Proposi-

tion 2.9 that H intersects M cleanly; in particular, N = HN M is a sub-

manifold. We have furthermore that N # @ so long as H # @ because

s:(G,H) — (M, N) is a map of pairs (it is a weighted morphism).
Similarly, both

multc : (G®,H?) = (G,H) and invg: (G, H) — (G, H)

are maps of pairs, hence H is also closed under multiplication and inver-
sion. Finally, it follows from the normal form for weighted submersions
(Theorem 2.22) that the restrictions of s and t to H are submersions. [

Lemma 4.11. Let V — M and W — N be smooth vector bundles and let
@ : V. — W be a vector bundle morphism. Then ¢ is a submersion if and only if
it is fibrewise surjective and the base map ¢ : M — N is a submersion.

Proof. Suppose that ¢ is a submersion, and let p € M. Since ¢ is a vector
bundle morphism, the tangent map T, ¢ splits as T,¢ = Typum @ ¢ with
respect to the splitting T,V = T,M & V). Thus ¢y is a submersion and ¢
is fibrewise surjective.

Conversely, if ¢ is fibrewise surjective and the base map ¢ : M — N
is a submersion then by the previous paragraph it is a submersion near
M C V. Since it is equivariant with respect to the R-action, it follows that
it is a submersion everywhere. ]

In practice it can be difficult to verify that all the structure maps are in-
deed weighted in the appropriate sense. As an application of Theorem 2.32
we have the following equivalent characterization of multiplicative weight-
ings.

Theorem 4.12. A weighting of G == M along H C G is multiplicative if and
only if

(a) M is a weighted submanifold of G,

(b) the graph of multiplication is a weighted submanifold of G, and

(c) the filtration of TG|g is by subgroupoids

(TGlu)) = (TMIN) @)
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Proof. Suppose that G is multiplicatively weighted along H. Since multi-
plication is a weighted morphism, its graph is a weighted submanifold,
establishing (b). To establish (c), note that since s, t, multg, and invg are
all weighted morphisms their tangent maps are filtration preserving and
so each

(TG|H)(i) = (TM‘N)(i)/ i=—-r,—r+1,...,0,

are set-theoretic subgroupoids. To show that they are Lie subgroupoids, it
remains to show that Ts and Tt are submersions. To see this, note that since
s is a weighted submersion its tangent map Ts : (TG|n) ;) = (TM|N)
is a fibrewise surjection whose base map is a submersion. Therefore, it
follows by Lemma 4.11 that Ts : (TG|n) ;) = (TM|n)(;) is a submersion.
Similarly, Tt : (TG|n) ;) = (TM|n)(; is a submersion, establishing (c).

For the converse, suppose that (a), (b), and (c) hold and let 7 : G® - G
be projection onto the first factor. It is sufficient to show that G(?) is a
weighted submanifold of G2 and that multg, 771 : G?) — G are weighted
submersions for the following reason. Since the filtration of TG|y is by
subgroupoids

(TGlu) @ = (TMln)

it follows that Tinv is filtration preserving and Ts is filtration preserving
and fibrewise surjective in each filtration degree. Therefore, to establish
conditions (b) and (d) in Definition 4.8 it suffices by Theorem 2.32 to show
that their graphs are weighted submanifolds. This will follow because the
graphs of inv; and s are the inverse images of M C G under the weighted
submersions mult; : G® — G and m; : G® — G.

Let f : T(multg) — G? be the restriction of the map G*> — G? given
by projection to the last two factors. In order to show that G?) is a
weighted submanifold, we will show that f is a weighted embedding.
Since this map is an embedding as well as a weighted morphism, it
suffices, by Theorem 2.16, to check that the maps

(TT (multc) [mat, ) ) = (TG |rm2) 3y

are injective, with range equal to the intersection with ran(Tf). This is
clear since (TG|n) ;) is a subgroupoid: the graph of its multiplication is a
subbundle of

TT (multg) = I'(multrg).

This establishes the claim that G is a weighted subbundle and that
f:T(multg) — G is a weighted diffeomorphism. The maps multg and
1 are weighted morphisms since they factor as compositions

G® — I'(multg) — G* — G.
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To see that they are weighted submersions we only need to check that the
maps
((TGlm)1)® = (TGP | o)y — (TM|n) i)

are fibrewise surjective bundle maps, which follows since the (TG|y)
are subgroupoids. O

Corollary 4.13. Suppose that G = M is a weighted Lie groupoid and K = P is
a Lie subgroupoid. If K is a weighted submanifold of G then the induced weighting
is multiplicative.

Proof. It is clear that inversion invg : K — K is a weighted morphism
because it is the restriction of a weighted morphism to a weighted sub-
manifold. It remains to show that P is a weighted submanifold of K, that
s : K — P is a weighted submersion, and that multiplication on K is a
weighted morphism.

Consider the map K — K defined as the restriction of the composition

GM<=G

to K. This is a weighted projection of K whose image is P, hence P is a
weighted submanifold of K by Proposition 2.11.

We now show that s|g : K — P is a weighted submersion. Since K is
a weighted submanifold, it follows by considering weighted submani-
fold coordinates that TK intersects (TG|n)(;) cleanly. By Theorem 4.12,
each (TG|p)(; is a Lie subgroupoid of TG|y, so it follows by [Mei17b,
Theorem 4.20] that the intersections TK N (TG|y) ;) = (TK|knn)() are
Lie subgroupoids with objects TP N (TM|n)) = (TP|pan)(;)- This, in
particular, implies that

Ts|knn = (TK[knm) iy = (TP|pon) )

is fibrewise surjective, hence s|g : K — P is a weighted submersion.
Finally, we show that multiplication is weighted. Both s|gx and ¢|; are
weighted submersions, and so K(?) is a weighted submanifold of G(%.
Since multiplication for K is the restriction of multiplication for G, it is a
weighted morphism. O

Remark 4.14. In particular, Corollary 4.13 shows that "weighted subgroupoids"

are simply the Lie subgroupoids which are weighted submanifolds.

Examples 4.15. (a) If H = N is a Lie subgroupoid of G = M, then the
trivial weighting of G along H is multiplicative.
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4.2 DEFINITION OF MULTIPLICATIVE WEIGHTINGS

If (M, N) is a weighted pair, then M x M = Pair(M) is a weighted
groupoid with respect to the product weighting along Pair(N). In-
deed, the units are a weighted submanifold by Example 2.33, the
graph of multiplication is a weighted submanifold as it is the image
of the weighted embedding

M® — M®  (my,ma, m3) = (my, ms, my, my, ma, ms),
and the filtration of TPair(M)|p,i(n) is given by the subgroupoids

(TPair(M) |pair(n)) (i) = Pair((TM|n);)-

If T : M — N is a weighted submersion, then the submersion
groupoid M x M is a weighted Lie groupoid. Indeed, this follows
by Corollary 4.13 as it is a weighted submanifold of the pair groupoid
Pair(M).

A weighted Lie groupoid G = M with M equal to a point will
be called a weighted Lie group. In this case, the first condition
in Definition 4.8 is vacuous, and the second just says that H contains
the group unit. Hence, weighting of a Lie group along a submanifold
H is multiplicative if and only if H contains the group unit and both
multiplication and inversion are weighted morphisms.

An action of a weighted Lie group G on a weighted manifold M will
be called weighted if the action map G x M — M is a weighted mor-
phism. In this case, the action groupoid G x M = M is a weighted
Lie groupoid. Indeed, the action groupoid can be identified with
the graph of the group action, a subgroupoid of G x Pair(M). Since
the group action is weighted, the graph is a weighted submanifold,
and the corresponding weighting on the action groupoid is weighted
by Corollary 4.13.

If V. — M is a vector bundle over M thought of as a Lie groupoid,
then a weighting is multiplicative if and only if it is linear and
concentrated in non-positive degrees.

Let (G, H) be a weighted Lie group pair and P — B a principal G-
bundle with a principal weighting along Q C P (see Definitions A.4
(b)). By Proposition A.10, Q is a principal H-bundle. Using an ar-
gument analogous to to proof of Theorem A.8 one finds that the
product weighting on Pair(P) descends to a weighting of the Atiyah
groupoid At(P) = (P x P)/G along At(Q) = (Q x Q)/H and that
this weighting is multiplicative.
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Proposition 4.16. Let G = M be a weighted Lie groupoid. For all g € G there
is a local bisection through g which is given by a weighted submanifold.

Proof. We may assume that g € H as otherwise the statement is obvious.
The tangent space T, G is a weighted vector space (cf. Remark 3.5) with
both ker(Tyt) and ker(Tgs) as weighted subspaces. We may choose a
subspace of T,G which is a weighted complement to both. This weighted
subspace is realized as the tangent space to a weighted submanifold S.
Taking S smaller if needed, this is the desired local bisection. O

4.2.1  Weighted VB-groupoids

Using the conclusion of Theorem 4.12, we can combine linear weightings
and multiplicative weightings to give rise to a notion of weighted VB-
groupoids. These will be used for the differentiation procedure discussed
in Section 5.5.

Definition 4.17. A weighted VB-groupoid is a VB-groupoid

V_—=XE

|

G—=M
together with a linear weighting such that
(a) E is a weighted subbundle of V,
(b) the graph of multiplication is a weighted subbundle of V3, and

(c) the filtrations of V| and TG|y are by subgroupoids
(Vla)@ = (Eln)g) and  (TGlu)i) = (TMN)a),

respectively.

Note that this definition ensures that the weighting of G along H is also
multiplicative.

Example 4.18. If G = M is a weighted groupoid, then TG = TM is a
weighted VB-groupoid. Indeed, since M is a weighted submanifold of G it
follows that TM is a weighted subbundle of TG. Similarly, we have that

['(multrg)) = TT (multg) C TG?,
so it is a weighted subbundle. Finally, the filtration of

T(TG)|s = TGlw & TGy
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is by subgroupoids because the weighting of G is multiplicative.

Lemma 4.19. Let V — M be a weighted vector bundle and W C V a weighted
subbundle. Then ann(W) is a weighted subbundle of V*.

Proof. See Section C.3. O

Proposition 4.20. Let V = E be a weighted VB-groupoid. Then the dual VB-
groupoid V* = ann(E), equipped with the dual weighting (Section 3.1.2), is a
weighted VB-groupoid.

Proof. Since E is a weighted subbundle of V), its annihilator is a weighted
subbundle of V* by Lemma 4.19. Similarly, annf (Gr(multy)) = Gr(multy-)
is a weighted subbundle of (V*)? (see Remark C.6). To conclude, we recall
that

V*lu) @ = ann((V[n) (—i+1))

whence the filtration of (TV*)|y is by subgroupoids, since the annihilator
of a VB-subgroupoid is itself a VB-subgroupoid by Lemma 4.6. O

4.3 THE WEIGHTED NORMAL AND DEFORMATION GROUPOIDS

Let G = M be a Lie groupoid. The most naive definition of a multiplicative
weighting would be one with the property that the groupoid structure G x
R* = M x R* extends to a groupoid structure ), (G, H) = dy(M, N).
In this section we will show that this is equivalent to our definition of
multiplicative weighting.

Lemma 4.21. Suppose that (M, N) and (M',N') are weighted pairs and F :
M — M’ is a smooth map. Then F is a weighted morphism if and only if the map

F:MxR* = M xR*, (pt)— (F(p),t)
extends to a smooth map oy (M, N) — dy(M',N').
Proof. Given f € C*(M); we will show that the function
Il MxR* R petf(p)

extends to dyy(M, N) if and only if i > j. Working locally we may assume
that x, is a global weighted coordinate system on M. Let

_~mL_{waaf#0

Ya = Xg xl[lwa] F—0
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be the corresponding (global) coordinates on dy, (M, N). Using that f €
C*(M) ;) we may write

S

Fxa, oo xm) = x(x1, .o xm)x° = x (21, .00, X)X 252 - x5

where x € C®°(M) and s-w =Y, s,w, = i. Then, for t # 0, we have

Fil(y, t) = t77f(x) = t 7 x(x)x° = 5T (1, Y)Y

which extends smoothly tot =0 if and only ifi —j=s-w —j > 0.

To see how this implies the lemma, y, € C*(M) ;) be weighted co-
ordinates on M'. Then F extends to dyy(M, N) if and only if each of the
component functions f, = F*y, extend to éyy(M, N). By the previous
argument, this happens if and only if each f;, has weight w}, which is
equivalent to F being a weighted morphism. ]

We now state the main theorem of the chapter.

Theorem 4.22. Let G = M be a Lie groupoid which is weighted along the Lie
subgroupoid H = N. If the weighting of G along H is multiplicative, then the
Lie groupoid G x R* — M x R* extends uniquely to

Sw(G, H) = 6y (M, N).

Conversely, if (M, N) is a weighted pair and the groupoid structure on G x R* =
M x R* extends to éw(G,H) = dw(M,N), then (G, H) is a weighted Lie
groupoid pair.

Proof. Suppose that the weighting of G along H is multiplicative. Since
M is a weighted submanifold of G, it follows from the discussion in Sec-
tion 2.5.2 (b) that d)y(M, N) is a submanifold of &y (G, H). Since both s, ¢ :
G — M are weighted submersions, the maps dyy (sy), dw (tg) : 0w (G, H) —
dw (M, N) are submersions by Theorem 2.49. By Section 2.5.2 (c) we have
that 8y (G, H)® = 6,(G?®,H?)), and therefore define groupoid multi-
plication by
mult(gw(G,H) = dw (multc).

Associativity of multiplication, that dyy(M, N) are the units, and exis-
tence of inverses all follow from functoriality. For example, the fact that
mults ¢ w1 (¢ Ss,,(c,m) (@) = ¢ for any ¢ € éw (G, H) follows since the
composition

multg

G

is the identity. Uniqueness of this extension is clear since G x R* is a
dense open set in dyy (G, H).
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Conversely, suppose that the Lie groupoid structure of G x R* =
M x R* extends to (G, H) — éy (M, N). By Lemma 4.21, it follows that
inversion is a weighted morphism and, using Theorem 2.49 in addition,
the source and target maps are weighted submersions. Similarly, M is
a weighted submanifold of G. Since s and t are weighted submersions
G®@ is a weighted submanifold of G2, and &y, (G, H)® = 8,,(G?, H®?)
because this holds on the dense open set G> x R C &y, (G2, H?). It follows
from Lemma 4.21 that mult; is a weighted morphism as well. O

Remark 4.23. If G = M is multiplicatively weighed along a wide sub-
groupoid H = M then dyy(M, M) = M x R and we may think of

(Sw(G,H) =MxR

as a family of Lie groupoids over M.

Recall (Definition 4.4) that a GB-groupoid is a Lie groupoid together
with a monoid action of R by groupoid morphisms. Applying the weighted
normal functor to a weighted Lie groupoid gives an example of such an
object.

Corollary 4.24. If (G,H) = (M, N) is a weighted Lie groupoid pair, then
VW(G, H) = VW(M, N)

is a GB-groupoid with
(@) Sy, c,H) = vw(8) and t, ¢ m)y = vw(t),
(b) v (G, H)? =1,(G?, H?),
(c) mult,, () = vy (multg)
(d) inv,, () = vw(inveg)

Examples 4.25. (a) If G = M is trivially weighted along H = N, then
vw(G, H) is just v(G,H) = v(M, N) with its usual Lie groupoid
structure.

(b) If (M, N) is weighted pair, then the product weighting of Pair(M)
along Pair(N) is multiplicative and

Oy (Pair(M), Pair(N)) = Pair(dyy(M, N))

by the discussion in Section 2.5.2 (c).

(c) If (M,N) and M',N’) are weighted pairs, and g : M — M’ is a
weighted submersion, then submersion groupoid M Xy M is multi-
plicatively weighted along N x s N. In this case

(SW(M XM M,N XN/ N) = éw(M,N) XJW(M’,N’) (SW(M,N),
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see Section 2.5.2 (c) again.

(d) Suppose that (G, H) is a weighted Lie group pair and (M, N) is a
weighted G-space, then d)y(G, H) acts on dyy(M, N) and applying
the weighted deformation functor to the action groupoid gives that
action groupoid for the action of dyy (G, H) on dyy(M, N).

(e) Let G be a weighted Lie group and P — B a weighted princi-
pal G-bundle. Then dyy(P,Q) — dw(B,C) is a weighted principal
dw (G, H)-bundle and

At(ow(P, Q) = bw(AH(P), AHQ)).

(f) ([VEY1y, SH18]) Recall that a filtered manifold is a manifold M
together with a filtration

TM=F,2F;12---2F120

by subbundles satisfying [T'(F)_;,T'(F-;)] € T(F-i_j). By Theo-
rem 2.54, the product filtration

Pair(TM) = Pair(F_,) D Pair(F_,;1) D --- D Pair(F_1) 20

defines a weighting of Pair(M) along M. Since the weighting is along
M, it follows in particular that it is a weighted submanifold and it is
shown in [VEY17] that the groupoid structure

Pair(M) x R* = M x R*

extends to dyy (Pair(M), M) = M x R*. By Theorem 4.22 it follows
that this weighting is multiplicative. In the next chapter we will
give a direct proof of this fact (Theorem 5.23). In this example,
vy (Pair(M), M) = M is the family of simply connected Lie groups
integrating the family of nilpotent Lie algebras

tyM = @ H—i/H—i—H — M.

83



INFINITESIMALLY
MULTIPLICATIVE
WEIGHTINGS

The infinitesimal counterpart a Lie groupoid is a Lie algebroid. In this chap-
ter we will define infinitesimally multiplicative weightings (Definition 5.11),
which are the infinitesimal analogue of multiplicative weightings. We
then explain two equivalent characterizations in terms of linear Poisson
manifolds and the de Rham complex of the Lie algebroid (Theorem 5.15).
We will then discuss differentiation of multiplicative weightings (The-
orem 5.20) and integration of infinitesimally multiplicative weightings
along wide subalgebroids (Theorem 5.23), and use this to show that Lie
groupoids with a multiplicative weighting along their units are in 1-1 cor-
respondence with filtered groupoids in the sense of van Erp and Yuncken
(cf. [VEY19, Definition 67]).

5.1 PRELIMINARIES ON LIE ALGEBROIDS

Lie algebroids were introduced by Pradines in [Pra6y].

Definition 5.1. A Lie algebroid over a smooth manifold M is a vector bundle
A — M together with a Lie bracket [-,-] : T(A) xT'(A) — I'(A) and a
vector bundle morphism a : A — TM, called the anchor, such that

[UIfT] = f[‘TI T] + ﬁu(a)f T
forallo, T € T(A) and f € C®(M).

We use the notation A = M to imply that the vector bundle A — M is
a Lie algebroid.

Examples 5.2. (a) The tangent bundle TM of any smooth manifold M
is a Lie algebroid with anchor map given by the identity.

(b) A Lie algebroid over a point is a Lie algebra.

(c) The tangent bundle TrM of a foliation F on M is a Lie algebroid
with anchor map given by the identity.
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(d) If x : P — M is a principal G-bundle, then At(P) = TP/G — M is
a Lie algebroid with Lie bracket induced by the Lie bracket on G-

invariant vector fields on P and anchor map induced by Tx : TP —
TM.

In the special case the P is the frame bundle of a vector bundle
V — M, we may identify I'(At(P)) with the linear vector fields on V,
i.e. the vector fields X € X(V) with the property that

[n
for all n > 0, where Cf;] (V) denotes the functions on V which are

fibrewise homogeneous of degree n (see Section 2.4.1).

(e) A family of Lie algebras is a vector bundle A — M with a fibre-wise
Lie bracket. A family of Lie algebras is a Lie algebroid over M by
taking the anchor map to be zero. Conversely, any Lie algebroid with
zero anchor map is given in this way.

(f) Let w € O?(M) be a 2-form on a manifold M and consider the vector
bundle A = TM x R — M. Define a bracket on sections by

X+ f,Y+g=[XY]+Lxg— Lyf+w(X,)Y)

and let a : TM x R — TM be the projection onto the first factor.
Then (A, [, -],a) is a Lie algebroid if and only if w is closed.

For our work on weighted Lie algebroids, we will need two equivalent
characterizations of Lie algebroids.

5.1.1 Lie algebroids as linear Poisson manifolds

Recall that a Poisson structure on a manifold M is a is skew-symmetric
bilinear map {-,-} : C*(M) x C®(M) — C®(M) such that, for all f, g, h €
C=(M),

(i) the derivation property: {f,gh} = {f,g}h+ g{f,h}, and

(ii) the Jacobi identity: {f,{g, h}} = {{f, g}, h} +{g, {f h}}.

A Poisson structure on M defined bivector field = € X2(M) = T'(A>°TM)
by the property that

n(df,dg) = {f g} (5.1)

Conversely, a bivector field 77 € X?(M) defines a skew-symmetric bracket
on C®(M) satisfying the derivation property by (5.1); it is called a Poisson
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bivector field if the induced bracket on C*(M) satisfies the Jacobi identity.

[ee]

If V is a vector bundle, then a Poisson structure on V is linear if C 0] (V) is

a subalgebra of C®(V) for any n > 0. Equivalently, 7 € %[271] (V).

Example 5.3. Let w € Q?(M) be a symplectic form on M. Since w is
non-degenerate it defines an isomorphism

W TM — T*M, X — ixw.

Let 7t* : T*M — TM be the inverse map and, given f € C®(M), let
X¢ € X(M) denote the Hamiltonian vector field

Xf = —ﬂﬂ(df).

Then
{f 8} =w(Xp Xq)

defines a Poisson structure on M. In this way, every symplectic manifold is
canonically a Poisson manifold. If xi, ..., Xy, y1,...,Ym are local Darboux
coordinates for M so that w = ); dx; A dy;, then the corresponding Poisson
bivector field is given by

0

aiyi' (5.2)

Z i A
7 axi
In particular, the cotangent bundle T*M of any manifold M is canonically
a Poisson manifold. Moreover, from (5.2) we deduce that it is a linear
Poisson manifold.

Given a section o € T'(V) let f, € Ch (V*) be the corresponding linear
function. The following theorem explains how linear Poisson structures
are related to Lie algebroid structures.

Theorem 5.4. [Cougo, Theorem 2.1.4] For any Lie algebroid A = M, the total
space of the dual bundle p : A* — M has a unique Poisson structure such that
for all sections o, T € T(A),

{ftfffT} = f[a,r]-

The anchor map is described in terms of the Poisson bracket as

pa(o)f) = {fo,p*f},

for f € C®°(M) and o € T(A), while {p*f, p*g} = 0 for all functions f, g. The
Poisson structure on A* is linear; conversely, every linear Poisson structure on a
vector bundle V. — M arises in this way from a unique Lie algebroid structure
on the dual bundle V*.
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Example 5.5. Recall from Examples 5.2 (a) that the tangent bundle TM of
any manifold M is a Lie algebroid. The Poisson structure on T* M described
in Theorem 5.4 is the one corresponding to the canonical symplectic
structure, as described in Example 5.3.

5.1.2  Super-geometric characterization of Lie algebroids

A Lie algebroid structure on a vector bundle A — M induces a differential
graded algebra structure on I'(AA*) by setting

(dAaJ)(U'l,. . .,Uk) = Z(—l)i+jCU([0’i,0’j],0’1,. . .,(/7\’1',. . .,6\]',. . .,(Tk)
i<j
(5.3)

k .
+ Z(—l)lJrlLa(m)W(O'l, .. .,(/7\'1‘, .. .,O'k),
i=1

where w € T(AFA*) and where the hat denotes omission.

Vaintrob [Vaigy] observed that the converse is also true. If A — M is
a vector bundle and d, : T(AA*) — T'(AA*) is a degree +1 derivation
satisfying d4 o d4 = 0, then we can define a Lie algebroid structure on A
as follows. For o € T(A), let 1, : T(AA*) — T'(AA*) be contraction by o
and let £, =dg o1, + 1, 0d . Given 01,05 € T(A), define [0, 03] € T(A)
by the formula

Loy,om) = [Lfflllaz]'

Finally, define the map a : A — TM by the equation

Loo)f = Lof,

where on the right hand side we are identifying T(A°A*) with C*(M).
Then (A, [-,-],a) is a Lie algebroid over M. Moreover, these two construc-
tions are inverse to one another. Summarizing, we have:

Theorem 5.6 ([Vaigy]). Let A — M be a vector bundle, and let ds be a
differential on T(NA*), that is, d 4 is a derivation of degree 1 with dy od = 0.
Then d 4 determines a unique Lie algebroid structure on A for which d 4 is the de
Rham differential.

This approach has the benefit that Lie algebroid morphisms are readily
defined.

Definition 5.7. Let A = M and B = N be Lie algebroids. A vector bundle
morphism ¢ : B — A is a Lie algebroid morphism if the pullback map
I'(AA*) — T'(AB*) is a cochain map.

See [Mei1yb, Section 12] for more details.
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Remark 5.8. In super-geometric terms, the graded commutative algebra
I'(AA*) is understood as the smooth functions on a "super-manifold" de-
noted® A[1]. The differential d 4 is a derivation of this graded commutative
algebra, hence can be thought of as a vector field H on A[1]. The condition
that d4 ods = 0 is equivalent to [H, H] = 2H? = 0. Such a vector field
is called a homological vector field. One may therefore restate Theorem 5.6
as saying that a Lie algebroid is a vector bundle A — M together with a
homological vector field H.

5.1.3 The Lie functor

We now explain how to associate a Lie algebroid to a Lie groupoid G = M;
our approach is somewhat non-standard, so for more details see [Mei17a,
Section 11]. As a vector bundle, let Lie(G) = v(G, M) — M be the normal
bundle of the units. Recall that the tangent bundle TG is a VB-groupoid,
hence dually we obtain the cotangent groupoid

T*G —= Lie(G)*
G M

The canonical Poisson structure on T*G defines a Poisson structure on
Lie(G)* by the formula

{stecf STc8}1°G6 = 3?*G{fr8}me(c)*/ (5-4)

which is linear since the Poisson structure on T*G is linear. By Theorem 5.4,
this gives Lie(G) the structure of a Lie algebroid.

We can describe this Lie algebroid structure more concretely as follows.
Since the source and target maps sg, tc : G — M agree on M, it follows
that Ts — Tt : TG — TM vanishes on TM and therefore descends to a
map a : Lie(G) — TM; we take this to be the anchor map. To describe
the bracket on sections, let o € I'(Lie(G)) and let f, € Cff](Lie(G)*) be
the corresponding linear function. Since st : T*G — Lie(G)* is a vector
bundle morphism, the pullback s7.fr € Cfj (T*G) is a linear function

and therefore corresponds to a vector field c& € X(G); it is called the
left-invariant extension of o € I'(Lie(G)). The Lie bracket on I'(Lie(G)) is
the determined by the equation

ot 7]

o, T ]L.

=lo,T

1 Not to be confused with the shifted weighting, as described in Section 3.1.2 (c).
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Similarly, we define the right-invariant extension of o € I'(Lie(G)) to be
the vector field o} € X(G) corresponding to —t+..fs € Ch (T*G).

Example 5.9 ([Macos, Example 11.3.1]). Let G = Pair(M) = M. In this
case, we identify Lie(Pair(TM)) with TM using the map

TM&TM —TM, (X,Y)—Y—X.
The cotangent groupoid of Pair(M) is the VB-groupoid

T*Pair(M) —= T*M

_—

Pair(M) ——= M,
where
ST*Pair(M) (gf T) =7 and tT*Pair(M) (CI T) =—C.
Given a vector field X € X(M), we have that
Srepairv)fX = fox) and  trpaonfx = f-x0)
hence X = (0, X) € X(Pair(M)) and XR = (X,0) € X(Pair(M)).
For reference, we record the following fact.

Lemma 5.10. Let G = M be a Lie groupoid with Lie algebroid Lie(G) = M.
Then for all o, T € I'(Lie(G)):

L

(a) a(o) ~; ot — ok, wherei: M — G is the inclusion, and

(b) [o", 8] = 0and [0k, 8] = —[o, T|R.

5.2 DEFINITION OF INFINITESIMALLY MULTIPLICATIVE WEIGHT-
INGS

Let A = M be a Lie algebroid.

Definition 5.11. An infinitesimally multiplicative weighting of A = M is a
linear weighting of A with the additional properties that

(@) a(T'(A)q) € X(M); for all i, and
(b) forall o € I'(A)(; and T € T'(A)(;), we have

[0’, T] S F(A)(Z+])
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A Lie algebroid endowed with an infinitesimally multiplicative weighting
is called a weighted Lie algebroid.

Examples 5.12. (a) If B = N is a Lie subalgebroid of A = M, then the
trivial weighting of A along B is infinitesimally multiplicative.

(b) If (M, N) is a weighted pair, then TM with its induced weighting is
a weighted Lie algebroid.

(c) If m: M — N is a weighted submersion, then ker(T) is infinitesi-
mally weighted via the filtration

F(ker(Tﬂ))(i) = {X S X(M)(l) X~ 0}

(d) Recall from Remark 3.5 that a linear weighting of a vector space
is simply a filtration by subspaces. Hence, an infinitesimally multi-
plicative weighting of a Lie algebra g is given by a filtration of g by
subspaces g; with the property that

i, 9;] € gitj- (5-5)

If (G, H) is a weighted Lie group pair then the filtration of TG|y
restricts to a filtration of g satisfying (5.5). Hence the Lie algebra
of a weighted Lie group inherits an infinitesimally multiplicative
weighting.

(e) An action of a weighted Lie algebra g on a weighted manifold M is
called weighted if the action map

gxM—TM, (& p)— Cm(p)

is a morphism of weighted vector bundles. In this case, the action
algebroid
gxXM=M

is a weighted Lie algebroid.

(f) Any linearly weighted vector bundle can be thought of as a weighted
Lie algebroid by taking both the anchor and bracket to be zero.

(g) If G is a weighted Lie group and P — M is a principal G-bundle
with a principal weighting along Q — N, then the Atiyah alge-
broid At(P) = M has a canonical Lie algebroid weighting along
At(Q) = N. The filtration of the sections is defined by the identifica-
tion with G-invariant vector fields on P. Similarly, the Lie algebroid
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gau(P) = (P x g)/G = M has a canonical infinitesimally multiplica-
tive weighting along gau(Q) = N. Moreover,

0 — gau(P) — At(P) — TM — 0

is an exact sequence of weighted vector bundles in the sense that one
can find a splitting TM — At(P) which is a weighted vector bundle
morphism.

(h) Aninfinitesimally multiplicative weighting of a Lie algebroid A = M
along the zero subalgebroid is given by a filtration

A=F,DF ,12---20

such that [[(F_;),T'(F_;)] € T(F_;_;). If A = Lie(G) for some Lie
groupoid G, then this is a Lie filtration of G, in the sense of van Erp
and Yuncken (cf. [VEY17, Definition 17]). In particular, a Lie filtration
of M is a infinitesimally multiplicative weighting of TM along the
zero section.

(i) Let (M, N) be a weighted pair and let w € Q?(M) be closed. Let
A =TM x R = M be the Lie algebroid defined in Examples 5.2 (f),
with

[X—f—f,Y-f-g] = [X,Y] +Lxf— ,Cyg+w(X,Y)

Then I'(A) ;) = X(TM);) ®© C®(M); is an infinitesimally multiplica-
tive weighting if and only if w € QZ(M)(O).

Let A = M be a weighted Lie algebroid. Given a frame weighted o, for
Aly let T¢, € C*(U) be the corresponding structure functions for the Lie
algebroid, defined by

[0, 03] = ) TS0
c

Since Y. It 0c € T(V|u) (v, 40, if and only if T, € C®(U) (g, 40,—0,), We
have the following lemma.

Lemma 5.13. A linear weighting of a Lie algebroid A = M is infinitesimally
multiplicative if and only if the anchor map is a weighted vector bundle morphism
and for any choice of weighted frame o, € T'(A|u) o, the associated structure
functions satisfy T'¢, € C°(U) (5, 4-0,—0,)-

Remark 5.14. For a weighted Lie algebra g with structure constants I,
this says that I'), = 0 whenever v, + v}, > v.
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5.3 ALTERNATIVE CHARACTERIZATIONS OF LIE ALGEBROID WEIGHT-
INGS

We now explain the weighted analogue of the characterizations of Lie alge-
broids described in Section 5.1.1 and Section 5.1.2. The latter perspective
allows for quick definition of weighted Lie algebroid morphisms, whereas
the former will be used in our proof of Theorem 5.20, which says that the
Lie algebroid of a weighted Lie groupoid has a canonical infinitesimally
multiplicative weighting.

Before we begin, we remind the reader of Section 3.1.2 and Theorem 3.8,
where we explain how a linear weighting of V' — M defines a linear
weighting of V* — M and how this can be described in terms of a
filtration of C;?)Z(V*>'

Theorem 5.15. Let A = M be a Lie algebroid endowed with a linear weighting.
Then the following are equivalent.

(a) A is a weighted Lie algebroid,
(b) the Poisson bivector field = € X2(A*) has filtration degree zero,
(c) the differential dy : T(ANA*) — T'(AA¥) is filtration preserving.
Proof that (a) and (b) are equivalent. Let {-, -}, be the Poisson bracket de-

fined by 7r. By considering weighted vector bundle coordinates we see that
e %f—l} (A*) has filtration degree zero if and only if

{3n G (A% o) % CR (A7) (jy = Ci(A%) i) (5.6)

for n=o0,1.

We start with n = 1. Given ¢ € I'(A);) and T € T(A)(j), let fo €
) (V*)@ and fr € Ch) (V*)(j) be the corresponding linear functions. The
equation

{fV/fT}ﬂ = f[U,T]

shows that [0, 7] € T['(V)(y; if and only if {fo, fr}r € Cﬁ’](V*)(iﬂ),
i.e. (5.6) holds for n = 1.

Now let f € C*(M)y;). Since the bundle projection p : A* — M is a
weighted morphism and M is a weighted submanifold of A*, the equation

p*(ﬁa(a)f) ={fo.P" f}n

shows that {fo, p*f}r € C (V") (1)) if and only if Ly, f € C%(M) (i)
Since f € C*(M)j) was arbitrary, the latter holds if and only ifa(o) €
X(M);)- Thus (5.6) holds for n = 0 if and only if a : T(V)) — X(M )

which completes the proof.
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Proof that (a) and (c) are equivalent. Suppose that A is a weighted Lie alge-
broid and let ; € I'(V) ;) and w € T'(A*A*) ;). Since [0y, 0] € T(V) iyt
and a(0j) € X(M)y;,) it follows that both

a)([O'g,O'j],O'l, .. .,@'g, .. .,5']', .. ,(Tk) and ,Ca(w)w((ﬁ, .. ,@'g, .. .,0’k+1)
are in C*(M) (i1, +..+i,,,)- It follows by Equation 5.3 that

(daw)(a1, -+, O1) € CF (M) iyt

hence d 4 is filtration preserving.

For the converse, recall that the weighting of AA* is defined so that
to : T(AA*)(jy = T(AA¥) (i) if and only if o € T(A) ;). In particular, if d4
is filtration preserving then

Lo=dpgoi,+iy,0dy: l“(/\A*)(]) — F(/\A*)(H_])

whenever ¢ € T'(A)(;). Thus, given ¢1 € T'(A)(; and o» € T(A)(;, the
formula g, ) = [Ley, Lo,] implies that [07, 03] € T(A) ;). Similarly, given
o € I'(A)(;), the formula L, f = Lo f implies that a(c) € X(M);. O

As promised, we give the following definition.

Definition 5.16. Let A = M and B = N be weighted Lie algebroids. A
weighted Lie algebroid morphism ¢ : B — A is a vector bundle mor-
phism such that pullback map I'(AA*) — T'(AB*) is a filtration preserving
cochain map.

5.4 THE WEIGHTED NORMAL AND WEIGHTED DEFORMATION ALGE-
BROIDS

We now explain how the weighted normal bundle and weighted defor-
mation bundles of a weighted Lie algebroid A = M are naturally Lie
algebroids.

Theorem 5.17. Let A = M be a weighted Lie algebroid. Then both vyy(A) —
vw (M, N) and Syy(A) — 6w (M, N) are naturally Lie algebroids and the iso-
morphism

A t#0
oW (A1) = { vw(A) t=0

is an isomorphism of Lie algebroids.

Proof. Recall from Examples 3.23 (c) that vy, (TM) = Ty (M, N). Since
a: A — TM is a weighted morphism, vyy(a) : vy (A) — vw(TM) is
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defined and we take this to be our anchor for vy (A). We define the Lie
bracket as follows. Given ¢ € T(A);) and T € I'(V);) define

[, V] = [o, 7] ; (57)
this defines a Lie bracket gr(I'(A)) x gr(I'(A)) — gr(I'(A)). Given f €
C*(M) k), we compute

[U[i}, f[k]TU]] [U ,( fT)[J+k}]
[U'/fT] [i4j+k]

= (flo, 7] + Lo f - T)HTHH

:f[k][ ,T][H_] +£( ) f[k]TU]
= fl[g, 7]l + Ly (a) (0t )f[k] -l
hence (5.7) satisfies the Leibniz rule for any f € CJ,(vw(M,N)) =

gr(C®(M)). Recall from Theorem 3.29 that

I'(vw(A)) = C¥(vw (M, N)) @gr(c=(m)) 8(T(A)),

hence we may extend (5.7) to I'(v)y(A)) using the Leibniz rule, which
gives the Lie algebroid structure for 1)y (A). An analogous construction
gives the Lie algebroid structure for d)y(A). The last statement is clear. [

Remarks 5.18. (a) If Ti-‘j € C”(U)(viwj,vk) are the local structure func-
tions for A|y; corresponding to a local weighted frame, then

[UI+Z)] Uk}

(Tf)@teid  and (rk)

are the local structure functions for vy, (A) and dyy(A), respectively.

(b) If T € X2(A*) g) is the Poisson bivector field then 7l € X2 (v (A)*)
and 7% € %2(4y,(A)*) are the Poisson bivector fields for vy (A)*
and dyy(A)*, respectively. .

(c) The de Rham differentials for vy (A) and d)y(A) are defined by the
equations

[i]

d (A)wH (dAaJ)H and di(A)(E[i]:(dAa)) ,
respectively.

(d) By the last remark, we see that this construction is functorial for
weighted Lie algebroid morphisms.

94



5.5 DIFFERENTIATION OF MULTIPLICATIVE WEIGHTINGS

Examples5.19. (a) Let A = A_, & ---d Ap = M be a graded Lie al-
gebroid, i.e. [A;, A]-] C Ay If M is weighted along itself then the
filtration

I'(A)y=T(A-) & - &T(Ao)
defines an infinitesimally multiplicative weighting.
In particular, we can view any Lie algebroid A = M as a graded Lie
algebroid by setting A = A_,. The corresponding bracket on dy,(A)
is given by

—— |27
7,7 = [o, T][ I t'lo, 7).

(b) Let A = M be a Lie algebroid with Lie filtration
A:A—rQAfrJrlQ“'QA—lQQ

This defines an infinitesimally multiplicative weighted of A and the
weighted normal algebroid is given by gr(A) = @j_; A_i/A_i1.
Since X(M) = X(M)g), then anchor map for vyy(A) is zero and
vy (A) is a family of nilpotent Lie algebras.

(c) If (M, N) is a weighted pair, w € Q(M) ), and TM x R = M is
the Lie algebroid defined in Examples 5.12, then 1)y (TM X R) =
Tvw(M,N) x R = vy(M, N) is the Lie algebroid defined analo-
gously, using w!% € O?(vyy(M, N)).

5.5 DIFFERENTIATION OF MULTIPLICATIVE WEIGHTINGS

Let G = M be a weighted groupoid with Lie algebroid A = M. In this
section we will show that the weighting of G differentiates to an infinites-
imally multiplicative weighting of A, and the the Lie functor commutes
with both a weighted normal and weighted deformation functors. More
specifically, we prove the following theorem.

Theorem 5.20. Let G = M be a weighted Lie groupoid with Lie algebroid
A =Lie(G) = M. Then

T(Alu)g = {o € T(Alu) : 0" € X" (Glu) )} (5.8)
defines an infinitesimally multiplicative weighting of A such that
Lie(vw (G, H)) = vw(A) and Lie(dw (G, H)) = dw(A).

The idea of the proof is as follows. Since G = M is a weighted Lie
groupoid, the cotangent groupoid T*G = A* is a weighted VB-groupoid,
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as per Proposition 4.20. In particular, A* is a weighted subbundle of
T*G and is therefore weighted in its own right. We then argue that the
Poisson structure on A* induced by the canonical one on T*G has filtration
degree zero. By Theorem 5.15, this implies the dual weighting on A is
infinitesimally multiplicative. We then verify that (5.8) agrees with the
dual weighting.

To begin, note that for any weighted manifold M the canonical Poisson
structure on T*M has filtration degree zero. Indeed, the follows from The-
orem 5.15 since the weighting of TM is infinitesimally multiplicative. In
particular, for a weighted Lie groupoid G the canonical Poisson structure
on T*G has filtration degree zero. Recall that the Poisson structure on A*
is defined by the equation

{stcf 5168 e = steif 8t A (5.9)
where s7-¢ : T*G — AG”* is the source map for T*G.

Lemma 5.21. The Poisson bivector field on A* defined by (5.9) has filtration
degree zero.

Proof. We have to show that

feCu(A)u, g€ Cri(A%) ) = {f 8}a € Cooi(A")(ir)-

We claim that this happens if and only if s*{f,g}a+ € C;‘;I(T*G)(iﬂ).

Indeed, since s : T*G — A* is a weighted morphism we have that

{f.8tar € Cuu(A%)(irjy = s™{f, gtar € Cou(T*G) iy

On the other hand, since AG* is a weighted subbundle of T*G, the inclu-
sioni: A" — T*G is a weighted morphism. Hence

s'{f,8}a € Cooi(T*G)iyjy = {f.gtar =1"s"{f,8}a € Cooi(A") (irj)

which proves the claim. Combining this with the fact that the canonical
Poisson structure on T*G is filtration preserving and using (5.9) completes
the proof. O

Proof of Theorem 5.20. By Lemma 5.21 and Theorem 5.15 the weighting of
A defined as the dual of A* is infinitesimally multiplicative. It remains to
establish that this weighting is given by (5.8).

Given o € I'(Aly), let f, € Ch (Al};) be the corresponding linear func-

tion. Recall that o= € X(G|y) is the vector field corresponding to the linear
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function st fo € C7)(T*G). Using this and the fact that s7.¢ : T°G — A
is a weighted submersion we have
o eL(Alu)y <= fo € Cq(Aln)a)
s S?*Gfg S C[Of](T*G‘u)(l)
<~ U'L € %(G|u)(z),

as claimed. The identification Lie(v), (G, H)) = vy (A) is given at the level
of sections by the map

gr([(A)) = X (vw(G,H)), ol — (1)l

Similarly, the identification Lie(d)y (G, H)) = dyy(A) is given by

1

Rees(T(A)) — XL (6w (G, H)), &l — (o1)". O

Remark 5.22. Since invg is a weighted diffeomorphism and ol ~invg —oR
it follows that
o eT(A)y < d®eXx(G)y.

56 INTEGRATION OF LIE ALGEBROID WEIGHTINGS - THE WIDE CASE

In this section we give a partial converse to Theorem 5.20. Notice from the
previous work that any infinitesimally multiplicative weighting defined
by differentiating a multiplicative weighting is necessarily concentrated in
non-positive degrees.

Theorem 5.23. Suppose that G = M is a Lie groupoid and
A= Afr ) A—r+l 2 A—l 20 (5-10)

is a Lie filtration of A = Lie(G). Suppose that H C G is an s-connected Lie
subgroupoid. If B = Lie(H) is such that
(a) [T(B),T(A_;)] CT(A_) foralli
(b) the assignment m +— dim(B,, + A_;|n) is constant as a function on M
then (5.10) defines a multiplicative weighting of G along H such that the induced
weighting of A defined by Theorem 5.20 is given by the filtration
A=A ,+B2>OA,1+BD---A1+BDB. (5.11)

The idea of the proof is to use the filtration (5.10) to define a singular
Lie filtration of G with respect to which H is clean. By Theorem 2.54, this
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defines a weighting of G along H which we then show that this weighting
is multiplicative.

5.6.1 Definition of the singular Lie filtration

Let FL, C TG be the subbundle spanned by the left-invariant vector fields
ol € X(G) for ¢ € T(A_;), and let FX. be defined analogously using
right-invariant extensions. Motivated by Equation (5.8) and Remark 5.22,
we define

Fry=T(F-)+T(F}) Cx(G), i=1,...,r—1 (5.12)
and f(—r) = %(G)
Lemma 5.24. F, is a Lie filtration.

Proof. Since Ffi and Flfz- are vector bundles, it follows that each f(—i) is
locally finitely generated. To see that the bracket condition is satisfied, let
ce€T(A_;), T€T(A_j), and f € C*(G). Since (5.10) is a Lie filtration, we
have

(oL, fTt] = flo,t)F + Louf - Th € F—izj)

because L,.f - Tl € F-j © Fijas —i—j < —J; the same computation
works for right invariant vector fields. Finally, since left and right invariant
vector fields commute, we have

[oh, fR) = Lof - e Foiyy,

as needed. O

5.6.2  Showing that H is Fe-clean.

In order to show that (5.12) defines a weighting of G along H, we need to
show that H is F,-clean. Recall (cf. Definition 2.52) that this means that
the function

H — NN, h— dlm(ThH + ]:(—i)|h)

is constant for eachi=1,...,r.

Before proceeding, we fix some notation. Let ¢ € T'.(B) be a compactly
supported section of B. Since ¢ is compactly support, the corresponding
left-invariant extension ¢ € X(H) is complete (cf. [ZCLog]), and so o
defines a bisection exp(c) € I'(H) by the formula

exp(c): M — H, mws ¢'(m)
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where ¢! denotes the time 1 flow of the left-invariant vector field .
Lemma 5.25. H is F,-clean.
Proof. To begin we claim that, for any m € M, one has
TnH + Fiylm = TuH + (A_i)m-
Indeed, let X, + oL + 1R € T,,H + Fi—i |m and observe that
X+ ok +18 =X + 0k — R 4 oR 4 1R
= (X +a(om)) + (0w + )" € TuH+ (A_i)m,

where was have used Lemma 5.10, which says that the restriction of
ot — oR to M is given by a(c).

Next, let h € H. Since H is s-connected, we may choose compactly
supported sections ¢4, ..., 0; € T'(B) such that the bisection

S =exp(o1)---exp(ox) € T(H)

passes through h~1. Let X), + 0} + tf € T,H + F_;|;,. Since exp(ad,)
Ad(exp(c)) as operators on I'(A), it follows that adr(g) (['(A—;)) C T(A;)
implies Adeyp (o) (A-i) € A_;. Therefore,

Th.Aé(Xh +0'hL + TIF) = Th.Aé(Xh) +0'5L(h) + (AdsT)f(h) € Ts(h)H+‘/—_-*i|s(h)~
This shows that

dim(T,H + F_|p) = dim (T, H + F-ilsn)
= dim(Tyy H + (A-i)sny)
= dim (T, M) + dim(Bygy + A—ilsn))
which is constant as a function of h € H by assumption. O
Therefore, by [LM23, Theorem 4.1], the Lie filtration F, defines a weight-
ing of G along H such that (TG|y)_;) = TH + (Ft; + FX)|n.

5.6.3 Verification the weighting is multiplicative

We conclude by showing that the weighting of G along H is multiplicative.
Since H is a wide subgroupoid, it follows from Corollary 2.18 that M is
a weighted submanifold of G and the induced weighting of M is along
itself. It remains to show two things:
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(a) the bundles
(TGlu)(—i) = TH+ (FL 4+ FR)|u

are wide VB-subgroupoids of TG|y = TM and

(b) the graph of multiplication is a weighted submanifold of G>.

To see why (b) holds, recall from Example 4.5 that the composition rule
for TG is given by

Xgo ° Ygl = TgoAg (Xgo) + TgIAéQ(Ygl) - Tg1(AéO~A§1t) (Yg])’ (5.13)

where X € To G and Yy, € Ty, G are composable, Sy is a bisection through
go and S; is a bisection through g¢;.

Lemma 5.26. Each (TG|n)(_j = TM is a VB-subgroupoid.

Proof. First of all, note that both Ts, Tt : (TG|y)(_;y = TM are submersions
because TH C (TG|n)(-;) and H is a wide subgroupoid. Similarly, TM C
(TG|H)(~i)- We now show that (TG|y)(_;) is closed under composition
and inversion.

Let X + 0§ + 15 € (Ty,G) (s and Y + o + % € (T}, G)(_;) be compos-
able. We have

Tho'Agl(X + 0'(% + Té{) = ThoAg{lX + (AdS1UU)L + T§ S (ThOOhlc)(fi)/
T As, (Y + 01 + 1) = Ty A, Y + of + (Adsy1)" € (Thgon, G) (—i)-
Moreover, since H is assumed to be wide and Sy and S; are bisections in

H,
Thl('Aéo‘AISit)(Y + UlL + TlR) € Thpon, H C (ThOOhlc)(—i)/

where we have used that 0’1L ~¢ 0 and TlR ~¢ a(Ty). Since the composition
(X + 0t +1R) o (Y + o + 1) is the sum of these three terms Equation 5.13,
it follows that (TG|p)(_; is closed under multiplication. Similarly, using
that o& ~p,, —0oR, it follows that (TG] H)(—i) is closed under inversion
hence hence is a VB-groupoid. O

We conclude the proof with the following lemma.
Lemma 5.27. The graph of multiplication is a weighted submanifold.
Proof. Recall (cf. [Mei1yb, Section 9.6]) that I'(multg) C G? is the flow-out
of {(m,m,m) : m € M} C G® by the vector fields
X, = (—O'R,—O'R,O) and Yr = (0, TL,—TR),

with 0, T € T'(A). Therefore, analogously to the work above, we can define
a singular Lie filtration of I'(multg) with respect to which I'(multy) is
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clean. This defines a weighting of I'(multg) along I'(multy). One has, by
construction, that

(TT (multc) [muy, ) (—i) = TT(multe) N (TG s ) (i),

since G® is weighted along H® using the product Lie filtration. Further-
more, Proposition 2.55 implies that the inclusion T'(multg) < G® is a
weighted morphism. Corollary 2.18 implies that I'(mult) is a weighted
submanifold. O

This concludes the proof of Theorem 5.23. As an immediate application,
we have the following classification theorem, which says that any multi-
plicative weighting along an s-connected wide subgroupoid arises in this
way. In particular, a Lie groupoid with a multiplicative weighting along
its objects is a filtered Lie groupoid in the sense of van Erp and Yuncken
(cf. [VEY17, Definition 17]), and conversely.

Theorem 5.28. The differentiation procedure of Theorem 5.20 and integration
procedure of Theorem 5.23 define a 1-1 correspondence between multiplicative
weightings along s-connected, wide Lie subgroupoids and infinitesimally multi-
plicative weightings along wide Lie subalgebroids.

Proof. Let G = M be a Lie groupoid and H = M be an s-connected, wide
Lie subgroupoid. An infinitesimally multiplicative weighting of Lie(G)
along Lie(H) is a Lie filtration

Lie(G)=F_, D --- D F_; D Lie(H)

which satisfies the assumptions of Theorem 5.23. Thus, it defines a multi-
plicative weighting of G along H and Equation 5.11 says that the differen-
tiated weighting of Lie(G) along Lie(H) is the one we started with.

Now, suppose that G is multiplicatively weighted along H. By Theo-
rem 5.20, the induced weighting of Lie(G) along Lie(H) is given by

Lie(G) =F_, O --- D F1 D Lie(H),

where
F_ ;= (TG|M)(_1~) /TM.

Let G denote G but with the weighting along H defined by Theorem 5.23.
By Proposition 2.55, the identity map

G—>G

is a weighted morphism. We claim that it is a weighted diffeomorphism.
By the normal form for weighted submersions (Theorem 2.22), it is enough
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to show that Thé(,i) = TG for all h € H. But this clearly holds for all
h € M and since left multiplication by any bisection in H is a weighted
diffeomorphism? it therefore holds for all & € H. O

Examples 5.29. (a) Suppose that G = Pair(M) is the pair groupoid and
H = M is the units. An infinitesimally multiplicative weighting of
Lie(Pair(M)) = TM is a filtered structure on M,

TM=F,2F ;1 2---2F120.

The singular Lie filtration of Pair(M) defined by (5.12) is regular,
and is given by
TPair(M)_i = F_,‘ X F_l'.

(b) Let G be a Lie be a Lie group, H C G a connected, closed subgroup,
and let

g=0r20 412 --9g_1 2 h=Lie(H),

be a Lie filtration. The weighting defined by Theorem 5.23 is the
same as the weighting defined by the (right-invariant) Lie filtration

TG=Gxg+26GXgyp12---Gxg12Gxh,

given by left-translation. Indeed, this follows by a similar argument
as in Theorem 5.28.

2 This can be seen as a consequence of Lemma 4.21. Indeed, since S C H it is automatically
a weighted submanifold of G. Therefore, dyy(S,S) = S x R is a bisection of dy (G, H) and

one has that 5W(AI§) = Agw(s S)



WEIGHTINGS AND HIGHER
TANGENT BUNDLES

One of the main goals in [LM23] is to give a “coordinate-free" definition
of a weighting. They accomplish this by showing that a weighting of M
along N is completely described by a graded subbundle (cf. Section 2.4.1)
of the r-th order tangent bundle T, M. This perspective can be used to give
an alternative characterization of multiplicative and infinitesimally multi-
plicative weightings. In this chapter we will explain this perspective and
use it to extend Theorem 5.23 to arbitrary s-connected Lie subgroupoids
(Theorem 6.23).

6.1 HIGHER TANGENT BUNDLES
6.1.1 Definition

We begin be reviewing the definition of T, M, following the algebraic
perspective presented in [KMS13, Chapter VIII]. Consider the truncated
polynomial algebra A, := Rle]/ (e’ 1).

Definition 6.1. The r-th order tangent bundle of M is the character spectrum
T, M := Hom,;(C* (M), A;).

Example 6.2. Any ¢ € T,M = Homgg(C*(M), A,) can be written as

P = i e’
i=0

for linear maps u; : C*(M) — R. We see that ug is simply an algebra
morphism and therefore is given by evaluation at a point p € M. Hence
ToM = M. Similarly, u; is a derivation with respect to 1o, and is therefore
a tangent vector based at p € M. Thus, TT)M = TM.

The assignment M +— T, M is functorial: for a smooth map F : M — M’
its r-th order tangent lift is defined by

T,F(u) =) (ujo F*)e'.
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6.1.2  Lifts of functions and vector fields

Any function f € C®(M) admits r tangent lifts () € C®(T,M), for
i=0,1,...,r, defined by

f(i) : guiei — i (f).

These lifts satisfy the product rule
. l . . .
(fg)¥ = Ef(])g(l—J)_ (6.1)
j=0

Furthermore, if F: M — M’ and g € C*(M’) then

(TF)*g" = (Fg)".
If x,,a=1,...,m, are coordinates for M defined on U, then the lifts x,gi),
a=1,...,mandi=0,...,r, define coordinates on T,U C T, M.

Example 6.3. Given f € C*(M), the zeroth lift f(©) € C®(TM) is just the
pullback of f to TM, while f(1) € C®(TM) is df thought of as a function
on TM.

Morimoto observed in [Moryo] that any vector field X € X(M) also
admits lifts X(=9) € X(T;M) for i = 0,1,...,r. These lifts are uniquely
determined by their action on lifts of functions f € C*(M), which is given
by

X(*i)f(]‘) — (Xf)(j*i).

These lifts satisfy the product rule and are compatible with Lie brackets:

(FX)) = Zf(k”')X(*k) and [XC) YD) =[x, Y], (6.2)
k=i

where [X,Y](") = 0if i > r.
6.1.3 Iterating the higher tangent functor

Given non-negative integers ry, ..., 7, one can, more generally, define

TVlnka(M) = Homalg(coo(M)/Arl K- Ark)-
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This can be identified with the iterated tangent bundles T, T;, - - - T, (M).

In particular, for any permutation ¢ € S, the corresponding algebra
isomorphism A, ® --- A, — Arm) ® - - 'Amk) induces an isomorphism

O : Try Ty -+ Ty, (M) — Tm(l)Trm) T TVa(k) (M) (6.3)

In the case k = 2, the isomorphism T,TsM = T , M is given as follows.

Let ¢ € T,TsM = Hom,g(C*(TsM), A,) and define ¢ € T,sM by

To see that the map
LTM — T,,M, ¢~ §

is an isomorphism we write down its inverse. Let ¥ € T, sM, and write
Y =Y ¢ Define ¥ € T, T;(M) by

(D)) = i) e Ay, feC(M);

since TsM is a graded bundle, after extending as needed to make ¥ an
algebra morphism, this is sufficient to define Y. It is straight forward to
check that these maps are inverse to one another.

Remark 6.4. With respect to the identification T(T,M) = T,(TM) we have
X=X and Tk = ¢,

where ¢ represents the time t flow of X; see Lemma B.10.

6.1.4 Higher tangent bundles of vector bundles

If V — M is a vector bundle with scalar multiplication given by «;, then
T,V is a vector bundle over T,M with scalar multiplication given by T, ;.
In this section we will generalize the lifting procedure for vector fields to
sections of an arbitrary vector bundle.

Let E € X(V) be the Euler vector field on V, and let X{,)(V) denote the
vector fields X € X(V) with the property that [E, X] = nX. Recall that any
section o € I'(V) defines a vector field X, € X_(V) by the formula

Xo(v) =0(p) veV,
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where we are identifying V), with the vertical subspace of T, V. The corre-
sponding map
F(V) — x[_l](V), oc— X,

is an isomorphism of C*(M)-modules. We will use this observation to
define the tangent lifts of sections of V.

Lemma 6.5. If E € X(V) is the Euler vector field for V, then E©©) € X(T,V) is
the Euler vector field for T, V.

Proof. Recall that the Euler vector field on V is the vector field whose flow
is given by ¢t = k.. Using Remark 6.4, we find that

L) = Trpp = Tricer.
Since scalar multiplication on T,V is given by T;x, the result follows. [

Proposition 6.6. Any section o € T(V) admits tangent lifts ¢~ € T(T,V)
fori=0,1,...,r. These lifts are uniquely characterized by the conditions that

@ o =T,o: .M — T,V,
®) (fo) O =yr_, fOo=0 forall f € C*(M), and

(c) if V is a vector space then T,V = @®}_,V, and we demand that (=) be the
copy if o in the i-th term of this direct sum.

Proof. Given o € T(V), let X, € X|_1)(V) be the vector field on V' it corre-
sponds to under the identification I'(V)) = X;_4;(V). Using, Remark 6.4,
and Equation 6.2 we find that

[E©, x50 = [E, x,)) = —x{
hence, by Lemma 6.5, it follows that
x5 e x_y(TV)

fori =0,1,...,r. Using the isomorphism T'(T,V) = X|_1)(T,V) we thus
define o~ by

X, = X5

It follows that these lifts satisfy conditions (a), (b), and (c) because the

lifts of vector fields do. Furthermore, by considering local vector bundle
coordinates we see that these conditions uniquely characterize the lifts. [

106



6.1 HIGHER TANGENT BUNDLES

Remark 6.7. We can also proceed as follows. First of all, note that applying
the r-th order tangent functor to the non-degenerate bilinear pairing

Vxu Vs =R

gives amap T,V x1t.m T,V* — T;IR, and composing this with projection
onto the last factor or T,R = ®]_, R gives give a non-degenerate bilinear
pairing between T,V and T,V*. In particular, this shows that T,V* =
(T,V)*.

Now, given o € T(V), let f, € Ch (V*) be the corresponding linear func-
tion. For eachi = 0,1, - - ,r, the lift féi) € C®(T,V*) is linear. Using the
previous observation, we let A= I'(T,V) be the section corresponding
to the linear function fy*i). Conditions (a), (b), and (c) in Proposition 6.6
are all satisfied, hence this gives the same result as before.

6.1.5 Higher tangent lifts of Poisson and Lie algebroid structures

As an application of the previous section, we can describe how to define
tangent lifts of Poisson and algebroid structures. There is (see [KW23,
Section 4.1]) a vector bundle morphism

ey T,(ATM) — AT(T,M)

and so any multi-vector field X € X9(M) = I'(ATTM) admits lifts X(=9)
X1(T,M),i=0,1,...,r, defined as the composition
"4

(i)
T,M X5 T,(ATTM) <5 ATT(T,M).

Proposition 6.8 ((KW23, Theorems 4.2 and 5.1]). (a) If X € X2(M) is a
Poisson bivector field, then X(©) € X2(T,M) is a Poisson bivector field for
T, M. Furthermore, the corresponding Poisson bracket satisfies

{fr=0,g D} = {f, g} Vf,g € C™(M).

(b) If A = M is a Lie algebroid with anchor map a : A — TM, then there is a
unique bracket on T (T, A) such that

[f(i),g(j)] = [f, gl (i+])

making T, A = T, M a Lie algebroid with anchor map given by the compo-
sition

o)

T,A 2% T,(TM) —> T(T,M).

107



6.2 WEIGHTINGS AS GRADED SUBBUNDLES OF T, M

Moreover, the corresponding dual Poisson structure on T, A* is the order O
lift of the dual Poisson structure on A* as specified in the previous point.

Example 6.9. Given any Lie groupoid G = M, the r-order tangent bundle
has the structure a Lie groupoid T,G = T, M by applying the r-th order
tangent functor to all the structure maps. If A = M is the Lie algebroid of
G = M, then T, A = T, M is the Lie algebroid of T,G = T, M.

6.2 WEIGHTINGS AS GRADED SUBBUNDLES OF T, M
6.2.1 The graded subbundle defined by a weighting

We now explain how an order r weighting of M naturally gives rise to a
graded subbundle Q C T, M and how multiplicative and infinitesimally
multiplicative weightings can be described in terms of this graded sub-
bundle. Let M be weighted to order r along N and consider the set

Qi={geT,M:VfeC*(M)y, j<i<r = fU(g)=0}. (64)

We summarize the results of [LM23, Sections 7 and 8] in the following
theorem.

Theorem 6.10 ([LM23]). With Q as in (6.4), we have the following
(a) Q is a graded subbundle of T, M with base N.

(b)) TQ|ny = TN & (TM|n)(-1) ® (TM|N)(—2) ® - & (TM|N)(_y) as a
graded subbundle of T(T,M)|y = TM|5" ",

(c) The weighting of M along N can be recovered from Q as

C(M)y ={feC(M):j<i = fD]g=0}.  (65)

(d) X € X(M)(_ if and only if X(=1) is tangent to Q. Moreover, vector fields
of the form X=) with 0 < i < r and X € X(M)_;) span the tangent
bundle of Q everywhere.

(e) A smooth map F : M — M’ is a weighted morphism if and only if
T,F(Qm) € T.F(Qm)-
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If x, € C®(U) is a weighted coordinate system then the set Q N T,U is
given by

xb(lo) =0 forw, >0
xgl):0 for w,; > 1 ©6)
6.6
xff*l) =0 forw,>r—1.

Conversely, if Q C T,M is a graded subbundle over N C M with the
property any p € N is contained in an open neighbourhood U C M with
coordinates x, € C®(U) such that Q N T,U is defined by (6.6), then Q
defines a weighting of M along N and the x, form a weighted coordinate
system on U.

Proposition 6.11. Let (M, N) be a weighted pair. A submanifold R C M is a
weighted submanifold if and only if T, R intersects Q cleanly in T, M. In this case,
the induced weighting of R along RN N is given by Q N T, R.

Proof. Suppose that R is a weighted submanifold. If x,,y, € C®(U) are
weighted coordinates such that R is locally cut out by the y; coordinates,
then T,(R N U) is cut out by the lifts yz(j), i=0,...,r. Therefore, by (6.6),
we see that the system of lifts xgi), yéi), i=0,...,r form submanifold
coordinates for T,(R N U) and Q N T,U which implies that TR intersects
Q cleanly.

Conversely, if Q intersects T, R cleanly then the intersection Q N T,R C
T;R defines an order r weighting of R along R N N such that the inclusion
R — M is a weighted morphism. By Theorem 6.10 (b), we have that

(TQ|rnn N T(TyR) [rAN) (i) = (TM|rnN) (i) N TR|rAN

Therefore, since Q and T;R intersect cleanly it follows that

(TRIrr) (=i) = (T(QN T;R)[rRnN) (i) = (TM|rnN) (~iy N TR|rAN
hence R is a weighted submanifold of M by Corollary 2.18. O
6.2.2  Multiplicative and infinitesimally multiplicative weightings in terms of Q
Recall that if G = M is a Lie groupoid, then T,G = T, M is a Lie groupoid

as well. We can use this observation to give another characterization of
multiplicative weightings in terms of the graded subbundle Q C T,G.
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Theorem 6.12 (cf. [LM23, Section 8.5]). Let G = M be weighted along H C G.
The weighting is multiplicative if and only if the graded subbundle Qg C T,G is
a Lie subgroupoid Qg = Qm of T,G = T, M.

Proof. Suppose that G is multiplicatively weighted along H, so that M C G
is a weighted submanifold, s,t : G — M are weighted submersions, and
mult : G® — G, and inv : G — G are weighted morphisms. By Proposi-
tion 6.11, the intersection T,M N Qg = Qy is clean and is the graded sub-
bundle associated to the induced weighting of M. Using Theorem 6.10 (e),
we see that Qg is closed under multiplication and inversion. Furthermore,
by Theorem 6.10 (b) and Proposition 2.9, it follows that T;s|g. : Qc — Qum
and T;t|g, : Qc — Qum are submersions near H C Q¢. By homogeneity
they are therefore submersions on all of Q.

Conversely, suppose that Qg C T,G is a subgroupoid. It follows by
reversing the above argument at inversion and multiplication are weighted
morphisms, and that source and target are weighted submersions. Since
T, M are the objects of T, G, it follows that Q¢ intersects T, M cleanly, hence
M is a weighted submanifold of G by Proposition 6.11. O

Example 6.13. Let (M, N) be a weighted pair. If the graded bundle corre-
sponding to the weighting of M along N is Qu C T, M, then the graded
bundle corresponding to the product weighting of Pair(M) along Pair(N)
is Pair(Qn ). In particular, gives another proof that the product weighting
is multiplicative.

Carry on, let G = M be a Lie groupoid with the property that the
groupoid anchor ag = (s,t) : G — Pair(M) is transverse to Pair(N). In
this case, T,ag : T,G — Pair(T, M) is transverse to Pair(Qs) and

(Trag) ™! (Pair(Qum)) € T,G

is a graded subbundle which defines a multiplicative weighting of G along
G|n.

Corollary 6.14. Let V. — M be a vector bundle, thought of as a manifold. A
weighting of V' is linear (with weights concentrated in non-positive degree) if
and only if the graded subbundle Qv C T,V is a vector subbundle. In this case,
we have that o € T(V); if and only if o) restricts to a section of Qv over
QvNT.M.

Proof. Thinking of V as a Lie groupoid over M, the weighting of V is
linear (with weights concentrated in non-positive degree) if and only if it is
multiplicative. Hence, it is linear if and only if Qy C T,V is a subgroupoid,
which in this case is a vector subbundle. The statement about lifts is just a
reformulation of Theorem 6.10 (d). O
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Likewise, we have a similar characterization for Lie algebroid weightings
which are concentrated in non-positive degree.

Theorem 6.15 (cf. [LM23, Section 8.5]). Let A = M be a Lie algebroid with
Lie subalgebroid B = N. A linear weighting of A along B concentrated in non-
positive degree is infinitesimally multiplicative if and only if the corresponding
graded subbundle Q4 C T, A is a Lie subalgebroid Q4 = Qu of T,A = T,M.

Proof. Suppose that A is infinitesimally weighted along B, with corre-
sponding graded bundle Q4 C T, A, and let Qp = T,M N Q be the graded
bundle associated to the induced weighting of M along N. To show that
Q4 is a Lie subalgebroid of T, A, we must show

(@) ar,4(Qa) € TQm, and

(b) T(T;A,Qa) CT(T,A) is a Lie subalgebra.
For (a), recall that the anchor map for T, A is T,a. Using Corollary 6.14
and Theorem 6.10, it is enough to show that Tra(a(i)) is tangent to Qp for

any o € T(A)(;. But, as the weighting is infinitesimally multiplicative, if
o € [(A) ;) one has that a(c) € X(M);) and since

Ta(o') = (a(0))?

it follows from Theorem 6.10 (d) that Tra(a(i)) is tangent to Q.

For (b), it suffices to show that if fa(i) € I'(T,A,Qa) and gT(f) S
[(T,A,Q4), then [fo),¢t)] € T(T,A,Q4), where 0,7 € T(V) and
f,g € C®°(T,M). Using the Jacobi identity

[fa(i)/ gT(])] = fg[(T; T] (+)) + fﬁTra(U(i))g ’ T(]) - g‘CTra(T(ﬁ)f ’ U(i)f (6.7)
we see that there are three cases to consider:

o If ¢, 70) € I'(T;A,Qa), then by Corollary 6.14 it follows that
o € I[(A);) and T € T(A)(j). Since the weighting is infinitesimally
multiplicative, we have [0, 7] € I'(A)j4), hence

[U(l),T(])] — [0’, T](i+j) S F(TVA/ QA)

Therefore, [fo'!), gT()] € T(T,A,Q4) in this case.

o If ¢ () ¢ I'(T,A,Qa), then both f and g must vanish on Q.
By the Jacobi identity, [fo(), gt()] also vanishes along Qas, hence
belongs to I'(T;A, Q4) in this case.

e Finally, suppose that o) ¢ T(T,A,Qa) and V) € T(T,A, Q). In

this case, we must have that f vanishes along Q. Since T,a(t!)) =
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(a(1))") is tangent to Qy, it follows that L, q(0))f vanishes on Qi
and therefore [fo'?), g7()] vanishes along Qy as well.

In each of these cases we see that | fU(i), gT(f)] € I'(T, A, Q4), which shows
that I'(T, A, Q4) is a Lie subalgebra of T'(T, A).

Conversely, suppose that Q4 C T,A is a Lie subalgebroid. In order
to show that conditions (a) and (b) in Definition 5.11 are satisfied, it is
sufficient, since the weighting is concentrated in non-positive degree, to
consider indices —i, —j with 0 <i,j <r.If ¢ € ['(A)_;,and T € T(A)_j),
then o) € I(T,A,Q4) and (/) € T(T, A, Q4), whence [o(~9),7(-1)] =
[0, 7)) € T(T,A,Qa) as Qg is a Lie subalgebroid. This shows that
[0, 7] € T(A)(_;_}- Similarly, let o € T(A)_;. Then ¢\~ € T(T, A, Q4)
and Ta(c)) = (a(0)) ) is tangent to Qy, which shows that a(0) €
X(M)_;), as needed. O

Proposition 6.16. Suppose that G = M is multiplicatively weighted along H,
with graded bundle Qg C T,G. Then the graded bundle for the weighting of
A = Lie(G) is given by Q4 = Lie(Qg).

Proof. Recall that the weighting of A is given by o € I'(A); if and only
if o € X(G)(j)- The result follows since (N = (1)) for 0 < i <

r, which follows because they are both left invariant and agree along
T, M. O

63 INTEGRATION OF LIE ALGEBROID WEIGHTINGS REVISITED

In this section we will return to the integration problem for infinitesimally
multiplicative weightings. More specifically, suppose that H = N is an
s-connected Lie subgroupoid of G = M, and suppose that A = Lie(G)
has an infinitesimally multiplicative weighting along B = Lie(H). We
will show that if the graded bundle Q4 C T,A corresponding to this
weighting integrates to an s-connected Lie subgroupoid Qg C T,G then
this subgroupoid defines a weighting of G along H. In order to do this,
we will use a weighted Lie algebroid spray to define an exponential map
which allows us to find weighted coordinates for G near the object space.
Flowing these coordinates along the s-fibres using left invariant vector
tields of filtration degree o gives weighted coordinates everywhere along
H, proving that Q¢ indeed defines a weighting.

6.3.1 The spray exponential for a weighted Lie algebroid

Let A = M be a weighted Lie algebroid and let G = M be a Lie groupoid
integrating A. We briefly review how to construct a partially defined
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exponential map for A --» G; for a complete discussion, see Appendix B.
The data to define an exponential map A — G is a Lie algebroid spray:

Definition 6.17 ([CMS20, Definition 3.1]). Let A = M be a Lie algebroid.
A Lie algebroid spray on A is a vector field V € X(A) such that

(@) k;V =tV for all t # 0, where x; denotes scalar multiplication by f,
and

(b) forall § € A, one has Trr(Vz) = a(¢), where r: A — M is the vector
bundle projection and a : A — TM is the anchor.

If V€ X(A) is a Lie algebroid spray, then there is an open neighbour-
hood Uy C A of the zero section for which the flow (,b’{, is defined for
t| < 1. For each u € Uy, the path t — u(t) = ¢!,(u) is an A-path, and
therefore integrates to a G-path #(t). The spray exponential is the map

expy : Uy = G, uw—ii(l).
Following the notation in [CMS20] we use the dotted arrow notation
expy :A-—->G

to denote that expy is only defined on an open neighbourhood of the zero
section.

Example 6.18. Let G be a Lie group and g = Lie(G). Then 0 € X(g) is
a Lie algebroid spray for g and exp,, is the standard exponential map
exp:g— G.

If A is a weighted Lie algebroid, the the appropriate sprays to consider
are ones having filtration degree zero.

Lemma 6.19. For any weighted Lie algebroid A, there exists a spray V €

X(A)0)-

Proof. Note that any convex combination of sprays is again a spray. There-

fore, by pulling back a partition of unity on M it suffices to work locally.
Let w; and v; be the base and vertical weights for A, respectively. If

l“i-‘]- € C®(M) denote the structure functions for A corresponding to a local

weighted frame then recall from Lemma 5.13 that l"g‘]- € C“(M)(viwj_vk). If
Xa, pp are weighted vector bundle coordinates for A then

B - 5
V= a”(x)plaixj + rij(x)Pll?]aT)k

defines a spray for A. Since a : T(A)_; — X(M)_;), it follows that
ajj € COO<M)(vi+zu]-)r hence V € :{(A)(O) 0
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Let G = M be a Lie groupoid with a multiplicative weighting along
H = N, let A = Lie(G) and let B = Lie(H). Let Qg C T,G be the graded
bundle corresponding to the weighting, and let Q4 = Lie(Qg) C T, A.

Lemma 6.20. Let V € X(A)q) be a Lie algebroid spray on A. Then the spray
exponential is a partially defined map of pairs

Trexpy : (T A,Qa) --» (TG, Qq).

It is a diffeomorphism of pairs in a sufficiently small open neighbourhood of
T,M C T,G. In particular, if exp,, is globally defined it is a weighted morphism.

Proof. By Proposition B.12, we have that T, exp,, = expy). Since V €
X(V) (o), it follows by Theorem 6.10 (d) that V(0 is tangent to Q4, hence
by Lemma B.g

eXpV(O) : (TTA/ QA) -2 (TTG/ QG)
is a (partially defined) map of pairs. O

This immediately implies the following result.

Proposition 6.21. For any weighted Lie group G, the exponential map is a
weighted morphism. It is a weighted diffeomorphism on any sufficiently small
open neighbourhood of the origin in g.

Proof. The zero vector field on g is a weighted Lie algebroid spray, and the
corresponding spray exponential is the standard exponential map. Hence
the result follows by Lemma 6.20. O

Remark 6.22. This can also be proved using weighted paths in g, but the
proof is considerably longer.

6.3.2 Integration of Lie algebroid weightings revisited

Let G =% M be a Lie groupoid with Lie algebroid A = Lie(G). We now
prove the main result of this section, which says that if the graded bun-
dle corresponding to an infinitesimally multiplicative weighting of A
integrates to a subgroupoid of T,G, then this is automatically a graded
subbundle which defines a multiplicative weighting of G.

Theorem 6.23. Suppose that G = M is a s-connected Lie groupoid and
H = N is a s-connected Lie subgroupoid with Lie algebroids A = Lie(G)
and B = Lie(H), respectively, and suppose that A is infinitesimally multiplica-
tively weighted along B. Let Q4 = Qu be the graded subbundle of T,A = T,M
corresponding to the weighting of A along B. If Q4 integrates to an s-connected
subgroupoid Qc = Qm of TG = T, M, then Qg is a graded subbundle of
T,G = T, M which defines a multiplicative weighting of G along H.
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Proof. Let Q4 C T, A be the graded bundle associated to the weighting of A
along B, and let Q¢ C T,G be the Lie subgroupoid integrating it. To show
that Q¢ is a GB-subgroupoid we just have to show that it is closed under
scalar multiplication. To do this, let V € X(A)(q) be a Lie algebroid spray.
Let x; : T,G — T,G be scalar multiplication by ¢ € IR; abusing notation
we let x; denote scalar multiplication on T, A as well. Since VO =TV, it
follows that V(0 ~,, V() hence the following diagram commutes

K,
T.A—>T,A
| |
eXPp(0) | | €XP,(0)

Y ¥
I,G ——TG.
Using this, the fact that both

expyo : (TrA,Qa) --» (T,G,Qg) and x;: (T, A,Qa) — (T, A,Qa)

are maps of pairs, and the assumption that Qg is s-connected implies that
Qg is a graded subbundle. Since

Lie(xo(Qc)) = xo(Lie(Qg)) = B

it follows that H = x(Qg¢), since H is the Lie subgroupoid of G integrating
B.

It remains to show that Qg C T,G defines a weighting. To do this, we
will show that near any point p € H one can always find local coordinates
x, for G such that Q¢ is locally defined by Equation 6.6. There are open
neighbourhoods Uy € A and Ug C G containing the objects for which
expy : Ua — Ug is a diffeomorphism. By the previous section, we have

T, expV(QA N T,UA) = Qg NT,Ug

In particular, if x, are weighted coordinates defined on U C Uy, then
Qc N T, U is defined by the the equations

:(expv(o))*xlg()) =0 forw, >0,

(1)

((expy)«xa)V =(expy)«xs =0 for w, > 1,

((expv)*xu)(r_l) :(expv(o))*x,grfl) =0 forw, >r—1

This gives weighted coordinates for G near M.
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We will now construct weighted coordinates away from M. Let h € H
and assume, for simplicity, that i = ¢!, (s(h)) for some o € T(A) (). If
x, are weighted coordinates for G defined on U C G containing s(h), let
%y = (@', )«xa; these give coordinates on U = ¢_f(U), and we claim that

QcNTU={x")=0:w,>i,i=0,...,r—1}

To see this, note that by Lemma B.10

) = ((4h0)-%0) = (Tl )t = (9010t

Since o € I'(V)q), it follows that (1)) is tangent to Qg hence Qg is
invariant under its flow. This shows that

Qe NT U = ¢l 10 (Qc N TyU)
= oo () = 01wy >0, i=0,...,r~1})
= {(#yy0)ext) =01, >0, i=0,...,r—1})
Z{xa)—O we >0, i=0,...,r—1},

as claimed. Using induction and the fact that H is s-connected, we see
that any & € H is contained in a neighbourhood on which weighted
coordinates are defined, which completes the proof. O

Remark 6.24. The question of whether or not the subalgebroid Q4 = Qum
integrates to a subgroupoid of T,G = T, M is a little subtle. At first one
might think that such an integration always exists, since any subalgebroid
of an integrable Lie algebroid is always integrable. However, [MMo6]
shows that this is not always the case. Taking into account the graded
bundle structure, one might wonder if it is enough to assume that the base

algebroid integrates to a subgroupoid. However this is also not sufficient,

as explained in [CBO18]. We leave it as an open problem to give conditions
on when such an integration is possible.
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We conclude this thesis by examining some possible directions this research
can lead. The following is speculative and vague, yet our aim is to inspire
readers to explore the topic more thoroughly.

7.1 MORE ON LINEAR WEIGHTINGS
7.1.1 Linear singular Lie filtrations

The first avenue we think is worth pursuing is an adaptation of Section 2.6
to vector bundles. Let V' — M be a vector bundle. Recall that the linear
vector fields on V is the C®(M)-module

(V) = {X € 2(v) : [, X] = 0},

where E € X(V) is the Euler vector field. The linear vector fields on V can
be identified with first-order differential operators acting on I'(V) having
scalar principal symbol. We propose the following definition.

Definition 7.1.  (a) A linear singular distribution on a vector bundle V —
M is a sheaf of Cjj-submodules £ C X (V) which is locally finitely
generated in the sense that each p € M has an open neighbourhood
U C M such that L(V|) is finitely generated.

(b) A linear singular Lie filtration of order r is a filtration of the sheaf of
linear vector fields

Xog(V)=Ly2Lp) 22 L) 20 (7.1)
by linear singular distributions such that
[L_i,Lj] C L i

for all i, ;.

The linear vector fields on V are the sections of a Lie algebroid At(V) =
M, called the Atiyah algebroid of V, which fits in to an exact sequence

0 — End(V) — At(V) — TM — 0. (7.2)

117



7.1 MORE ON LINEAR WEIGHTINGS

In particular, we see that a linear singular Lie filtration on V determines
a filtration of T'(End(V)) by C*(M)-submodules. The space of linear
differential operators acting on sections of V can be identified with the
quotient

UAL(V)) /T

where U(At(V)) is the universal enveloping algebra of the Lie algebroid
At(V) (cf. [MM1o0]) and I C U(At(V)) is the ideal generated by elements
of the form n ® ¢ — ¢, where 7,¢ € TI'(End(V)). Therefore, a linear
singular Lie filtration (7.1) determines an algebra filtration

- DO(V) i) 2 DO(V) (j41) 2 -+~

of DO(V), so long as the induced filtration of I'(End(V)) (using the exact
sequence (7.2)) is multiplicative.
Let N C M be a closed submanifold and suppose that

2 (VIN) g 2 (VIN) (g1 2 (7.3)

be a filtration of V|y be subbundles (V|y);) — N. With the filtration of
DO(V) as above, let

F(V)(,) = {0’ € F(V) :D e DO(V)(q) = Do € F(V, (V|N)(i+q)}' (74)
This defines a filtration of T'(V).

Problem 7.2. Find the correct compatibility conditions between the linear
singular Lie filtration (7.1) and the filtration (7.3) so that the filtration (7.4)
defines a linear weighting of V.

One possible approach to this problem would be to mimic the technique
sketched in Remark A.12 and find conditions for which the bundle of
filtered frames is clean. We intend to pursue this in a future work.

Remark 77.3. This problem appears to be closely related to the works of
Higson and Yi [HY19] and Braverman and Haj [BS22], where a filtration
of DO(V) is defined using a connection on V and a filtration of End(V).

7.1.2  Weightings for associative algebroids

Let G be a Lie groupoid. An associative algebroid (cf. [Sev1y, Letter 6]) is
a vector bundle V' — G with an associative (in the appropriate sense)
fibrewise product

Vg RV, — Vgoh/
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whenever g, h € G are composable. There is an obvious notion of weight-
ings for associative algebroids.

Problem 7.4. Explain whether or not the weighted deformation bundle
of a weighted associative algebroid has a canonical associative algebroid
structure.

If yes, then there is a well-defined convolution product on sections of
the weighted deformation bundle.

Problem 7.5. Understand multipliers of the convolution algebra of sections
of an associative algebroid as algebras of pseudodifferential operators.

Combining this with the the previous question, it would be interesting
to try to define a rescaled spinor bundle on a manifold with boundary, i.e.
a deformation bundle over the b-tangent groupoid, and try to understand
Getzler rescaling ([Get83]) in this context.

7.2 TANGENT (k-FOLD) GROUPOID OF A MULTIFILTERED MANIFOLD
7.2.1  Multifiltered manifolds

Recall that a filtered manifold is a smooth manifold M together with a
filtration by subbundles

IM=F,2F412---2F120
satisfying [['(F_;),T'(F_;)] € I'(F_;_;). This generalizes to a multifiltered
manifold.

Definitions 7.6 ([Yun18, Definitions 3.4.1 and 3.4.2]). (a) Let V — M be
a vector bundle. A k-multifiltration on V is a family of subbundles
F_; C Vindexed by i € IN¥ such that

(i) Fp=0and F_, = V for some n € IN¥

(i) F.iNFj=F jforalli,je INK, where i A i is the entry-wise
minimum of the two multi-indices.

(b) A k-multifiltered manifold is a smooth manifold M with an k-multifiltration
of TM by subbundles F_, satisfying

[T(F-i), T(F-)] € T(F-ij). (7.5)
The k-multifiltration (7.5) will be referred to as a Lie multifiltration.

Examples 7.7 (cf. [Yuni8, Section 3.4]). (a) Any filtered manifold is a 1-
multifiltered manifold.
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(b) The full flag manifold of a complex semisimple Lie group G is an
k-multifiltered manifold, where k is the rank of G.

7.2.2  Multiweightings

Let M be an m-dimensional manifold. A k-multiweight sequence for M is a
list wy,...,wy € Zkzo. Any upper bound r € Z> for the sequence |wy,]| is
called its order. A monomial

stxil"'x,sﬁ'
has multiweight s - w = }_, 5,w,. For an open set U C R" and a vector
i € 7%, we define C*(U) ;) to be the ideal generated by the monomials

x° withs-w > i,

where we use the standard component-wise partial ordering on Zkzo-

Definition 7.8 ([LM23, Section 9.2]). A k-multiweighting of a manifold M
is a mutlifiltration of the sheaf of smooth functions by ideals C;’j[,(i) with
the property that each point p € M has an open neighbourhood U C M
so that C*(U) ;) is the ideal defined above.

Let ¢, be the standard basis vectors of ZF. A k-multiweighting of M
determines k weightings C?\Z,(Leu) of M along submanifolds Nj, ..., Ny. We
say that M is multiweighted along (N7, Ny, ..., Ni). Completely analogously
to the work above, one obtains the k-fold weighted normal bundle

VW(M/ Nl/ cecy Nk) = Homalg(gr(coo(M))’R)’

which is a k-fold graded bundle over the intersection Ni M - - - N Nj. Simi-
larly, one obtains the k-fold weighted deformation space

(Sw(M,Nl,.. .,Nk) — IRk.

Theorem 5.28 says, in particular, that Lie filtrations of a manifold M are
the same things as multiplicative weightings of Pair(M) along the units.
Therefore, it is reasonable to expect that a k-multifiltration corresponds to
a k-fold multiweighting of the k-fold pair groupoid Pair* (M) = 1%, M.

Problem 7.9. Explain the correspondence between k-multifiltered mani-
folds and multiplicative weightings of the k-fold pair groupoid Pair*(M)
along the various diagonals.
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Let us take a minute to speculate how this might look in the case k = 2.
A 2-multifiltration on a manifold M is given by a family of subbundles

T™ = F(,,,l,,,,z) F(7r1+1,7r2) T F(O,frz)
F v —r1) Fnii,-n+1) - Fo-n+)
. . _ . (7.6)
Fi 10 Fr1100 - Foo =0

Within this, there are two Lie filtrations F! and F? of M, given by the
top row and left column of (7.6). Correspondingly, there are two tangent
groupoids Tre M and T, M. Our conjecture is that the 2-multifiltration (7.6)
will determine a 2-multiweighting of the double pair groupoid Pair?(M)
along the diagonals

Al = {(mq, mo, my,mp) € PairZ(M)}, A? = {(mq,my, mg,my) € Pairz(M)}

such that the double deformation space has the structure of a double
groupoid

Syy(Pair® (M), A", A°) —= TpM (7.7)
TFUM M x R.

It therefore our belief that §(Pair®(M), A", A?) is the right notion of the
tangent (double) groupoid of the filtered 2-multifiltered manifold M.

7.2.3 C*-algebraic perspective

As mentioned in the introduction, an important feature of Connes’ tangent
groupoid is that it defines a continuous field of C*-algebras.

Problem 7.10. Given a weighted groupoid G = M, determine when the
deformation groupoid é (G, H) = dyy(M, N) determines a continuous
field of C*-algebra

Given a Lie groupoid, one can form the convolution algebra and from
that a groupoid C*-algebra ([Reno6]). Some work towards determining the
convolution algebra of a double groupoid has been done in [RV23], but
there appears to be much work to be done in this direction. Related to the
discussion in the previous section, we also pose the following.

Problem 7.11. Determine what C*-algebraic information is contained in a
double groupoid.
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MORITA EQUIVALENCE OF
WEIGHTED GROUPOIDS

A.1 WEIGHTED MORITA EQUIVALENCE

A Morita equivalence is a special instance of generalized morphisms, called
Hilsum-Skandalis morphisms, which are invertible in the appropriate sense.
The following approach to Morita equivalence is adapted from [MMo3,
Lerio].

A.1.1  Definition of Morita Equivalence

Definitions A.1. Let G = M and H = N be Lie groupoids.
(a) A right action of G = M on a manifold Q is given by a map u : Q —
M together with an action map

QxmG={(g8 :n@)=tEr—Q @g—4q-g

such that (q-g) =5(g), (9-81) 82 =17+ (g1082), and q - p(q) = ¢
for all g1,8> € G, whenever this is defined. A left action is defined
analogously, swapping the roles of ¢ and s.

(b) A right principal G-bundle over B is given by a diagram

N

where (P, ) is a right G-space such that

(i) t: P — B is a surjective submersion,

(i) 7t(p-g) = 7(p) whenever u(p) = £(g), and
(iii) the map

PxyG—PxpP, (pg) — (pp-g)

is a diffeomorphism.
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A.1 WEIGHTED MORITA EQUIVALENCE 123

(c) A Hilsum-Skandalis morphism P : G — H is represented by a diagram
G P “)H

N

M N

where (P, ug) is a left G-space and (yg : P — M, up) is a right
principal H-bundle.

(d) A Morita equivalence P : G — H is a Hilsum-Skandalis morphism as
above such that (g : P — H, jg) is a left principal G-bundle.

Remark A.2. Hilsum-Skandalis morphisms can be composed, but their
composition is only associative up to isomorphism.

Examples A.3. (a) Let M and N be spaces (thought of as trivial Lie
groupoids), and let F : M — N be a smooth map. Then

NxyM—M, (nm)—m

is a left action of N on M along F, and
MO M ON

2

M N

is a Hilsum-Skandalis morphism M : M — N, which is a Morita
equivalence if and only if F is a diffeomorphism. In fact, any Hilsum-
Skandalis morphism between spaces is of this form.

(b) Two Lie groups G and H are Morita equivalent if and only if they are
isomorphic.

(c) For any manifold M, the canonical action
Pair(M) xpy M — M, ((mg,my), my) — mo
is a left action of Pair(M) on M and

Pair(M) O M @ pnt

I

pnt

is a Morita equivalence.
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A.1.2 Weighted Morita Equivalence

We now state the analogue of Definitions A.4 for weighted groupoids.
Definitions A.4. Let G = M and H = N be weighted Lie groupoids.

(@) A right action of G = M on a weighted manifold Q along yu is
weighted if both y and the action map

QxmG=1{(q8) :uq) =t} —>Q (18 —4qg
are weighted. We say that Q is a weighted right G-space.
(b) A right principal G-bundle over B

is weighted if both P and B are weighted and
(i) 7r: P — B is a weighted submersion,

(ii) the map
PxuG—=PxpP, (p,g)— (p.p-8)

is a weighted diffeomorphism.

(c) A weighted Hilsum-Skandalis morphism P : G — H is a diagram

G@P H

AN

where (P, i) is a weighted left G-space and (yg : P — M, up) is a
weighted right principal H-bundle.

(d) A weighted Morita equivalence P : G — H is a weighted Hilsum-
Skandalis morphism as above such that (yy : P — H,ug) is a
weighted left principal G-bundle.

Remarks A.5.  (a) In the definition of right weighted groupoid action,
note that since p : Q — M is weighted and s : G — M is a
weighted submersion, the fibre product Q x y; G inherits a weighting
as weighted submanifold of Q x G. Therefore, this definition makes
sense.
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A.1 WEIGHTED MORITA EQUIVALENCE

(b) In the definition of a weighted right principal G-bundle, note that
since the action map P xy G — P factors through

PxyG—PxgP 5P

is follows that the action map is automatically weighted.

Examples A.6. (a) If B is a weighted manifold and y : B =+ M is a
weighted morphism, then

BxuG )G

is the trivial weighted right principal G-bundle over B.
(b) If G = M is any weighted Lie groupoid, then

RN

defines a weighted Morita equivalence from G to itself.

(c) If (M, N) is a weighted pair, then

Pair(M) O M ‘Q pnt

[ SN S

M pnt

is a weighted Morita equivalence when Pair(M) is weighted along
Pair(M).

(d) If Pair(M) is trivially weighted along its units, then (A.1) is not a
weighted Morita equivalence. This is because

M @ Pair(M)

|

pnt M

is not a weighted principal Pair(M)-bundle as the action map

M Xyt Pair(M) — M X pnt M
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A.1 WEIGHTED MORITA EQUIVALENCE

is not a weighted diffeomorphism. Indeed, M x y; Pair(M) is weighted
along the diagonal M — M Xy Pair(M), whereas M Xpn M is
weighted along itself, so the inverse map is not a weighted morphism.

We now work towards showing that weighted Morita equivalence is
an equivalence relation on the set of (isomorphism classes of) weighted
Lie groupoids, the main point being that weighted Hilsum-Skandalis
morphisms can be composed. Since the composition of Hilsum-Skandalis
morphisms is defined as a quotient, it is not immediately clear that their
composition is weighted in any canonical way. The main tool in establish-
ing that the quotient is naturally weighted is the following lemma, which
says that weighted principal G-bundles are locally trivial in a weighted
sense.

Lemma A.7. If

P “)G

RNl

B M

is a right principal G-bundle, then any point p € B has an open neighbourhood
U C B together with a weighted morphism U — M such that

Ply=nm'(U)=2UxyG

as weighted principal G-bundles.

Proof. Since 7t is a weighted submersion, we can find a weighted section
o : U — P defined near p. The map U — M is defined as the composition

u->-Ply—M,

which is weighted.
The map

UxpG—Ply, (u,g)—o(u).g (A.2)

is a weighted, being the composition of weighted morphisms. We will
show that it is a weighted diffeomorphism by constructing an explicit
weighted inverse. The map

§:PxpP —3PxyuG 3G
is a weighted morphism and therefore so is

Plu = UxmG, p (n(p),é(e(r(p)),p)) (A.3)
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The maps (A.2) and (A.3) are inverse to one another, which proves the
claim. O

Theorem A.8. Let G = Go, H = Hy, and K = Ky be weighted Lie groupoids.
IfP:G— Hand Q : H — K are weighted Hilsum-Skandalis morphisms then
there is a unique weighting on the composition Po Q = (P xp, Q)/H such that

(a) the quotient map 7t : P Xy, Q — P o Q is a weighted submersion and
(b) PoQ: G — K is a weighted Hilsum-Skandalis morphism.
Proof. Let

C®(PoQ)y = {f €C™(PoQ): T f €C¥(Pxp, Q). (A4

In order to show that this defines a weighting of P o Q, we must produce
weighted coordinates.

The work in the previous sections shows that gy € Gp has an open
neighbourhood U C Gy with a weighted morphism U — Hj such that

(P xn, Q)lu = Pluxn, Q=U xpg, Hxp, Q

as weighted H-spaces. Moreover, the map

Uxpg, HxpgyQ—Uxp,Q, (u,hq)— (u9q)

is an H-equivariant weighted submersion which descends to a diffeomor-
phism (U xp, H xp, Q)/H = U xp, Q making the following diagram
commute

u x Hy H x Hy Q

-

(u XHOHXH()Q)/H o~ UXHOQ

In particular, submersion coordinates for U x g, H X, Q — U X g, Q in-
duced weighted coordinates on (U x g, H x g, Q) / H for the filtration (A.4)
so that the quotient map P xp, Q — P o Q is a weighted submersion. [

Corollary A.9. Weighted Morita equivalence is an equivalence relation on the

set of isomorphism classes of weighted groupoids.

A.2 WEIGHTED PRINCIPAL BUNDLES AND THEIR ASSOCIATED BUN-
DLES

For completeness, we explain the associated bundle construction in the
weighted setting.
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Proposition A.10. Let (G, H) be a weighted Lie groupoid pair. If P — M is
a weighted right principal G-bundle, then the submanifold Q along which P is
weighted is a right principal H-bundle.

Proof. Since the action map P x G — P is weighted, it follows that H acts
on Q. Furthermore, since the projection P — M is a weighted submersion,
it follows that the restriction Q — N is a submersion. Finally, since the
action map P X1 G — P xp P is a weighted diffeomorphism, its restriction

QxnH—=QxnyQ
is an isomorphism as well. O

Next, we specialize to the case when (G, H) is a weighted Lie group
pair. Let V be a weighted vector space, and suppose that

p:GxV =V (A.5)

is a linear action of G on V, which is weighted in the sense p is a weighted
morphism between weighted vector bundles. We remark that for any
h € H the map

V(z) -V, v—h g

is a weighted morphism, whence H acts on V by filtration preserving
automorphisms. Let P X V — M be the associated bundle and let

g:PxV =PxgV
be the quotient map.
Proposition A.11. The filtration

Coot(Pxc V)i ={f € Coy(PxcV):q"f € Coyy(P x V) }

defines a linear weighting of P x ¢ V. The filtration of (P x g V')|n is given by
((Pxc V)IN)G) = Q xu V.

Proof. Given p € N we will construct weighted vector bundle coordinates
near p. Choose an open neighbourhood U C M containing p and an
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~

isomorphism P|; = U x G of weighted principal bundles. Since the
diagram

UxGxV

|

(UxG)xgV—=UxV

commutes, it follows that any choice of weighted vector bundle coordinate
system for U x V does the trick.

For the filtration statement, let o : U — P be a weighted section, and let
e1, ..., ex be a weighted frame for V. Then the sections

0, U—=>PxgV uw—[(o(u),e)]

form a weighted frame for (P x ¢ V)|u, hence ((P x¢ V)|nnu) ;) is spanned
by o, with v, > i. Since Q is an H-principal subbundle of P the map

QxuG—Pln, [(9.8)]4qg8

is a reduction of the structure group of P|y from G to H. In particular,
(P XG V)‘N = Q xy V. Since O'(Nﬂ U) C Q, if follows that Q’LH‘]N Xy V(z)
is exactly the image of ((P x¢g V) |UQN)(1-) under this isomorphism. d

Remark A.12. Let V. — M be a rank k complex vector bundle. One might
wonder if a linear weighting of V' — M induces a principal weighting of
its frame bundle. The answer to this question is yes. This can be seen as
an application of Theorem 5.23, which we outline now.

The weight vector defines a filtration of Ck by subspaces, and this
filtration, in turn, defines a Lie filtration of gl(CF). The space of filtra-
tion preserving endomorphisms of the filtered vector space C¥, denoted
gl(C¥) g), is the Lie algebra of a connected Lie group GL(C") ) € GL(CF).
Hence, by Theorem 5.23, GL(C¥) has a canonical multiplicative weighting
along GL(CF )(0)- Furthermore, the canonical action

GL(CF) x CF — C*

is weighted (using Proposition 2.55).
Next, let F(V) — M denote the frame bundle of V, and let

Fw(V) = {(p,f) € N xyF(V)| f: C* = V, is filtration preserving}

be the bundle of filtration preserving frames. This is a principal GL(C) (0)-
subbundle of F(V). The weighting of V induces an infinitesimally mul-
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tiplicative weighting of the Atiyah algebroid At(V) = M such that the
follow sequence of weighted vector bundles

0 — End(V) — At(V) — TM — 0 (A.6)

is weighted exact, in the sense that one can find a weighted splitting. Identi-
fying sections of At(V) with the GL(CF)-invariant vector fields on F(V)
we see that the linear weighting of V induces a singular Lie filtration on
F(V). Moreover, using that (A.6) is weighted exact, we have that Fyy (V) is
a clean submanifold with respect to this singular Lie filtration. By Theo-
rem 2.54, this defines a weighting of F(V) along Fy (V). Again, using (A.6)
one can deduce that this weighting is principal.
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THE SPRAY EXPONENTIAL

For a Lie group G with Lie algebra g, there is a canonical exponential map
exp : g — G which is a diffeomorphism near the origin. For a general
Lie groupoid G = M with Lie algebroid A = M there is no longer
a canonical exponential map relating the two. Nonetheless, it is shown
in [CMS20] that after a choice of a Lie algebroid spray V € X is made an
exponential map exp, : A --» G defined on an open neighbourhood of
the zero section in A can be defined. In this appendix we review this
construction. For the following, let G = M be a Lie groupoid with Lie
algebroid A = Lie(G) = M.

B.1 A-PATHS AND G-PATHS

Let | C R be an open neighbourhood of the origin. Since ] is one dimen-
sional, a Lie algebroid morphism is a vector bundle morphism ¢ : T] — A

with the property that
0 ) d
t=s ot t=s

o) (5
i)

for all s € J. In particular, ¢ defines a path
y:]—=A s—¢@ <at

which lifts the path ¢). We summarize these properties in the following
definition.

Definition B.1. An A-path is a path v : | = A with the property that

) (B.1)
t=s

for all s € J, where 7y : | — M is the base map of 7.

a(r(s)) = Tevm (5
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Thus any Lie algebroid morphism v : T] — A defines an A-path. The
converse is also true: given an A-path y : R — A welet 4 : T] — A be the
vector bundle morphism defined by

7<;tﬂ>=7@)

This is a morphism of anchored vector bundles precisely because of (B.1).
Thus, we have established a 1-1 correspondence between A-paths | — A
and Lie algebroid morphisms T] — A.

The dual notion of an A-path is a G-path:

Definition B.2. A G-path is a path 7y : | = G such that

t(y() = 7(0) e M
forallt e J.
Given a G-path ¢ : ] — G, the map
¥ :Pair(]) = G, (t,5) = y()"'7(s)

is a Lie groupoid morphism. Conversely, any groupoid morphism 7 :
Pair(J) — G defined a G-path by

t— v(0,1).

Thus, there is a 1-1 correspondence between G-paths | — G and groupoid
morphisms Pair(J) — G.

B.2 THE MAURER-CARTAN FORM

Let T'G = ker(Tt) be the tangent space to the t-fibres. Given g € G with
s(g) = x and t(g) = y, left multiplication by g defines a diffeomorphism
Ly :t71(x) — t7'(y). For each g € G, this defines an isomorphism

ToLg-1: TéG — Tst(g)G = As(g)
which fits together to define a vector bundle map
0°:T'G — A
covering s : G — M.

Definition B.3. The vector bundle morphism 6¢ : T!G — A is the (left-
invariant) Maurer-Cartan form for G.
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We can use the Maurer-Cartan form to differentiate G-paths to A-paths.
Let v : ] — G be a G-path. Since t(y(t)) = ¥(0) for all t € J, it follows that

0
t,

¥(t): ] = TG, tw Ty (a

defines a path | — T'G. Hence we can define
Dly:J—= A, t—0%(5(t)).

Alternatively, we can identify -y with a groupoid morphism Pair(]) — G
and let DLy : | — A be the A-path defined by the induce Lie algebroid
morphism T] — A (see [CFo3, Propostion 1.1]). Using Lie’s second theo-
rem for Lie algebroids ( [MXoo, Theorem A.1]), any A-path also integrates
(uniquely) to a G-path. Summarizing,

Proposition B.4. (cf. [CFo3, Propostion 1.1]) The assignment -y — D%y defines
a 1-1 correspondence between G-paths and A-paths.

In particular, the G-path ¢ : | — G integrating a given A-pathy: ] — A
with 7(0) € A, is the unique solution to the initial value problem

0%(¢(t)) = 1(t), 9(0) =x. (B.2)
B.3 THE SPRAY EXPONENTIAL

We want to use the correspondence between A-paths and G-paths to define
an exponential map for Lie groupoids. In order to do this, we need a way
of defining an A-path through a given a € A. The data needed for this is a
Lie algebroid spray (cf. [CMS20, Definition 3.1]).

Definition B.5. A spray on a Lie algebroid A — M is a vector field
V € X(A) such that

(@) x;V =tV for all t # 0, where x; denotes scalar multiplication by t,
and

(b) foralla € A, one has Trt(V,) = p(a), where 7w : A — M is the vector
bundle projection and p : A — TM is the anchor.

Remarks B.6. Let us summarize some facts about Lie algebroid sprays, as
explained in [CMS2o0, Section 3.1].

(a) The first condition implies that V vanishes along M. Hence, there is
an open neighbourhood M C Uy C A for which the flow gbﬁ, up to
time t = 1 is defined for all v € Uy.
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(b) The second condition implies that for all v € Uy the map
Po: ] — A, t—dl(v)

is an A-path, where | C R is an open interval centered at o and
containing 1.

In particular, a choice Lie algebroid spray V € X(A) determines an

A-path starting at v for any v € A sufficiently close to the zero section.

This motivated the following definition, cf. [CMS20, Definition 3.20].

Definition B.7. Let A = Lie(G) and let V € X(A) be a Lie algebroid
spray. Given v € A sufficiently close to the zero section, let expy, (v) =
¢c(1) € G where ¢ (t) is the G-path integrating the A-path ¢!, (v). The
spray exponential is the map

expy : A--»G, v expy(v)
defined on an open neighbourhood Uy C A containing the zero section.

Remark B.8. In [CMS20] they define the spray exponential to be the solution
of the initial value problem (B.2), but by the discussion in the previous
section we see they give the same result.

Lemma B.g. Let H = N be a Lie subgroupoid of G = M, and let B = Lie(H).
If V € X(A) is tangent to B, then expy,(v) € H for all v € B sufficiently close
to the zero section.

Proof. Since B is a Lie subalgebroid, the restriction of V' to B is a Lie
algebroid spray for B. Thus, for v € B sulfficiently close to zero, ¢}, (v) is
an A-path whose image lies in B, hence integrates to an G-path whose
image lies in H. O

B.4 APPLYING THE HIGHER TANGENT FUNCTOR

Finally, we are interested in examining how applying the higher tangent
functor affects to corresponding exponential map.

Lemma B.10. Suppose that X € X(M) with flow ¢x, defined for time |t| < e.

Then
Tr‘Pé{ = ¢§<(0> .

Proof. For t, s sufficiently small we have by functoriality that

Tpk =id and Ty~ = To(Pke%) = ToxkTrdk,
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hence T, ¢ is the flow of a vector field. To verify that this vector field is
X©), let f € C*(M) and observe that

d . oli d . (i . .
S @l O = 21 (@) H = (XD = x50,
t=0 =0
fori=0,1,...,r. O

Remark B.11. In particular, ¢!, is also defined for |t| <.
Recall that if A = M is a Lie algebroid, then there is a canonical Lie
algebroid structure T, A = T, M such that

ara =T and [0, 7] = [¢, 7],

The canonical identification T,(TG) = T(T,G) restricts to an identifica-
tion T,(T'G|y) = TT(T,G)|1,m. In particular, we see that T, A is the Lie
algebroid of T,G.

Proposition B.12.  (a) IfV € X(A) is a Lie algebroid spray, then T,V = V©)
is a Lie algebroid spray for T, A.

(b) For any Lie algebroid spray V € X(A), the partially defined maps
Trexpy : ;A --» T,G and expy : ;A --»T,G

agree.

Proof. (a) Let E € X(A) denote the Euler vector field for A. Then E(0) ¢
X(T,A) is the Euler vector field for T, A and we have that

[E©@,vO0] = [E,v]® = v©,

so T,V satisfies Definition B.5 (a). Condition (b) in Definition B.5
follows by functoriality.

(b) Let Uy C A be an open neighbourhood of the zero section for which
¢!, is defined for |t| < 1. By applying Lemma B.10 to M = Uy we
see that, for any u € T,Uy, the T, A-paths T,¢}, (1) and (,b;m) (u) agree.
Therefore, they integrate to the same T,G-path, which proves the
claim. O
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PROOFS OF VARIOUS
LEMMAS

C.1 PROOF OF LEMMA 3.28

Lemma C.1 (= Lemma 3.28). For o € ['(V);), the i-th homogeneous approx-
imation is a smooth section of vy (V') which is homogeneous of degree —i and
which depends only on the class of o in T(V) ;) /T(V)(i1). Moreover, for any
fe C‘[’Z](V)(]-) and g € C*(M)y one has

ool = (foo)it™ e C®(vyy(M,N)) and

. . C.
ol = (g0)HH € T(u (V). )

Proof. The equation fUl o ¢ll = (f o )i*" follows from (3.8), and it
follows from this that o'/l : vy, (M, N) — vyy(V) is smooth. To see that it is
a section, we note that

Vw(ﬂ') o O'M = Vw(TL' o 0') = idVW(M,N)'

Given g € C*(M) ), f € Cf;](V)(]-) and ¢ € vy (M,N), using that f is

homogeneous of degree n we compute

(g9 (@) () = (i) ) (@) ()
) (5 iy )
)(@(g")"F7)

) o((f o))
gn)[nk] (f o 0,) [j+ni])
gn <f ° 0.))[j+ni+nk})

f o (go)) bl
= ((g0) (@) (1),

which establishes (C.1). To show that ¢!/} only depends on the class of
o € T(V)(;)/T(V)(it1), it suffices to show that if ¢ € T'(V) ;1) then ol = 0.

S
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Specifically, what this means is that for any f € CJ,(V);) and ¢ €
vy (M, N) one has _ . '

(@) (F1) = 9 (x5 £1). (C2)
If f e Cf;](V)(j) with n > 1, one has that

fOU' € COO(M)(]‘+H(Z~+1)) > (fog')[j"*ﬂi] — O,

so (C.2) follows in this case. For f € Col (V)(j) = C=(M);) one has that

(@) () = o((Fo)) = o(f1) = p(xi f1),

since f is homogeneous of degree zero. Since any polynomial is a sum of
monomials, it follows that o'/ = 0. Finally, to see that ¢l € T_j(vw(V)),
we compute

(ar (@ (@) () = () (9)) (M £U)

= p(V(foo)l )

gV (f o (A~e)) e

= (an(9))((f o (A7) I)

= (Ao (a(9))) (F1). 0

C.2 PROOF OF LEMMA 3.46

We now prove the following.

Lemma C.2 (= Lemma 3.46). If Pair(P), Pair(Spin(k)) are given the doubled
trivial weighting along the diagonal, and C1(R¥) is given the linear weighting
defined by its filtration by subspaces, then the group action

Pair(Spin(k)) x Pair(P) x Cl(R¥) — Pair(P) x CI(R*)  (C.3)
is a weighted morphism.

As indicated above, the proof uses a characterization of weighted mor-
phisms in terms of weighted paths. We being by explaining this character-
ization and then give a proof of the lemma. The contents of this section
are based on communications with Gabriel Beiner, Yiannis Loizides, and
Eckhard Meinrenken.

Let us briefly recall the set up. Let V' — M be a rank k vector bundle
with inner product and given spin structure. Let P — M be the principal
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Spin(k)-bundle specified by the spin structure, and recall that the action
of Pair(Spin(k)) on Pair(P) x CI(IRF) is given by

(81,82)-(p1, p2,0) = (p1.81,P2-82, 81985 ),

where we are making use of the inclusion Spin(k) C CI(IR¥). In order to
show that this action is weighted, we make use of weighted paths.

The weighting on both Pair(P) and Pair(Spin(k)) is the doubled weight-
ing along the diagonal, where a function has filtration degree 2i if it van-
ishes to order i along the diagonal. Giving Pair(M) the doubled weighting
along the diagonal, one finds that Pair(P) can be identified locally with
Pair(M) x Pair(Spin(k)) as weighted manifolds. Thus, to show that the
action of Pair(Spin(k)) on Pair(P) is weighted, it is sufficient (in fact,
equivalent) to show that the action of Pair(Spin(k)) on itself is a weighted
morphism.

Lemma C.3. Suppose that G is a Lie group and H C G is a closed subgroup. If
G is given the doubled weighting along H, then the map

1:GxG—G
(81,82) — 8187
is a weighted morphism.

Proof. By definition of the doubled weighting, the map a is weighted if and
only if a*Zy C Zy«p. From this it follows that a is a weighted morphism,
since H is a subgroup. ]

It remains to show that the action of Pair(Spin(k)) on C1(R¥) is weighted,
which we accomplish by making use of weighted paths. It is sufficient to
consider path v in Pair(Spin(k)) x CI(R¥) of the form

v(t) = (geXp<Ct) exp(G1(t)), g exp(Zt) exp(2(t) th>

where ¢ € Spin(k), & € spin(k), ¢1(t),&(t) = O(?), and ¢; € CL(RF).
Composing this with the action Pair(Spin(k)) x CI(RX) — CI(R) gives

k
Z gexp(&t) <exp(§1(t))ci exp(_UZ(t))ti> . (C.4)
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Using that the adjoint action of Spin(k) on CI(IR¥) is filtration preserving,
the identification spin(k) = Cl,(IR¥), and the fact that &;(t), & (t) = O(t?),
it follows from the power series expansion of the exponential map that

k k
Y- Adgenpiz (ep(61(0)erexp(—a(0)F) = Loie +O(),

i=0

for some v; € Cl;(IR¥). In particular, (C.4) is a weighted path. By Theo-
rem 2.35, this completes the proof of Lemma 3.46.

C.3 PROOF OF LEMMA 4.19

Let V — M and W — M’ be weighted vector bundles.

Proposition C.4. Suppose that ¢ : V — W is a weighted vector bundle mor-
phism such that the base map @y : M — M’ isa weighted submersion and the
maps

(VIN) @iy = Wlmr) iy
are fibrewise surjective. The ker(¢) is a weighted subbundle of V.
Proof. As in the proof of Theorem 3.19, we may assume that the weightings
of both V and W are concentrated in negative degree. In this case, the

assumptions on ¢ ensure that it is a weighted submersion. Since M’ is a
weighted submanifold of W, it follows that

ker(g) = ¢~ (M)
is a weighted subbundle of V by Corollary 2.23. O

Corollary C.5 (= Lemma 4.19). Let V. — M be a weighted vector bundle and
W — R a weighted subbundle. Then ann(W) is a weighted subbundle of V*.

Proof. Leti: R — M be the inclusion. Then i*V* — R is a weighted vector
bundle by Section 3.1.2. The induced map

PVt — W*

satisfies the assumptions of Proposition C.4 and has kernel equal to
ann(W). O

Remark C.6. By a similar argument, if V; and V, are weighted vector
bundles, and R C V, x V; is a weighted subbundle, then annﬁ(R) -
Vy x Vi is a weighted subbundle. Indeed, it is the kernel of the map

(Vs x V') = R*,  (&2,&1) V> G2 — C1.
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