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ABSTRACT
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Saeyon Mylvaganam
Doctor of Philosophy
Graduate Department of Mathematics
University of Toronto

2024

We study the null gluing problem for Maxwell’s equations along null
hypersurfaces. By studying a weaker formulation of the gluing problem,
which we call the kth-order gluing problem, we classify all possible con-
servation laws by proving that they are the only obstructions to gluing.
We derive sets of conserved charges for the zeroth-order gluing problem
along general null hypersurfaces and the first-order gluing problem along
extremal horizons. We derive an elliptic structure related to a foliation
with 2-spheres of a null hypersurface, using a similar method introduced
in [9] by Aretakis. We also show the non-existence of zeroth-order conser-
vation laws along extremal horizons and the non-existence of kth-order
conservation laws for spherically symmetric extremal horizons by using
a hierarchy of v-weighted integrals of the Maxwell equations. Finally, we
determine how the space of these conserved charges changes under a
change of foliation by understanding the gauge covariance of the elliptic

structure.
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INTRODUCTION

The gluing problem asks given two disjoint regions with prescribed data
to extend the data in the connecting region to satisfy given constraint
equations. Obstructions to gluing have provided deeper insights into the
underlying constraint equations. For example, for the Einstein equations,
they have provided insights into the rigidity properties of the geometry
and for the wave equation, they have been used to understand the decay
and asymptotics of solutions, as shown by Aretakis in [3] and [4].

In this thesis, we address the gluing problem for Maxwell’s equations
along null hypersurfaces and show that the obstructions take the form of
conservation laws. The Maxwell equations are given by

DivF =0 dF =0

where the Maxwell tensor F is a 2-form defined on a Lorentzian manifold.
We can show that these equations are equivalent to the following null
decomposition

;m (pQa) = +% (dp + 2@) - % (da + 2@) CER () (1)
;Wg () = —% (40— 24p) - % do — 210)* LR Q) (12)
div(Ow) = + 5 L(g%) (13)
curl(Qa) = +4}2L(¢20) (1.4)
div(Qm) = ~ 5 L¢%) (1.5
curl(Oa) = +(;2L(q>20) (1.6)

on a general four-dimensional Lorentzian manifold (M, g) where (a,a,p,0),
defined in Definition 2.5, are the components of the F tensor. Here, the 4
and 3 indices refer to the outgoing and ingoing normalized null vector
fields e3 and e4 and operators div, curl are defined with respect to a family
of Riemannian metrics ¢, which are the restrictions of the metric g to
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the spherical sections S, of the outgoing null hypersurface. The simplest
example of a conserved charge is given by

Qu(o) = [, pduy Qu(o) = [ oy (17)
which for all solutions of (1.5) and (1.6) satisfy the conservation law

90Q0(v) =0 9uQ1(v) =0

In Section 1.1, we introduce the concept of conserved charges for
Maxwell’s equations, which includes the above example. The remaining
charges will require a characterization of null hypersurfaces that possess
such charges in terms of the kernel of an elliptic operator, a novel idea
introduced by Aretakis in [9]. We show that these charges are all of the
conserved quantities along the null hypersurface by showing that they are
the only obstructions to the null gluing problem for Maxwell’s equations.
We study “gluing constructions for the characteristic initial value problem”
(as outlined in Section 1.2), and show that the existence of conserved
charges (in our sense) on a null hypersurface H is the primary obstruction
to gluing.

Conservation laws on degenerate horizons for the wave equation are
particularly important due to their role in the instability properties of
extremal black holes, leading to the so-called "horizon instability of ex-
tremal black holes," as discussed in [6, 11, 40, 39, 41, 42, 45]. Studying
Maxwell’s equations on general backgrounds may shed new light on the
global evolution of hyperbolic equations on different backgrounds.

1.1 CONSERVATION LAWS FOR MAXWELL’S EQUATIONS

We will first present basic geometric definitions that will be important
when we define the notion of conservation laws on null hypersurfaces. For
more details about the geometric setting, see Section 2.1.

Null foliations

Suppose we have a regular null hypersurface, denoted as H, within a
four-dimensional Lorentzian manifold, represented as (M, g). A null
hypersurface H C M is a surface within the Lorentzian manifold if and
only if every normal vector field L to H is null, i.e. ¢(L, L) = 0. Note that
since L is orthogonal to itself, it is also tangent to H. The integral curves
of the vector field L can be shown to be null geodesics along H. In fact, H
will be generated by said null geodesics. A foliation of a null hypersurface
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is a collection of sections S, that vary smoothly with a parameter v and
UySy = H. We take each section S, to be diffeomorphic to a 2-sphere 52
(although this approach can be extended to topologies with higher genus).
This foliation can be uniquely defined by three components: the choice
of an initial section Sy, a smooth function denoted as () on H, and a null
geodesic vector field Lg.o  that is tangent to the null generators of H and
satisfies V Leeod Lgeoq = 0.

By introducing the vector field L = 0?. Lgeos on H and considering an
affine parameter v of L such that Lv = 1, with v = 0 on Sy, we can define
the level sets S, of v on H, which correspond to the leaves of the foliation

S. This foliation can be represented as S = <So, Leod: Q>

The flow of the vector field L on H provides a diffeomorphism &,
between the sections S, and the initial section So. Additionally, all sections
can be equipped with the standard metric of the unit sphere, denoted as
¢ ¢, via the diffeomorphism ®. The volume form on S, with respect to
¢ s is denoted as dp,.

Given any section S, there exists a unique metric ¢ that is conformal to
the induced metric ¢ , ensuring that the volume forms dy; and dpg> are
equal. This conformal factor is represented by ¢:

g =¢8 (1.8)
Conservation laws

We have already stated that the quantities Qp(v) and Q1 (v) are conserved
along the null hypersurface H. Consider the linear space V' consisting of
all smooth vector fields on ‘H which have vanishing Lie derivative in the
ey direction along H, i.e.

Vy = {X € X(H) : LsX = o}. (1.9)

The Lie derivative £4 is the restriction of the Lie derivative L4 to the
spherical sections S,. Let S = (Sv)v g be a foliation of H and let ¢ be the
conformal factor defined above. We define the linear space W to be the
subspace of V4 such that for all ® € W and for all solutions («, &, p,0) to
the Maxwell equations (3.4), the integrals

HS = [ (¥ (0)(W(0) — QZ1(0) ~ Q122(0)) ) Odtps
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are conserved (i.e. independent of v). That is,
W = {@ €X(H) : £40 =0,0,HO = o} (1.10)
where
W(o) =W(ap—po-0)(0) =a-%-D ' (~(0—p), (¢ - 7))

and ¥(v) is a (1,1) tensor that only depends on the background metric,
defined in (3.6). Also, the vector fields Z;(v) = ¥(v) [{ ¥71(s) - Yi(s)ds
are given by

Yi = (= — £ P~ ((trx — 1), 0))
Yo = (7 - £ P~ ((trx — rx),0))"

and finally the operator P is the Hodge operator, defined in Section 2.9.
We make the following definition:

Definition 1.1. (Conservation laws on H): A null hypersurface H is said
to admit zeroth-order conservation laws with respect to a foliation S of H if

dim W > 1. (1.11)

If (1.11) holds then we will refer to the space VW and the number dim W
as the kernel and the dimension of the conservation laws, respectively. We
will call the integrals (1.1) conserved charges.

The initial definition, Definition 1.1, may appear to impose significant
constraints on the concept of conservation laws but, as demonstrated in
Theorem 1.4, the conservation laws defined in Definition 1.1 prove to be
the sole form of "zeroth order’ conservation laws that a null hypersurface
‘H can admit.

We can also establish higher order conservation laws by involving higher
derivatives of variables such as a. However, we restrict our analysis to
Extremal Horizons and to null cones of Minkowski.

1.2 THE NULL GLUING PROBLEM

The null gluing problem for Maxwell’s equations gives a formal way to
represent the concept of conservation laws on null hypersurfaces accurately.
We will introduce this problem in this section.

Consider a four-dimensional Lorentzian manifold (M, g). Let S; be the
2-sphere that is the intersection of two regular null hypersurfaces H and
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H. We define u, v to be optical functions such that H = {u =1} and H =
{v = 1}. Following the description and well-posedness of the null initial
value problem of hyperbolic equations in [48], we prescribe characteristic
initial data for the Maxwell equations (1.1)-(1.6) corresponding to the
restriction of («, &, p,0) on the union # U H. Let us define the following
regions

A:Hﬂ{lﬁvgvf}

A=Hn{1<u<us}

for some v >1,uf>1 Letus further prescribe initial data («, &, p,0) on
these regions. By [48], there exists a smooth unique solution to Maxwell’s
equations in the domain of dependence R, shown below.

We can now state the gluing construction problem. Consider our original
null hypersurface # and two conjugate null hypersurfaces H; and #,
intersecting H at the two-dimensional spheres S; = {v =1} and S, =
{v =101}, for some v; > 1. We prescribe initial data for the Maxwell’s
equations (1.1)-(1.6) on the hypersurfaces

A =HN{1<v <}
A =HoN {1 <u<us}
Ay =H N {v1 <v <o}
Ay =H; N {1 <u<us}

In Figure 1.2, we see the prescribed data on their respective regions and
the hyperbolic development in regions R1 and R, respectively.

H, /
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We would like to extend the data on the truncated hypersurface G = H N
{vo < v < v;1} such that there exists a smooth solution («,«,p,0) to the
Maxwell equation in the region R1 URg U R, such that (a,a,0,0)|4 4,
and (a,a,p,0)| A,uA, agree with the data we have prescribed. Note that
R1,G, R, is the (future) domain of dependence of the pairs (A;, A7),
(G,G), (Ay, Az), respectively, where G = {v = vo} N {1 < u < us}.

1.3 NULL GLUING PROBLEM FOR MAXWELL

We address the following version of the above gluing problem which
will be sufficient for the classification of all null hypersurfaces admitting
conservation laws. Consider the following definition.

Definition 1.2. We say that "we can perform kth-order gluing along H”
of characteristic data (A4, A1), (A,, A>) as defined above if there exists a
smooth extension of the data in G such that the solutions

e (a1,4q,p1,01) with data given on A;, A, and
e (a2, &y, p2,02) with data given on A,, A,

agree at S, to all orders tangential to H and up to first order in directions
transversal to H; that is, (a1, a4, p1,01) = (a2, &y, p2,02) at Sy to all orders
tangential to H and (£ a1, £ a1, Lp1, Loy) = (L) as, £ ay, Lps, Lon) at

S, for j = 1,...,.k, where L is a smooth vector field transversal to H (see
below diagram).

H

Sy

S

For zeroth-order gluing, we ignore any transversal information about
(a, &, p,0). Thus, our data for this problem is given by

Data’(S;) = {(IX,&/P,‘T) |51}

and
DataO(Sz) = {(Dé,&,P/‘T) |52}
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Given that (&, &, p, o) solves the Maxwell equations, the transversal deriva-
tives (Lpa, Lra, Lp,Lo) on H are completely determined by the data
(a,a,0,0)],, on H and the transversal derivatives (L&, Lra, Lp, Lo) at
a section S of H. For this reason, we can “forget” about the incoming null
hypersurfaces H,, H, and thus just “keep” the following data

(v, a,0,0) |4, (£ra, L Lo, Lo) s,

and
(0,2,0,0) | 4,, (£ra, Lra,Lp,Lo) g, .

We do not need to prescribe data on the entire subsets Aj, A of H and in
fact we can simply think of the data as given at the two spheres 51, S; as
follows.

{@wpo) s, (£ra £10 Lp, L) |5, }

and

{(zx,g,p,a) s, (Lre, £re, Lo, Lo) ‘52}

where L is tangential to the null generator of H. However, looking at
equations (1.2), (1.3) and (1.4), we see that (Lra|s, Lp|s,, L0|s,)i=1, are
determined by the initial data («|s,, &|s., p|s,, 0s,)i=1,2 and thus cannot be
freely chosen. We can define our free data from the first-order gluing
problem

Datal(S;) = {(04,&,{?,(7) s, Lra |sl}

and
Data!(5;) = { (&,0,0,0) |5, £1t |, }

Our problem becomes smoothly extending («, &, p, o) on H between S; and
Sy such that (a,a,p,0)(v = i) = (a;,&;,p;,0;) for i = 1,2 and the transver-
sal derivatives (£Lra, L1, Lp, Lo) are continuous on H N {1 < v < 2} (and
hence such that («,a,p,0) is C' on HN {1 < v < 2}).

For the CF case with k > 1 (where one needs to “glue” transversal deriva-
tives up to the kth order), sphere data can be defined as well. Note that by
a similar argument for the first-order sphere data, we can see that

££zx =L (ﬁfllx, v, O, ﬁflg, v Lk’lp, s 0, Lo, ..., o)
Lkp — Fz(ﬁz_lg,...,Q,Lk’lp,...,p)
Lo = Fg(ﬁi_lg, L e, o)

In other words, the (k — 1)th order data determines the kth order data for
«,p and . We can now define our sphere data.

7
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Definition 1.3 (kth-order sphere data). Let v € [1,2]. The kth-order sphere
data of the 2-sphere S,, equipped with metric ¢ := g|s,, is the following
tuple of S,-tangent tensors

Data*(S,) = {(w,a,0,0)s,, Lrals,, .. L} 'als,, Lials,}

where

® p,0 are scalar functions
k
* w,a Lg, .., L are Sy-tangent 1-forms

Our approach for zeroth-order will be to first construct a along H such that
the necessary equations are satisfied. Note that our sphere data depends
on the choice of foliation i.e. the choice of a positive function (). For
simplicity, we will take () = 1.

Before we state our first main theorem, we need to define the following:
Let

u:{@ex('ﬂ):m@:o,

*DPoO((YH(s) - ¥(2) - 4(:)2)(5) = (0,0),Vs € [1,2]} (1.12)
where
O(X) = —%@”(X) —] "D (¢Vs (;%)  X)

+ DD, L] (*@‘1@ : X)) (1.13)

and where | = diag(—1,1) and IL = ¢ '¥4(¢?-). We can now state our
tirst main theorem.

Theorem 1.4 (Zeroth-order Gluing). Let H be a reqular null hypersurface,
free from conjugate or focal points, of a four-dimensional Lorentzian manifold
(M,g). Let S = (Sv),_ be a foliation of H, such that each of the leaves S, is
diffeomorphic to S2. Finally, consider O to be the associated elliptic operator given
by (1.13). Given zeroth-order sphere data («;, u;, 0;,0;) for i = 1,2; zeroth-order
gluing can be done given the following two conditions are met.

1. We first require

po(1) = po(2) (1.14)
0o(1) = 00(2) (1.15)

Given this condition is met, we can construct (p,o) smoothly on ‘H
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2. Forall® € U
Hg'(2) = Hg (1) (1.16)

We can make a more precise statement in the special case where ¥ = 0.

Theorem 1.5. If § = 0, then U = {0} and the only obstruction to zeroth-order
Qluing is po(1) = po(2) and op(1) = 0p(2).

We can also address particular cases for the first-order gluing prob-
lem and the general kth-order gluing problem. For the first-order gluing
problem, we define

1* * -1 3 * N *
R(p,0) = <— > D+ (-1 )) <4tr7( D(p,0) +ﬁ (Vo)
+ (Van — tr)ig+iﬁ = %Wtr&, —Van*

(Vtrx)*) - (o, 0))

N —

oy + &+
Let us also define the following set

Ukxtremal = {® € x(’H) : [4@ =0,

~ PDO +P((0), ' (8)) ~ 27,0 +0()@" =0} (117

Note that the operator

—3DDO +D(1(0),

“(@)) —2Y,0 + 0»@" = (Q1)*(®)

is the adjoint of QM. We can show that for ® € Ugryirema # 9, the
quantities

3 _
HE(0) = [ (Vaa+ G +af) - D7 (p,0)

~R(w P J(o,0))) - Odps,

are conserved along extremal horizons H. We now state the second main
theorem we will prove.

Theorem 1.6 (First-order Gluing). Let H be an Extremal Horizon of a four-
dimensional Lorentzian manifold (M, g). Let S = (Sv)v g be a foliation of

H, such that each of leaves S, diffeomorphic to S?. Finally, consider O to
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be the associated elliptic operator given by (1.3). Given first-order sphere data
(aj, &;, 0i,07) for i = 1,2; zeroth order gluing can be done given the following
two conditions are met.

1. We first require

po(l) = po(Z) (1.18)
o0(1) = 0p(2) (1.19)

Given this condition is met, we can construct (p,o) smoothly on ‘H

2. For all ® € Ugytremal,
ngt(z) = H?xt(l) (1.20)

For the kth-order gluing problem on spherically symmetric extremal hori-
zons we can state the following.

Theorem 1.7. If H is extremal horizon, then the only obstruction to zeroth-order
Qluing is po(1) = po(2) and oo(1) = 00(2). If we further assume spherical
symmetry, there are no further obstructions to kth-order gluing.

1.4 PREVIOUS GLUING CONSTRUCTIONS

Gluing constructions for hyperbolic equations are important to under-
standing the Einstein equations. Our work is motivated by the result of
Aretakis in [3, 4, 6, 9], where it was proven that the existence of conserved
charges for the wave equation along extremal black holes showed that
solutions to the wave equation did not disperse along the event horizon.

In more recent studies, Aretakis—Czimek—Rodnianski [10] introduced a
gluing technique for the characteristic initial value problem for the Einstein
equations. They showed the existence of a 10-dimensional family of gauge
invariant charges and an infinite dimensional space of gauge-dependent
charges that serve as an obstruction to gluing constructions of the null
constraint equations. These gluing constructions were only shown to exist
in a neighbourhood of Minkowski initial data. This development has
applications such as a significant improvement over the Carlotto—Schoen
result, summarized in [13]. Additionally, it provides an alternative proof
for the Corvino-Schoen gluing results. Also, using a gluing construction,
it was shown in [33] that the 3rd law of black hole dynamics was in fact
false. We discuss the spacelike gluing problem for Maxwell’s equations in
Appendix A.1.

10
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1.5 OUTLINE OF THE THESIS

An outline of the thesis is as follows: In Chapter 2 we introduce the basic
geometric concepts relevant to a double null foliation and in Section 3
we derive the relation between the conservation laws and null zeroth-
order gluing constructions on a general null hypersurface, as well as some
special cases for first-order gluing. Finally in Chapter 4, we show how
the change of foliation affects conservation laws and address the gauge
invariance issue of the gluing problem.

11



THE GEOMETRIC SETUP

This chapter introduces the geometric setup for the null gluing problem.
We will define the double null formulation and introduce the necessary
operators required to prove our main theorems.

2.1 NULL FOLIATIONS AND OPTICAL FUNCTIONS

A foliation S of a null hypersurface H in a four-dimensional Lorentzian
manifold (M, g) is a set of sections S, that vary smoothly with respect
to the function v, such that U,S, = H. We will assume for this paper
that S, are diffeomorphic to the 2-sphere, although higher genus surfaces
can be considered in general as well. One can see that any foliation is
uniquely determined by the choice of a single section, say S1, the choice of
the null tangential vector field to H vector field Lgeoq ‘ 5, restricted on Sq,
and a positive function 2 defined on H. We then extend the vector fields
Lgeod‘ s, toa null vector field tangential to the null generators of H, where

VL uiLgeod = 0.

Looking at the procedure in [15] for a similar construction, we define the
vector field
L =0 Lgeod (2.1)

on H and consider the affine parameter v of L such that Lv = 1, with v =
1, on S;. Let S;, denote the level sets of v on H which are the leaves of the
foliaton S. We use the notation

S = <sl, Lgcod s, Q> (2.2)

12
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L geod

Lgmni

L geod

5

We will define H; = H and denote #, to be the null hypersurface gener-
ated by all null hypersurfaces normal to S; and conjugate to H;.
Consider now the vector field Loy |5, which we define at S;. It is tangential
to the null generators of H; and determined by

g(Lgeod/ Lgeod) = -0
Next, we extend it on H, by solving the geodesic equation
VLgeodLgeod =0.

We will also extend () to be a function on #; in a similar manner and
consider the vector field

L= Qz 'Lgeod (2'3)

Let us also define the function # on H; which is givenby Lu =1, with u =
0 on S;. Let S, be the embedded 2-surface on #H; such that u = 7. We
extend Ly, on Hq such that g(Leeods Leeoa) = —Q72 and Ly, is a null
normal vector field to S;. Similarly, we extend Lg,oqs on H;. Note that
the affinely parametrized null geodesics, whose tangent we denote by
Leoa, span null hypersurfaces which we denote by #.. Thus, we see that
HiNH, = S¢. We define Loy globally on the whole hypersurface and

the hypersurfaces H: so that their null normal is Lgcoq-

13
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L geod

We then extend the vector field L, L to global vector fields such that
L=0% Lgead/ L= 0?- Lgeod'

Let us call Q) the null lapse function. We extend the functions u, v globally
as follows.

Lu=0 Lv=0

Therefore, H = {u = 7} and H#, = {v = t}. Note that u,v are optical
functions and satisfy the following relations:

Vo = _Lgeod Vu = _Lgeod

and Lv = 1,Lu = 1. Since g(L, Lgeoq) = —1, the vector field Lgeoq deter-
mines the optical function u on ‘H = H; to first order.

14
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2.2 GAUGE FREEDOM

A double null foliation D can be completely determined by

D= <Slz Lgeod’g1 ’ Q|’H1 ’ Q|ﬂ1> ’

We see that the freedom of choice we have for the vector field Lgeod‘ 5,
and the functions Q) , Q| reflects the freedom for the functions u’ =
u'(u) and v = v'(v). Indeed, the optical functions u, v are determined by
choosing () and Lgeoy (up to additive constants).

2.3 THE DOUBLE NULL COORDINATE SYSTEM

We describe how we construct a diffeomorphism ®,, , from any sphere S, ,
to S1. Given p € S, take q € Sy, via the intersection of H; and the null
generator of H, passing through p. The unique point of intersection of S;
and the null generator of #; passing through g is thus denoted by ®,,,(p).
To obtain a diffeomorphism from S, , to 52 we look at the diffeomorphism

D:5 — 8 (2.4)

and compose ¥, , with P.

We shall develop a coordinate system appropriately fitted to the corre-
sponding double null foliation of the spacetime, using the optical functions
u,v with u(p) = ug,v(p) = vo if p € M. Note, p € H,, N H,,. The fol-
lowing are the specified angular coordinates. Assume that a coordinate
system on a domain of S; is (6!,62). Then, the point ®,, ,(p) and p have
the same angular coordinates. The result of this construction is that % =L

and %, % € TS, everywhere and % = L on Hj.

15
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P - (ull 01, 91/ 92)

Note that, the latter equation will not always hold true: In general, 9, =

L + b'dy. Since L = 9, and [9,,9,] = [94,94] = 0 we obtain [L,L] =

—%89;- € TS, ., and thus,

?ﬁt = —d6'([L,L]), and b’ = 0 on H; = {u = 0}. (2.5)

The metric ¢ in the canonical null coordinate system defined above, is
given by

g = —20%dudv + (V' ¢ ;;)dodv —2(b' ¢ ;,)d6/do + ¢ ;;d6’d6!,  (2.6)

where we denote ¢ to be the induced metric on the sphere S, , = H, N H,,.
Moreover,

det(g) = —Q* - det(¢ ). (2.7)

2.4 NULL FRAMES

For the remainder of the paper, we will denote S, , = H, N H,. If we let
{er,e2} = (ea) 4_1, be an arbitrary frame on the spheres S, ) then we
can define the following null frames:

* Geodesic frame: (eq, ey, Lgeod,Lgeod),
e Equivariant frame: (e;,e3,L, L),

e Normalized frame: (e1, e, e3,¢4),

e Coordinate frame: (g1, dg2, 9y, 9y,).

16



2.5 THE CONFORMAL GEOMETRY AND CONFORMAL FACTOR

Here 1 1
€3 = Qngod = EL/ €4 = QLgL’Od = ﬁL

2.5 THE CONFORMAL GEOMETRY AND CONFORMAL FACTOR

Consider the conformal class of metrics of ¢ . There exists a unique rep-
resentative (metric) ¢ such that \f = \/@ . Here the diffeomorphism
® o @, identifies the section S, with 5?. We can also see that ¢ and ¢ are
such that the induced volume forms on S, are equal. Note that since ¢

and ¢ are conformal there exists a conformal factor such that ¢ = ¢*- §.

Then, \/¢ = ¢*\/§ = ¢*\/¢ s and thus

P = 4\4/37 . (2.8)
Ve s
Here, we see that ¢ is a smooth function defined on the sphere S, and

more importantly does not depend on the choice of the coordinate system.
In spherically symmetric spacetimes, we have ¢ = r, where r is the radius.

2.6 CONNECTION COEFFICIENTS

Consider the normalized frame (e, ey, e3,¢4) defined above. We define
the connection coefficients with respect to this frame to be the smooth
functions l"?w such that

Ve, 60 = Fi}veA, Auve{l,2,3,4}

Here V denotes the connection of the spacetime metric g. Let us define
the following

Definition 2.1. Let S, be a leaf in our foliation S. We define g and ¥ to
be the induced Riemannian metric and covariant derivative respectively
on S,. Let T be an S,-tangential tensor. We define ¥ T by

WLTDél...le = Hgll'HE;(VLT‘Bl‘Bk

where I1 denotes the projection operator onto TS,.

We are concerned mainly with the case where at least one of the indices
A, u,v is either 3 or 4 (otherwise, we simply get the Christoffel symbols

17



2.6 CONNECTION COEFFICIENTS

with respect to the induced metric ¢ ). Following [15, 16], we define the
Ricci coefficients of g with respect to the normalized frame as follows

xap =8(Vaesep), X, =8(Vaesep),
na=g8(Vaesen), 1, =g(Vaesea),
w=—g(Vieye3), w=—g(Vaes,eq),
Ca = 8(Vaes,e3)

where (eA)A:1 )
The connection coefficient can be recovered from the Ricci coefficients by

Vaeg =V aep + Xape3 + X 4 pe4
Vizea = Ysea +1aes, Viea = Viea +1) 04

B
Vaes = XAEB +aes,  Vaea = xaep —Caey
A
Vaes = nles —wes,  Vies =nes —wes
Vies = we3,  Vaey = wey

We get the following identities.

n=0_+Y(logQ) 1=+ V(logQ)
w = V4(log Q) w = V3(log )

Note that we can decompose the tensors x and x into their trace and
traceless parts as follows

(tr K)g‘ . (2.10)

I\J\F—‘

.1 R
x=x+§(trx)g‘, X=Xxk+

We take the metric trace with respect to the induced metric ¢ of the
S-tensor fields ), x (and more general S-tensor fields). Trace try is defined
to be the expansion and the component X is defined as the shear of S, with
respect to H.

We can also show the following relations for x and x. Let £ be the
projection of the Lie derivative £} onto the spheres S, similar to how we
defined ¥ in 2.1. By the first variation formulas

21gd =20x, LZ1(¢ _1) = —20x*. (2.11)

We further obtain that

0udov/§ = |50.(Qtrx) + i(ﬂtrx)(ﬂtr&) Ve (2.12)

is an arbitrary frame on the spheres S, and V,, = V,,.

18



2.7 TENSOR CALCULUS 19

on H. The S-tangent 1-form { is known as the forsion. Given the relation
shown in [15],

[L,L] = —2027°, (2.13)

we see that the torsion ( is the obstruction to the integrability of the
timelike planes given by (e3,es) which are orthogonal to the spherical
sections S,.

2.7 TENSOR CALCULUS

Let us define the following operators acting on S-tangent vector fields and
tensors.

Definition 2.2. Let X and Y be two S,-tangential vector fields on S, and
€48 is defined with respect to the Levi-Civita symbol € 4pcp as follows.

€AB = €AB34

We define
XxY=eBX,Yp

where ¢ denotes the induced metric on S,. Further, for a vector field X,
we define its dual X* to be

X% = eapX?
Moreover, we define the div and curl of a vector field X as
divX = V14X, curlX = e?BV 41 X;
We note that

divX* = curlX
curlX* = —divX

For a 2-tensor F defined on the Lorentzian 4-manifold (M, g), we define
the Hodge dual *F of F as

i 1
Fyv = EFaﬁeaﬁ;w

where € is the Levi-Civita symbol.



2.8 CURVATURE COMPONENTS

2.8 CURVATURE COMPONENTS

Following [16], we decompose the Riemann curvature R in terms of the
normalized null frame. First, we define the following components, which
contain at most two S-tangential components (and hence at least 2 null
components):

g _ g _
a5%p = Rasps, a5 = Razps,
g _ _
Ba = Rasss,  PS = Rasas, (2.14)

0% = Ragzs, 08 = (*¥R)3434,

where the Hodge star *R is defined as follows: (*R),Xm(; = eymﬁRV ! »

2.9 HODGE OPERATORS

Consider the 2-sphere (S, g). We define the Hodge operators 7 and *P
as follows. For an S-tangent vector field X, X = (divX, curlX) and for
a pair of functions (p,c) on S to the S-tangent vector field *D(p,0) =
—V¥p + (Vo)*. The D operator’s image is pair of functions with mean
zero, with the mean of a function of S, defined to be

- 1
FO) = Sy s, P
These Hodge operators also satisfy the relations
PP =-4, D'D=-A+K (2.15)

where K is the Gauss curvature of the spherical section S. We use the
following from Proposition 4.22 in [35].

Lemma 2.3. Consider the 2-sphere (S, g). Then the following hold

1. The operator P is invertible on its range and its inverse D! takes pairs
of functions f = (p, o) (in the range of V) into S-tangent vector fields X
with divX = p and curlX = o , satisfying

1V -2 Fllizs) + 1127 fllas) S 11fllees) (2.16)

2. The operator *P is invertible as an operator defined from pairs of H'-
functions with mean zero, and its inverse “D" takes S-tangent L2-bounded
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2.10 MAXWELL’S EQUATIONS

vector fields X (that is, the full range of *) into pairs of functions (p, o)
with mean zero such that —Vp + (Vo )* = X, satisfying

|V - @71XHL2(S) S X e2s) (2.17)

We will also require the following lemma, similar to Lemma 4.23 from
[35]-

Lemma 2.4. The operators D", *D ™" satisfy
[P L L =P L, PP

where
L, PIX = (RA4CAXC + XAB (WAXB +QBXA> —tryn - X,
AB C , .AB C C
€""Rascp X~ +€"" xac (W Xp +QBX ) >

and where LX = ¢ 2V (¢*X)

We can now setup the null Maxwell equations.

2.10 MAXWELL'S EQUATIONS

It can be shown that the Maxwell equations defined in (1) are equivalent
to
D[leﬁ'y] =0 D[(X*Fﬁ'y] =0 (2.18)

where *F4p = €4B¢PF(ec,ep). In order to write these equations in the

form of coupled null transport equations, we first need to define the
following components of F.

Definition 2.5. Let F be the Maxwell tensor and consider the normalized
frame (e4) a1, 4 defined in Section 2.1. We define the null components of
F as

a(en) := F(egen), wlea

o= P(€3, 64), o=

21



2.10 MAXWELL’S EQUATIONS

We also define ®a, ®a, ®p, ®0 to be the corresponding null components of
*F. We note that for A = 1,2,

g =—"n, ®a="*a (2.19)

®, ®
p=70

c=—p (2.20)

We want to derive (1.1) - (1.6) from (2.18). The entire content of Maxwell’s
equations are contained in the [34A], [3AB] and [4AB] components of both
equations (2.18).

The [34A] component. Our first (2.18) equation tells us

0 = D3Fy4) = D3Fsa + DaFss + DaFas (2.21)
By the Ricci coefficients defined in Section 2.6, we see that

D3Fin = e3(aa) — 1P Fpa + wap + 1140 + a(Vaea)
D4Fs = Yalp) + X308 — Xalp
DyFs3 = —64(&14) +EBFBA — Wy —|—EAP +&(W4€A)

Taking the sum of these terms, we see that (2.21) becomes
0= (WgDé)A — (W4@)A — (1’]B — QB)O’GAB +wrg —wa, + WAP
+ (14 +1,)0 + X508 — Xax

where we used that Fg4 = cep. Taking the same components for the
equation for the dual tensor *F and using the relations in (2.19), we obtain
the equation

0= —(Vsx)a — (Vaw)a + (n° + yP)oeap — was — way +eap¥Voe

— (74 —1,,)p — epax"“ecpa® — epaxecpa”
Taking the sum and difference of the previous two equations, we get that
0=—(Vat)a+1,0—way— EeABW o+ 1n°eapo + EWAP
1 1
T (&AD + €BA13C€CD> P + 5 <_XAD + €BAXBC€CD) aP
1 1
0=—(V3a)a+1ap —wans+ EGABWBU'-F nBeapo + EWAP

1
T (&AD - €BAKBC€CD> P + (—XAD - €BAXBC€CD) aP
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2.10 MAXWELL’S EQUATIONS

Finally, we arrive at equations (1.1) and (1.2) by using the following identi-
ties: For an arbitrary S-tangent 2-tensor V

Vap — €BAVBC€CD = trngAD
Vap +€paV%ecp = 2Vap
where V denotes the trace free part of V with respect to the section metric

g
The [3AB] component. We get

0 = DFap) = D3Fap + DpFsa + DaFps (2.22)
Using 2.6,

D3Fap = e3(Fap) — aap + paa + F(V3ea,ep) + F(ea, V3ep)
DpFsa = Vaas — X5Fca — 0op — Xp 4P

DaFgs = =V aag — x5 Fep + fadp — X 50
Combining, we get
0=e3(0)eap — (Vpay — Vaag) — (naap —1npay)
+ (Caap — {ay) + trxeapo
where we used that Kiecg — ngc A = trxeap. This is equivalent to
0=e30 —curly —n x &+ x &+ tryo
= e30 — crla — dlog Q) x a + tryo
Repeating the previous calculations for the dual tensor *F we get
0=e3%0 —curl®a — dlog O x *a + trx®c
By the following relations

curl®a = curl(*a) = diva
dlogQ x ®a = —dlog - a

®g = —p

we get
0= —e30 +diva + dlog Q- & — tryp

Simplifying gives us both equations, (1.3) and (1.4).
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2.10 MAXWELL’S EQUATIONS

The [4AB] component. We get
0 = DyFsp) = DaFap + DpFaa + DaFps (2.23)
Using 2.6,
DyFap = es(Fap) — 17,08 + 1,04 + F(Vaea, ep) + F(ea, Vaep)

DpFia = Vaa — X5Fca — (paa — Xpap
DaFpy = —WACKB — X%PCB + CADCB + xABP

Combining, we get

0 = eq0 — curla — dlog Q) X a + trxo (2.24)
Repeating the previous calculations for the dual tensor *F we get
0 =es%0 — curl®a — dlog Q x Pa + trx®o
By the following relations

crl®a = curl(*a) = diva
dlogQ x ®a = —dlog -«
S = —p
we get
0= —e40 +diva 4 dlog Q- — trxp

Simplifying gives us equations (1.5) and (1.6). We will use various versions
of these equations, defined below.
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2.10 MAXWELL’S EQUATIONS

Covariant Formulation

We will take our gauge freedom () = 1 for simplicity. We refer to the
following set of equations as the covariant formulation of Maxwell’s
equations.

;% (pn) = +% (tllp + 27p> - % (d(7+ 2ch>* +iew (2.25)
;% (p) = —5 (dp—21p) =3 (4o —2p0) 4w (226)
dive =+ 3 L(¢%) (227)
culrla = +4}2L(¢Za) (2.28)
dive =~ 3 L(¢%) (2.20)
curla = +4}2L(¢2a) (2.30)

Instead of writing our equations in terms of covariant derivatives, we can
write them in terms of Lie derivatives.

Lie Formulation

We rewrite the equations by replacing the covariant derivatives with Lie
derivatives to get the Lie Formulation of the Maxwell equations.

Lo — % o= +% (Wp+2gp> —%(Wa+2ga)*+ﬁ-a (2.31)
z3a—f-a:—%(y7p—zgp) —%(Wa—zga)*ﬂeﬁ-g (2.32)
diva = +4}2L(¢2p) (233)
curla = ;L( %0) (2.34)
dive = ~ 5 L(¢%) 235)
culrla = +4}2L(<p20) (2.36)

Recall that for metric connections,

YxY—-VyvX =LxY
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2.10 MAXWELL’S EQUATIONS

We first raise the indices of (2.25) by applying ¢! to both sides. Since the
metric commutes with covariant derivatives.

;YQ (¢a) = ;464 (¢af) +x - o

We now have to lower a? back to a 1-form. However, the metric does not
commute with Lie derivatives. We see that

g Lo (9nF) = La(gpa) — La(g) - o
= L4 (pa) —2x - po*
= Ly (pa) —2x" - puu

Therefore,
g ;m (4@) +xta= ;m(w) —x'a

Noting that ¢* = x* — %tr)(, we arrive at the Lie formulation. The formu-
lation of the zeroth-order gluing problem will be framed with respect to
this formulation.

Complex Scalar formulation

We can also write a complex form of Maxwell’s equations. While this
form is not used in the proofs of the main theorems, it was a crucial
step that helped clarify the Maxwell gluing problem. This formulation’s
main advantage was solving the zeroth-order gluing problem for ¥ = 0,
which is discussed in Remark 3.5. The complex Maxwell equations take
the following form

1 1
aL(@P) = 5m(®) = {w® + X'P (2.37)
SLO®) T30 = —3m(0) ~ 1,0 + 71 (238)

Pu® = —¢p*L($*©) (2.39)
Pw¥ = ¢ *L(¢°O) (2.40)
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2.10 MAXWELL’S EQUATIONS

where
Y= +in, (2.41)
O=p+ic (2.42)
D =n; —iny (2-43)
and
m=e1 +iep m=-e —iep (2.44)

Om = C(e1) +iC(e2)  Gm = {(e1) —il(ea)
A=xtity A =h-ifl
Dy =m+ilL, = 1+ Tk,
I =Th+il) Iy =Th il
We note that the indices of the 1-form are the evaluation of the form on

a Fermi frame (Ve4 = 0). To derive equations (2.37) we evaluate (2.25) on
vector field m = e; 4 ie; and rearrange to get the desired equations. First,

SV (gn) = +3 (dp—20p) 3 (40 —200) +1-0 (249

Evaluating the left-hand side, we get

;V4 (pu) (e1 +iex) = Van(er +iex) + %tr}(g(el +iep)

- L(gl + igz) —Q(W4€1 -+ iW4€2) +

2
1 . .
= L& +iag) + Strx(ay +iny) — a(Thier +ilpen)

try(ay +iay)

= ;L(qﬁf) + il Y
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2.10 MAXWELL’S EQUATIONS

noting that W4€1 = Filez = —F}LZEQ and W4€2 = F}uel and I"ﬁl = —I"}Q.

Using the definitions in (2.44), we get the left-hand side of (2.37). For the
right-hand side, we see that

% (dp —2Zp)(e1 +iey) — % (do —270)" (e1 +iex) + & - a(er + ier)
= %(61 (p) +iex(p)) — C(er +iex)p — %da(euez + ie*te))—

J(e¥er +ie*e))o + X -aler +ieo)

1 1 . . .
= 5m(p) = Gmp + 5m(0) + iTn0 + R0 + R

+i(Rha1 + Roaz)
1 . . . N .
= om(p+io) = Lulp +i0) + (%) +ig}) (w1 — ina)

where we used the fact that X is a trace-free symmetric tensor and that,
X% = i; and ﬁ = - ﬁ . Equation (2.38) is derived similarly, evaluating
the equation on the vector field 7 instead. To get the next equations, we
com

(;214(472 (p+i0)) = diva + icurla (2.46)
= V&) + Voay +i(Via, — Vauq) (2-47)
= e1q + ety +i(e1a, — exay)

+a(Vier + Vaer +iVie2 — i¥2er) (2.48)

Since ey, e; is an orthonormal frame, we get that
Vien=Thes Voo =Ther  Vie=Tper  Yaer =I5 (2.49)

Using the fact that '}, = —I'3; and I'}, = —T'%, and using the definitions
in (2.44), we can get the desired equation. We can derive (2.39) in a similar
manner, by instead taking the sum diva — icurla.
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GLUING PROBLEMS AND
CONSERVATION LAWS

In this chapter, we prove our main gluing theorems. We introduce the
necessary elliptic structure to prove our general gluing theorems 1.4 and
1.6. We will also introduce methods to prove the invertibility of elliptic
operators.

3.1 ZEROTH-ORDER GLUING CONSTRUCTIONS

Note that for zeroth-order gluing we only need to consider equations

1 1 *
£4&—Xﬁ'&=+§ (WerZQp) -3 (W(H—Zza) +Xﬁ-rx (3.1)
1
diva = —EL(szp) (3-2)
1
crly = +EL<4’2‘7) (3-3)

By the invertibility of 7 on its natural domain, the equations (3.1),(3.2)
and (3.3) can be combined to get the following equation

LW(a,p—p,0—7) = - W(a,p—p,0—7)
=Q(p—po—0)+V(p,0) (3.4)
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where,

Wap-po-0)=a-7 D (~(0-p)(~0))
Qo —po-0)= _%*@Q(P—ﬁ,v—a)

Vs (;xﬁ) D (~(p—p)(c— )
L&D DD (o) (e )
V(p,7) = (-1 — - D ((trx — &%), 0))
Ly - D (y — &), 0))°
= poY1 +0pY2

where L = ¢~2Y 1 (¢?). To prove this we first need the following Lemma

Lemma 3.1. Operators D", *D ™" satisfy
L) =D L, DD

where
L, D)X = (RA4CAXC + XAB (WAXB —|—QBXA> —trxn - X,
e"PRascs X + P xac (WCXB + QBXC> )

Recalling the definition of P, we see that

B (Qu) = 3D (L(-p,0))
=P (L(=(o—p),0 —7) + - P (L(—p, 7))
=P (L(~(0—p),0 — 7))
+ & - D (—p(Otrx — Qtry), 7(Otry — Otry))
=3 LD (~(0—p),0-0)
+1H P PP (—(p — p), o — 7))

e
—i—ﬁ D (—p(Qtry — Otry), 7(Qtry — Otry))

where we used that for any ¢ : $> — R

Lg = g(Qtry — Otry)
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We can further simplify the following operator. For any (fi, f2) with
vanishing spherical mean

A f) =

Thus, we see that

Qu)

Xﬁ'(

4,29&‘ Vi *D 7 (fu f2))
1

aﬂxﬁ Yi(@*D ' (fi, f2))

@W4(Q4’2ﬁ D (fu, f2) — (VaQF) - D (fu fo)

= STsOp8 P () + 30K D fo)

—(Y4(089) - D (1, fo)
- ;wnmﬁ DFL f) — w@fcﬁ) D (A fo)
:maﬁ (i) =R (OFF- P AL R))

- 4’?74(53 ) D (fu, fo)

= £40F P (~(p—p)o 7))

—zt (092” P (—(p—p)o—7))
—mg ) D (—(p—p)o—0)

+x DL DD (—(p—p), o — 7))

+ x5 D7 (—p(Qtry — Qtry), 7(Qtry — Qtry))

where we used that for any 1-form w, ¢~V 4(¢pw) = Lyw — {* - w. Finally,
we want to simplify the terms that only depend on p and ¢, which we will
call V(p,7), so that it is of the form in (3.4). Note that

% (Wp +2gp) - % (WU—FZTT)* = —%@E(p —p,0—7)—Qup+Qn'c

and thus, we have

V(p, o) =

—np+ T+ 2 D (—pltry — Trx), otry — Trx))
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3.1 ZEROTH-ORDER GLUING CONSTRUCTIONS

Let f = Qtry — Qtry and X = D' (—pf,7f). We see that
P((p —e0)X) = pP(X) — 7P (X")
=p(=pf,f) —o(@f,pf)
=—(p* +7°)(£.0)
Thus, we get that
X =D (~pf.7f)
—(p*+7%)(p—e7) "D 7(f,0)
= —(p+e0)D"(f,0)

Now we can write V(p, o) as follows

V(0,0) = p(—Qy — £ - D~ ((Qtrx — Otry),0))
+o(Qy — ﬁ . @71((Qtr)( — Otry),0))*
= poY1 +0pY2

where the 1-forms Y7, Y, only depend on the background metric. Combin-
ing these terms, and setting () = 1, we arrive at (3.4). To find a necessary
condition for our initial data to satisfy, we need to "integrate’ (3.4) in the v
direction. Thus, we need to define the dv integral of a tensor. Let (e4) a—12
be a Lie transported frame along H and let (e?) 4_1 » be its corresponding
dual frame. Let T be an arbitrary (1,1) tensor such that T(v) is S,-tangent
for all v € [1,2]. We define the integral of T as follows

B

([ 1) = [ T

Let M(v) = | : T(s)ds. Note that since the frame is Lie transported i.e.
[L,ea] = 0, we see that by the above definition

(£sM)73 = L(MZ) — M([L, ea],¢”) — M(ea, £4¢")
=0y /10 T8(s)ds
— Tﬁ

Note that this naturally generalizes to any S-tangent (r,s) tensor. We
finally need to define the ¥ tensor. Let Wy(v) be the S,-tangent 1-form
solution to the following transport equation

LWo—% - Wo=0  Wp(1) =W(1) (3-5)
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3.1 ZEROTH-ORDER GLUING CONSTRUCTIONS

Let us denote the solution to the equation (which exists since it is simply
a system of ODEs), as follows

Wo(v) =¥ (o) - W(1) (3:6)

where ¥(v) is a (1,1) tensor that only depends on the background metric.

We see that (&, p, o) satisfies (3.4) if and only if

W(o) = ¥(0) - W) +¥(0) - [ ¥71(s)- Qo —p,0 — ) (s)ds
+p0Z1+O'QZZ

where Z;( 0) [{¥ i(s)ds. ¥ (v) is invertible by uniqueness

theorems for ODEs Our glulng construct1on will rely on Fredholm theory.

We will use the following theorem, stated in [23].

Theorem 3.2 (Fredhom Alternative). Suppose T : X — X is a compact
operator, where X is a Banach space and let A € C be non-zero. Then, exactly one
of the following hold:

* (Eigenvalue) There is a non-trivial solution to the equation Tx = Ax
* (Bounded resolvent) The operator T — A has a bounded inverse on X

It follows that the spectrum of a compact operator can only accumulate
at 0 and all nonzero elements of the spectrum are eigenvalues of finite
multiplicity. Note here that we will think of the adjoint operator acting on
the dual space of 1-forms on S? i.e. vector fields on 2. Given X € X(S?)
and w € Q1(S?), we define the following dual coupling

<wX>5—/ X)dug

Thus, we first define the adjoint O, with respect each Q, and then define
O such that O[s, = O,. Our proof requires our operator to be elliptic with
its spectrum only accumulating at infinity. However, our operator Q in its
current form will not satisfy the required conditions. Instead we define
the following operators

Q=QoD
O=0"=*Po0
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3.1 ZEROTH-ORDER GLUING CONSTRUCTIONS

We see that Q is an operator that takes 1-forms to 1-forms. Also, from
Section 2 of [35], we have the following bounds

HpileLZ(S) < G| Xz
DL, PID " X[ 125y < Cal X125

and thus for any X € X(S?)

(- DL+t DD +¢Y74(41))€)$‘1)(]$(X)) Xd|

e
< ClIPX|I 125 11X 12s)

C
< | CelDX|*+ —|X|*d
< [ CarlPXP + - |XPdpg

for some C > 0 and for all €; > 0. Here J(f1, f2) = (= f1, f2). Indeed if we
take the operator, Qpeppy = Q — %, then

| GuX - Xy = [ ~3IPXP = DX (-£(X),8"(X)

v

— &P L+, DD (P(X)) - X
+OTADP (D)) - X — ZIXPdp

c
€2

1 2
< —/v(z — €1 — Ce))|DX|* + (—E —

+OIXP
€

If we choose €7 and €; small enough to make the first % — €1 — Cey positive
and then choose € sufficiently small to make the last term positive, we
can conclude that @tgmp has a trivial kernel. By the Fredholm alternative
Qtemp is an invertible operator. Since H?(S?) compactly embed into L?(S?)
by Rellichs Theorem, @tgmp has a compact inverse by Poincare’s inequality.
The spectrum of this operator is thus bounded and accumulates at zero.
Thus @temp is an elliptic operator with discrete eigenvalues with the only
accumulation point at infinity and

Zm(év) = ker(év))L (3.7)

Thus, since the domain of @ are smooth 1-forms, we can rewrite our
necessary condition (3.8) as follows

W(2) — 1F(Z)V\/(l) — p()Zl (2) — 0’0Z2(2)

= /12‘I’(2) ¥ 1(s)- Q(E)(s)ds (3.8)
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3.1 ZEROTH-ORDER GLUING CONSTRUCTIONS 35

where E:= D' (—(p — ), = 7). Thus we instead want to find a 1-form
F on H such that for any s € [1, 2]

F(s) € im(¥(2) - ¥7'(s) - Q(s)) (3-9)

and
[ Fs)ds = W) - ¥@W(1) - 4 (2) - 002:(2)

which is equivalent to

F(s) € ker(O o (4}2(?—1)* 0¥ (2)))(s))*

To construct F, we will use the following lemmas from [9]

Lemma 3.3. There is an upper bound for the dimension of the kernel K(v) C
L2(S?) of the operator O, for v € [0,1]. Moreover, there is a dense set Z C [0, 1]
such that for any x € Z, there is an open neighbourhood Vy, C Z such that K(v)
varies smoothly for v € V.

Lemma 3.4. Let I = U}_; Ix be a union of compact intervals of R. For each
k = 1,..,n consider IT(v),v € I, to be smoothly varying ny-dimensional
subspace of L*(S?) spanned by k smooth functions on S%. Define subspaces
Vi C L%(S?) as follows

Vk = ﬂ Hk(v) (3'10)

vely

Given a function p € C®(S?), there is a function F, € C®(I x S?) which
vanishes to infinite order at 1 x S? and is such that

JRACERLEYIE (311
and
Fy(v,-) € (I_Ik(v))L forallv € yand k=1,2,...,n (3.12)

if and only if
pe (VinVan..nV,)" c L3(S?) (3.13)



3.1 ZEROTH-ORDER GLUING CONSTRUCTIONS

We can now prove our main theorems.
Proof of Theorem 1.4: To see the necessity of the first condition, we see that
the quantities po(v) and 0y(v) are conserved since

Lpo =L /S pdpg
=L /5 ¢*pdps

1
= S PL(CPZP)dVg

:/s (diva)dpg =0

since the divergence and curl of forms/vector fields have a spherical
average of 0. Therefore, given initial data for (p, o), if po(1) = po(2) and
00(1) = 0p(2), we can construct p(v) and o(v) along the whole null
hypersurface. The agreement of these quantities on initial spheres S; and
Sy is a necessary condition for gluing. Let ] = J; U...U J; C [1,2] such that
the kernel K(v) of our adjoint O o (#(‘Y‘l)t o ¥!(2)) varies smoothly on
each open subinterval J; and such that

(K(v)=U

ve]

The existence of the intervals is given by Lemma 3.3. Let &; = D~ (—(p; —
0:),0i — ;). We extend & from S; and S, smoothly on ([1,2] — J) x S?
such that E|; vanishes to infinite order. We additionally impose that the
extension near S; and S, satisfies

L$<E)‘51 + L(—ﬁ,?)‘si = (_Lp/ LU)’SI‘ = p(“i) - trX’Si ) (—,01‘,(71')

for i = 1,2. This is to ensure the extension is compatible with the initial
data of «. Let us define ¢ as follows

&= (W(2)-Y2)W(1) - poZ1(2) — 00Z2(2))
—¥(2) /[1’2“‘1/—1(5)@(3)(5)010

To complete the gluing construction, we want to construct Z on [1,2] x S?
such that

E=¥(2) /] ¥1(s) O(E) (s)ds
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3.1 ZEROTH-ORDER GLUING CONSTRUCTIONS

In other words, we would like to construct a vector field F on S? x | that
vanishes identically to infinite order (with respect to L4 derivatives) on
S2 x 9] such that F(v,-) € im(¥(2) - ¥~ 1(s) - Q(s)) and

¢ = /]F(-,v)dv

Using Lemma (3.4) and the ellipticity of Q, we can construct F if Zeut.

Let us verify this. Note that for all ©® € U/, if Condition 2 in 1.4 holds, then
L e@)dus = [ (W2) —¥@W() - poZ1(2) — Z2(2)) (©)dps

_/ </[1,2}— ‘P(z)‘Fl(S)@(E)(S)ds) (©)dus:

=0

Where we used that £40 = 0 to move O into the ds integral and that

L@t 026 @M = [ 20 (L4 Y Er@e) Gy

=0

We get that £,0 = 0 since ® € U = (,¢;K(v) and therefore does
not depend on v. It can be seen from the fact that for any vector field
X = X!(v)e1 + X2(v)ey, since the frame (e4) a1, is Lie transported, then

£4X = az,Xlel —+ az,XZEQ

Thus, if X is independent of v, 9, X4 =0 = [4X = 0. We also used
HP(2) = HP(1) in the first step to show

0="¥(2)(H (2) - Hy (1))

— Sz(W(Z) —Y(2)W(1) — p0Z1(2) — 00Z2(2))(O)dus

Thus, ¢ € U*. We construct F using Lemma (3.4) and complete the gluing
construction of (p, o) by taking PE and then adding back the spherical
averages and by constructing « as follows.

w:=D" (;(—L(#P)IL((PZU)))
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3.1 ZEROTH-ORDER GLUING CONSTRUCTIONS

Let us look at the particular case ¥ = 0 and show that only Condition 1 of
Theorem 1.4 is an obstruction to gluing.

Proof of Theorem 1.5 Consider Maxwell’s equations for zeroth-order gluing
given ¥ =0

SE4 (g + x5 = =1 Dlo.0) o~ ' (514)
1

diva = —EL(4>2p) (3-15)

curle = +(;2L((,b20) (3.16)

The initial data (©;, ®;, ¥;) combined with (3.14),(3.15) and (3.16) gives us
£4&‘5i, Lp|51., LU"SZ.. We define
1, . 1
Lasi = —5"DP(pi, 01) +1pi — 1170 + X - & — Strx -

Lp; := —diva; + trxp;
Lo; := curla; — tryo;

Taking an £, derivative of these equations gives us, £3&|s,, L0s,, L2c]s,
as well. We can define

1 1
Lakas; = —5"D(Lpi, Loy) — 5[£4,"P)(pi, 1) + yLpi + (Lan)pi — 1" Loy
1 1
= (Lan")oi+ Lax - o+ x - Lag; = SL(trx) - a; = Strx - Lag
Note that [£4, *P](f1, f2) will be an S—tangent 1-form (See Appendix) and

thus we do not need L derivatives of (p, o) to compute the term in the
definition. Thus, any gluing of these functions will not only have to agree

with the initial data but also with the derivatives defined above as well.

Note that if X # 0, then Kig cannot be determined from initial data since
Ls would appear on the right-hand side of (3.14). We can now do our
gluing construction. We first construct & along H such that

als, = a;
Lin|s, = L,

2 2
£4&’Si = Ly
To construct (p,0), we need to invert the following operator

“PLp,0) :="D(p,0) —2np +2y"c
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3.1 ZEROTH-ORDER GLUING CONSTRUCTIONS

For convenience, we will use the Levi-Civita operator € to refer to the
* operator where (*¢)4 = €43ZP. Note the Levi-Civita symbol normally
maps vector fields to 1-forms but with a slight abuse of notation it will
just map vector fields to vector fields i.e. ¢ =* ¢. Note that €2 = —1. With
this notation, we say *D(f1, f2) = —V fi + €Y f2. In order to invert the
operator *P, we note that 7 = Vye3 is an L? vector field and thus in the
image of *P. Thus there exists (g1,¢2) such that

"D(g1,82) = —211

We define the following functions

hy = €31 cos g

h2 = e81sin by
Note that Yh; = 1V g1 — hoV g2 and Yhy = ha Vg1 + h1 YV g2. We see that

*D(hp — hao, hpp 4+ hio) = =V (hip — hao) + €V (hap + hi0)
=M (p(—Vg1+€eVg)+ (Vg +€eVg)
+(=Vp+eV0)) +ha(p(Vg2 +eVg1)
+0(Vg2—€Vg1)+ (eVYp+ Vo))
= (1 —eh2)((p — e0)(=2) + " P(p,0))
= (hy — ehy)*DL(p, o)

We can now rewrite (3.14) as follows

1 1

1
Ly (‘P&) +x-a= —EW

¢
where we used (hy — €hy) ™! = (h? + h3)~1(hy + €hy). Thus we have written
*P1 in terms of *P, which we can invert. However, the image of the

inverse of * are pairs of functions with mean zero. Thus we see that if
L1 (9a) + x - & = X, then

(h1 + €h2)*@(h1p — hyo, hop + hl(T)

P H=2((hy — €h2))X) = (h1p — oo — ap — Ia0, hop + h10 — Top + Ip0)

We have to now recover (p,c) from the right-hand side of the above
equation. Let (Fj, B) = *D ' (=2((h1 — €hy))X). We define

(1 —hy
H_<h2 h1>
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3.1 ZEROTH-ORDER GLUING CONSTRUCTIONS 40

Note that det H = h3 + h5 = exp(2g1) # 0, thus H is invertible for all
(h1,h2). We can now see that

(m)=n()-#(2)

Rearranging, and taking an average,

H (g) _gT! (g) _HT g (g) 617)

Here the spherical average of a matrix is the average over each component.
We also used the fact that

o ) )
o Fz

The right-hand side of (3.17) is completely determined by the background
metric as well as (p, o), which can be constructed along H given initial data.
We can now complete our gluing construction by defining the following

(5) = () (5) - (1)
w07 (L) L))

Thus there are no obstructions to zeroth-order gluing when § = 0.

O

Remark 3.5. The complex Maxwell’s equations for zeroth order gluing
under this assumption are given by

SL(§Y) = 21(0) — 5,0 19

¢
Dp® = —¢°L(¢*O) (3.19)



3.2 FIRST-ORDER GLUING - SPHERICAL SYMMETRY

Since m, as an operator, maps onto all of L2, there exists a function g such
that m(g) = —2(,,. Letting h = €8, we get m(h)/h = m(g). Plugging this
into (3.18)

—L(¢¥) = Em(®) + Em(g)@ (3-20)
h

= %m(@)) + ;miz )® (3.21)

_ %(m(@)h +m(h)®) (3.22)

= m(©) G.23)

It is much easier to see how to factor the operator in this formulation than
in the Lie Formulation, which was how it was originally proven.

3.2 FIRST-ORDER GLUING - SPHERICAL SYMMETRY

Before looking at Minkowski, we look at the general first-order problem
in spherical symmetry. Note that in this case, our Maxwell equations take
the following form

Lin = —3"D(p,0) (3:24)
Lo = —5"D(~p,0) (329)
Pu= L@ ¢%0) (5:26)
Pu= S L(~¢%.¢%0) (527)

The nonexistence of zeroth-order obstructions to the gluing problem fol-
lows from Theorem 1.5. For the first-order problem, we get the following
equation
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3.2 FIRST-ORDER GLUING - SPHERICAL SYMMETRY

Lilze = L3l

L,
= —5£5"D(p,0)

1 1
= _EWS*@(p' o) — Ef*p(f?/ o)

1 1 1
= —3"P(Lp, L) — 5[¥5, " Dl(p,0) — 5" P(p,0)

1, 1,
=3 DDua + Stx P(p,0)

1
= —E*P@g + L(try)a — Ly(trya)
where we used [£Ly, £3] = L, .,) = 0 under the assumption of spherical

symmetry. Thus, the obstructions to gluing are given by integrals of the
form

Hs(?,h(v) = /S (L3x + trya)Odus

where © € Uy, is given by

Unpp = {X € () - (—%*m 4 L(ty))(X) = 0, £X = 0}

Note that the elliptic operator on the right-hand side is also self-adjoint.

Minkowski spacetime

In spherical symmetry, we can replace ¢ = r, where r is the area radius of
the spherical section S, given by

/1
r = H'/Sd‘us

In Minkowski, the area radius coincides with the coordinate r in the polar

coordinate representation. Using the fact that try = 4 and try = — V2

T 4

and that L = %(at +0;) and L = %(at — d,) given our gauge choice

O =1, we get that

1
Li(Lzn + trya) = ﬁ(ﬁ +1) (3.28)

where we used the identity *PP = —A + K = —% (& — 1) on Minkowski.
The operator on the right-hand side has a 6-dimensional kernel defined
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3.3 BLACK HOLE SPACETIMES

in terms of vector spherical harmonics E (m) [{(m) (defined in Appendix
A.3) with m = —1,0, 1. We see that the quantities

/s (L3 + tr&g)E(lm)dysz, /s (Lo + tr&g)H(lm)dySz (3.29)

v v

are conserved. Since the operator ﬁ(A + 1) has a discrete spectrum of
eigenvalues with finite multiplicity accumulating at co, we can repeat the
proof of 1.4, mutatis mutandis, to solve the gluing problem for spherically
symmetric metrics, including Minkowski.

Schwarzschild Horizon

By the transversal propagation equation for x, and assuming H = {r =
2M} is the Schwarschild event horizon, we get the following equation

dy(try) = —K

Thus, we get the following first-order equation along H
La(La + trya) = 5(~*PD ~ 2K)a = Q)
We can see that for all v € [1,2] and VX € X(S?)
/SX Qpn(X)dus, = —% /S |DX|? + 2K| X |*dus, < 0

where we used that K > 0 for round spheres. Thus, the operator Qs has
an empty kernel and therefore no first-order conservation laws along H.
We will now consider the case where H is a Killing Horizon, simplifying
the Maxwell equations and allowing us to address the problem of higher-
order gluing constructions.

3.3 BLACK HOLE SPACETIMES

Let (M, g) be a stationary spacetime admitting a black hole region (defined
in [53]). For such a spacetime, the event horizon H is a Killing Horizon,
meaning that there exists a vector field ¢ that is tangent and normal to H
such that

D =x-¢ on H (3.30)

where « is constant along the null generators of H. By the zeroth of law of
black hole dynamics, we will take x to be constant on all of H, in which
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3.3 BLACK HOLE SPACETIMES

case, we call « the surface gravity of H. Killing Horizons with x = 0 are
called extremal horizons. The following properties of Killing Horizons are
proven in [7].

Lemma 3.6. Let H be a Killing horizon and let D = (Sl,ngd,Q = 1) be
foliation of ‘H, defined in 2. Let ¢ be a Killing vector field normal to H satisfying
(3.30). Then, we get the following relations on H

1. x=0
2. L1g =0

3. dx=g(G,L)-p
4. Lin =Yy =P

5. If we take Lgeod];gl = C|s,, and « is constant on H, then

Lix=Yix= ;7( (3.31)

where f is such that { = f - Lgeoq on 'H

Note that if we assume the Einstein vacuum equations Ric(g) = 0, we get
from the Codazzi equations that

divy — dtrx +x* - ¢ — (try) - { =B

We see that by result 1) in Lemma 3.6, § = 0. If we do not assume the
Einstein vacuum equations but assume constant surface gravity, it also
follows that f = 0 from result 3) of Lemma 3.6. Along Killing Horizons,
we get a transport equation for ¥3a which we derive as follows.

ViVan = VaVaa + [V4, V3l
1* * * 3 *
=3 DDa+ (17, 17 )Pa+ 2V ya — o(gye” + 10X D(p,0)

1
+ & (Vo) + (Vo — tixy + 3 — 5 Vtex, —Vay* + trxy’

o + 1L * 3 X
+Kﬁ 2l + E(Wﬂ'&) ) ’ (PzU) B Etrﬁﬁ o —gjég) *

where g(g)(eA,eB) = Rasps and o(g) = %¢ABRAB34. For extremal Killing
horizons, we get that the Killing field { = L. We also get that on extremal
horizons, £zR = LgRic = L;Rs = ﬁg& = 0 (proven in [7]). Let us
assume that (p(2),0(2)) = (p(1),0(1)). Thus for any pairs of function
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3.3 BLACK HOLE SPACETIMES

(f,g) defined on H with conserved spherical averages, we define the
inverse of D as follows

) =P (f-f8-3)
Thus, along extremal horizons, we see that
K= W4@71](p, o)
1 ! _
(p.7) = Vs ((—2*@ Foon) (gD 1f<p,a>>>
1
(_E*,D,D + (ﬁ, _ﬁ*)p + ZWE - O'(g)ﬁi‘)& =

2 (%w Cuxit +a) - D7 (p,0) - Ria— £ D] (p, a)))

*))] = 0 and thus holds for the

where we used that [V, (—3*D + (g, -1
B~![B, A]B~! and where the operator R

inverse by the relation [A, B~!] =
is as follows.

R(p,0) = ( — %*@ + (1, —g*))_l (itr)(*@(p, o) —i—iﬁ (Vo)*

NM—\

+ (W —trxn + 3 ﬂ—*WtrX, V' +texn* + 5

Let us now prove our second main theorem.

Proof of Theorem 1.6: If the conserved charges of the prescribed data H (1)
at 51 and H?,(2) at S, agree, we should be able to construct a solution
along H. Note the following estimate

/X )( )ds, _/sv_;mX’2+(W(X)r_ﬂ*(X))@X
+2Y7,]X.X_€11’X’2dy5v

- /5 _%mmz + (n(X), —71*(X))PX
—dXV”’X’Z—;!XIZdysv

Note that along Extremal Horizons

L(trx) = —divy + |ﬁ\2 — K —trxtry =0 (3.32)

+5(Virx)®) - (o, U))
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3.3 BLACK HOLE SPACETIMES

Hence
0= —divy +|y* - K

Therefore, we get that

X- (@ = ) (X)dps, = =3 [ [PXP —2(1(X), —y" (X))PX

Sy €1

1
(=2l + 2K + )X P

< 2 a—emxp
2 Js,
2 2 1 2
(=2 = D)lnf + 2K+ )X P,
1
< 2l a—eowxp
2 Js,

2 1
+((=2- E)lﬁl2 +(@B—-e)K+ a)|X|2dﬂsv

Choosing €, €; sufficiently small, (Q(1) — 61—1) is invertible and by the Fred-
holm alternative and must have discrete eigenvalues with an accumulation
point at infinity. Note that the propagation equation (3.32) and Gauss
equation do not need to be assumed for this estimate but make it slightly
easier. Thus, if Hg(2) = He(1) for all ® € U,ytremar, We can use a similar
argument as we did in Theorem 1.4 for zeroth-order gluing to construct «.

We then construct (p, ) such that

([ pav, [ odo) = ((—i*@ fr) g W}(p,a)))

and agrees with the prescribed data at v = 1, 2. Finally, we construct « and
¥ 3 from the remaining null Maxwell equations to complete the gluing
construction.

O
Proof of Theorem 1.7: Let us introduce a method of v-weighted integrals to
prove gluing constructions along extremal horizons. On extremal horizons,
we get that for any S-tangent tensor T, V4T = £4T. Since x = £4¢ =0,
we get that for any S-tangent 1 -form w on ‘H

/lv Pw(v)dv' =D /jw(v’)dv’
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3.3 BLACK HOLE SPACETIMES

since our frame (e,) is Lie transported ([d,,e4] =) and x = 0. In sphere
coordinates, letting e4 = ¢',0;, we see that

/10 divw (v')dv' = /10 g'ler(wr) + g%%ex(ws)do’
= 1U e (wy)dv' + g% 1v ea(wy)dv’
= veﬁai(wl)dv/ + g% 1‘0 e40;(wy)dv’
= g'lel0; /10(w1)dv’ + g%%eh0; /f(cuz)dv’
= d/fv/1 w(v")do'
where we used that

30(g%) = (Lag )P + g7 (Lae?, %) + g1 (L4e, e?)
= —ZXAB =0

and the fact that 0 = [9y,e4] = 9,(¢'4)9; = 9y(e;) = 0. We can rewrite
equations (2.35) and (2.36)

(b.0) = (p(1),0(1) +JP [ a(@')do 6:39)

where we used that L¢ = 0. Plugging this expression into (2.31), and using
that ["Jﬂ =0

Laa = 3 DID([ () + (g, ") TP [ a(e)de') + £

- 5*@]@(1?(1),0(1)) + (1, —1") - JP(p(1),0(1))

Integrating this equation from v = 1 to v = 2, we get,

x(2) ~a(t) ~ [ 3 BID(p(1),0(1) + (g, 1) - P(p(1),0(1))do

:_7*@]7/)// v)dv'dv) + ]@// v')dv'dv)
) 2o
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Note that the left hand side only depends on the background geometry
and the initial data. By changing the order of integration of v and v’ we

get that
/ / v')dv'dv = 2/ dv—/ va(v)do (3-34)

In fact, in general, we see that, for any integrable object f(v)

2 r0p Uy 21
/ / / f(vnH)dvnH...dvldv:/ —(2—0)"f(v)dv (3-35)
1)1 1

1 n!

Note that by setting v = 2 in (3.33) we get the following equation

(0(2),0(2) = (p(1), (1)) = JP [ a(v')do (.30

In addition, for the left-hand side to be in the image of ], the spherical
average of the left-hand side has to equal 0. This is related to the quantities
(po, 00) being conserved. Assuming this, we see that the integral flz ado
is completely determined by initial data. Thus, we replace the integral
fl fl v')dv'dv with the integral fl vadv and move the initial data terms
to the rlght We have hence reduced the gluing problem along Killing
Horizons to solving the following system

F= /lzoc(v)dv
2
= 22| va(o)de) — (g, —1) TP | va(o)do) + [ &t ado
where
F=D""(-p(2) +p(1),0(2) - (1))

G =a(2) —a(l) - /12 —%*@I@(p(l),ff(l)) + (7, —n") - JP(p(1),0(1))do
+*PJP(F) —2(n, —n*) - JP(F)

Note that along a Killing Horizon, if the Killing vector field {|s, = L, then

Lix = Vaix =x-xls, (3-37)
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3.3 BLACK HOLE SPACETIMES

where « is the surface gravity. We see that ¥ = (v — 1)x¢*[s, + £*|s, and
we can write

2
F:/1 a(v)dv (3.38)
1 2 2 ’
G= 3 PID([ on(o)do) — (g, ~1") ([ va(o)do) +xls, - [ ouio
1 2
:(E*p]@_(ﬁ,—ﬁ*)-]@+KXH51)(/1 vadv) (3:39)

where again F, G simply represent 1-forms that only depend on prescribed
data and the background geometry. Therefore, in order to do zeroth-order
gluing on Killing Horizons, we want the operator 1*DJD — (7, —*) - JP +
K%*|s, to be surjective. Let us look at the case where x = 0 i.e. an Extremal
Horizon. From Theorem 1. 5 and the fact that P is invertible, we see that
the operator 3*DJD — (7, —n*)JP = Y*DL]D is invertible. The problem
is therefore reduced to the following lemma.

Lemma 3.7. Given n + 2 arbitrary smooth 1-forms on the sphere Wy, ..., Wy 12,
can we find an S-tangent 1-form o« on $% x [1,2] such that

W1 = uc(l),

W2 = 0((2)

Ws = /12 a(v)do

2
W4:/ va(v)do
1

2
W42 :/1 v"a(v)do

The proof of this uses an orthogonality argument and is identical to
the proof of Lemma 4.18 in [10]. While we were able to prove gluing
for the extremal case, for the k # 0, we are interested in whether or not
Qaup = 3*PID — (7, —*) - JD + K)jﬁ|51 is invertible.

Question 3.8. Is Qy,;, invertible? If not, how do we use its kernel to construct
conservation laws?

For the nth-order gluing problem for spherically symmetric extremal
horizons, similar to the first-order case, the nth-order derivatives of p, o
and « can be determined by the lower-order transversal derivatives. Thus,
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3.3 BLACK HOLE SPACETIMES

for 2nd order gluing, we only need to consider the following transport
equations for the transversal derivatives of &

Via = — " P(p,0)
VaVse =~ PPa+ Sty Plp,0)
VaVs¥sa = — 5" DPYsa + S try DPa — o (trx)**D(p,0)

By induction, one can see that,

VaVia = —%*@wg"‘% + GV P, ) + Clt) D (p, 0)

where G is a smooth operator satisfying

/ "GV, . a)do = G / v Do, .. / " wdv)
1 1 1

where we used the following commutation relations along spherically
symmetric Killing horizons

V5, D] = iy D
Vs, D) = %trgp

which implies

[¥3,"PP] =0

Integrating in v, assuming H is an extremal horizon, we get the following
system

F = /Za(v)dv
' 2
k= (*@]@)(/l vadv)

2
R = (DD'DID)([ vPadv)

—((* k—2% 2 k1
F = (("DD) @]@)(/10 adv)
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3.4 CONSERVATION LAWS AT NULL INFINITY

Where F; only depends on initial data. Since the operators P,*D are
invertible, there are no obstructions to gluing. By applying Lemma 3.7, we
finish the proof of 1.6.

3.4 CONSERVATION LAWS AT NULL INFINITY

In this section, we are interested in constructing conservation laws along
null infinity 7 by constructing conservation laws along ingoing null hy-
persurfaces H, and then taking the appropriate limit to infinity. In [9],
Aretakis similarly constructs conservation laws for the wave equation
along ingoing null hypersurfaces and by studying the limiting case, recov-
ers the Newman-Penrose constants, defined and discussed in [43] and [44].
We discuss the geometric structure of null infinity of a (3 + 1)-dimensional
asymptotically flat Lorentzian manifold.

Structure of null infinity T

Let (M, g) be a regular globally hyperbolic four-dimensional Lorentzian
manifold and let S; be a sphere embedded in an initial Cauchy hyper-
surface . We assume that the outgoing null geodesics normal to S; are
future complete and thus generate a future complete null hypersurface
Hi. We take S = (51, Lgeoq, 2 = 1) to be a foliation of H;. Let T be the
affine parameter of Lg., on Hy, in other words T|g, =1 and Lge(7) =1,
and let S; be the corresponding spherical sections on H;. Let . denote
the ingoing null hypersurface of M generated by incoming null geodesics
normal to S;. We consider the collection {D-, T > 1} of the double null

foliations generated by D, = <ST, ngd} G ¢ Q]Hl =1, Q‘ﬂf = 1> where

Lgeod‘ 5 is normalized such that

trx+trxy=0: on Sg. (3.40)
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ZO S S¢

Let us now consider the induced foliation S, = <ST, Lgeod

,Ql, =1
S, 2, >
on H.. Let ¢ be the induced metric, ¥ the induced covariant derivative

with respect to ¢ and Z the induced Laplacian. We also define A(S) to
be the area and 7(S) = /A(S)/4m the radius function of a particular
spherical section S. Suppose that as T — +oo we have r(S;) — +oo. If
(M, g) is asymptotically flat in the sense of [53] then the null infinity Z
is defined to be the limit as T — +oo of the hypersurfaces H .. Quantities
associated to Z can only be understood in a limiting, appropriately rescaled
sense with respect to the radius variable r (note that the limit of the
foliations S, as T — +oo, induces a foliation of 7). The precise decay

rates for the metric of asymptotically flat spacetimes vary in the literature.

In our setting, it suffices to have the following rates which were used to
understand the Newman-Penrose constants in [9] * (which are consistent
with [14]):

1 1 , 1
38 285 rfz\/gfa sinf, Y — Ve, r’XA — Qe ~¢ =1,

1 1
0t — —, oyt = ——, 1r{ — Z,
v \/i u \/i C
rtrx — V2, rtrx — -2, rzavtrg —1, rzautrx -1,
(3.41)

where Z is a 1-form defined on $2. The definition of the above quantities
can be found in Section 2.1. The above limits should be understood in
terms of the pullback of the induced tensor fields to the standard sphere
via the diffeomorphism &, , (see Section 2.1).

No other assumptions are required for the metric; no constraint equations need to be
satisfied on null infinity.
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3.4 CONSERVATION LAWS AT NULL INFINITY 53

Newman-Penrose constants - Wave equation

Before deriving the conservation laws for Maxwell, we look at the wave
equation to understand a simpler model for conservation laws. We de-
rive the conserved Newman-Penrose constants, as was shown in [g]. In
spherical symmetry, the wave equation takes the following form

~BL0,(9) = () + 3u(r) + 5(m) - (1) |- 09)

Projecting the equation onto spherical harmonics Y, and by defining
P = G- YMdug we get

— 20,0 (ry'™) =
1 2
2

1)+ 22u0) + T ) - (0] - (™) )

If we use the ingoing Eddington-Finkelstein coordinates (u, 7, 61, 92), we
obtain

,01, 62 ,01,0% 1
Y(u,r,0) = a1 : )4 QZ(urz ) +0()
and thus im () ()
m ai™(u)  ay"(u 1
p(ur) = T B o)

From this, we note the following limits

lim ryp'™ = al™
r—-+00 l/J 1

lim 729, (r¢™) = —v/2a"

r—-+400

Note that

r20ud (rp"™) = 04 (1?00 (rp™)) — 2r(3ur) o (ry™))
— dy (7’280 (rl/)lm))

Therefore, in order to get a nonzero finite limit at infinity, we need to
multiply equation (3.42) by 72. The right-side limit is given by

2 2

rgrfoo% —I(1+1) + 720, (trx) + %(t@) (trx)| - (rv,blm) = —1(I+1)a" (u)
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where we used that r2(9,,(trx) + %(tr&) -(trx)) — (1 —1) = 0. Hence, we
get a conserved quantity when [ = m = 0 and we recover the Newman-
Penrose constant

rliﬁ‘oo ., 20, (rp)duse = —\fz/su ax(u,0',6%)dug

Note the importance of having second-order asymptotics to derive the
conservation law. Let us now look at the case for Maxwell.

Conservation laws at null infinity - Maxwell

Let us look at how the Maxwell equations propagate along ingoing null
hypersurfaces. For first-order gluing along ingoing null hypersurfaces, the
roles of the vector fields L and L reverse, with L being the null normal
to the hypersurface H . for a fixed T and L the transversal direction.
Our notion of kth-order gluing now involves gluing L derivatives of our
null Maxwell components. We also let (S,) be a foliation of this ingoing
hypersurface. One can see that the Maxwell equations are invariant under
the frame transformation (e3,e4) — (e, €3) since under this transformation

N
o
p—= —p
o0

Thus, we can apply this transformation to any outgoing transport equation
to get the corresponding ingoing equation. In order to get a transport
equation for the transversal derivative of a, we will use the covariant
formulation of Maxwell’s equations in spherical symmetry, which are
given as

S¥algn) = 3 P(p,0) 49
S73(90) = =3 P(=p,0) (.44
Da = (;L@Zp, ¢*0) (3-45)
Da = 5 L(~¢%,¢%0) (5.46)
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3.4 CONSERVATION LAWS AT NULL INFINITY

Our first-order equation can be derived from Equations (3.24) - (3.27) as
follows

V3Va(pa) = VaV3(pn)
_ v, (_‘g*m—p,a))

=290 p(-p.0) - L (-p,0)

219, P(~p,0) - LoD (~p,0)

__9. L pi—
=3 @%x+2trx D(—p,0)

= —%*@(—Lp, Lo)

- _g*@m + 9u(trx)po — Va(Ptryxa)

Using that ¢ = r, we get

V3(Va(ra) + trx(ra)) = —%*@@(r(x) + 9y (try) (ra)
—217(Asz — 142129, (try)) (ra) := Q(ra)

Since the metric commutes with covariant derivatives, we get the same
equations for a’ and af. In order to find the appropriate equation along
null infinity Z, we project the vector equations onto the vector spherical
harmonics (Elm, Hl’”), defined in Appendix A.3. Let rK'™ refer to either
vector harmonic (rE™, rH'™). Then,

/s Va(Va(rat) + trx(ra)) - rK™dug = /5 Q(rat) - rKk"™dug,

u

Note that the volume measure for the spherical section is dus, = r*dug
where djig is the volume measure for the round unit sphere. We rewrite
the above equation in more convenient notation as follows

9 (Bolradf") + trx(rall)) = o1 (<114 1) + 220, () (all)) Ga7)

where we used that ¥4 (rK") = 0 = ¥3(rK'™) by our definition in Ap-
pendix A.3 and defined

= [ af (K™ (3.48)
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3.4 CONSERVATION LAWS AT NULL INFINITY

Note that in spherical symmetry [L,L] = 0 and thus L = e = 9, and
L = e3 — 9. Suppose the leading order asymptotics for a near null infinity
are given by

C(u,01,0%)

N = 1‘777 +O(1’7p75)
and thus for a%’”
Clm(y
oy = Kr,f L orr-t)

It is interesting to note that the precise late-time asymptotics of the null
Maxwell equations are not known. However, as shown in [12] and [31],
the null component & satisfies |«| < r~°/2 near null infinity and thus we
must have p > 5/2. One can see that hence,

Clm(u)

dy (mK )+ tr)((mK ) = ((1—=p)oyr + trxr) K + o(r’p’é)
which implies that
. Im Im 3— P ~im
lim 7P (9 (rag’) + trx(rag')) = Cx'(u) (3-49)

r—00 ﬁ

Remark 3.9. It is important to note that the radius function r is not constant
along ingoing null hypersurfaces H. but can be taken to be constant along T in
the limiting sense. We also note that

170, (3o (ra") + trx (ral")) = 3 (rP (o (ral") + trx (ra")))
— prP 1 (0ur) (9o (rail") + trx (ra"))
— 9y (" (9o (mK )+ tr)((mK )

asr — o0

We see that in order to get a non-vanishing limit at null infinity, we
need to multiply Equation (3.47) by the function 7 before taking the limit.
However, evaluating the same limit on the right-hand side, we get

rP

P o5 (=1 +1) + 2120, (trx)) (ral") = I(1+1) 42120, (try)) (P Lal?)

1
2
= (

(-
1
5( I(1+1)+2)-0)=0

and therefore lim,_,c ¥ (9, (ral) + trx (ralf")) is conserved along null in-

finity. This implies the existence of an infinite number of conserved quan-
tities along null infinity. Let us look at the case when p = 3, in which case
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3.4 CONSERVATION LAWS AT NULL INFINITY

the limit (3.49) goes to 0. In this case, we require second-order asymptotics
of a. Suppose that we have the following expansion, near null infinity

CY'(u) | DY'(u)

Im _ =K —p—q—9o
= T T +olr )
We observe
lim 771 (2, (Pall") + trx(rall")) = — LD (u) (3.50)

r—00 ﬁ

We note that for general p,q > 0

P9, (9, (rall") + trx (rald)) = 17790, (r =29, (rallh))
= r‘7+1(auav(rl7,xl< ) Ay (azﬂ’(p 3)7,,, 1 1m>

~ dur(p — )P0, (Pal))
= 9 (rT1 3, (rPall")) — (g 4 1)r90,7 9 (rP )

(3 (3ur(p — 3)rP )

~ Bur(p — )3, (Pal))

— 9, (119, (rPall))

The right-hand side of the equation is given as follows

rPHa s .
02 (—1(1+ 1) + 2779, (try)) (ral") = T( 11+ 1) + 2029, (trx)) (e
( (=11 +1) +2) - C¥") - lim 717!

r—00

In order for the limit to exist and be nonzero, we see that g = 1. In this
particular case, we get six conservation quantities, similar to Minkowski,
given by

20, (rPa™), 20, (rPatm)

with m € {—1,0,1}. From our earlier calculation, we saw that for there
to not be an infinite number of conservation laws along null infinity, that

p=3.

Question 3.10. Is p = 3 the leading order asymptotic near null infinity of the
null component w given that it prevents the existence of an infinite number of
conservation laws along T and is consistent with decay rate of r=5/2 derived in

[12]?
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3.5 FIRST-ORDER GLUING IN COMPLEX FORMULATION

3.5 FIRST-ORDER GLUING IN COMPLEX FORMULATION

In this section, we discuss the first-order gluing problem in the complex

Maxwell Formulation. We prove a gluing theorem in the case where ¥ = 0.

While the proof can be repeated using the standard Lie Formulation as was
done for the main theorems, the benefits of using the complex formulation
are shown here, as many of the proofs of the previous gluing constructions
were done originally in the Complex Formulation and converted into the
Lie Formulation.

Before deriving the first-order equations and proving our theorem, we
must first discuss the Hodge operators and the spaces they act on. Note
that the properties of the Hodge operators shown in Lemma 3.3 can be
extended to the analogous Hodge operators m, D,,, m and Dy. For any
1-form w the map w — wy, = w1 + iwy is an invertible map, and since

@1(4) = (d/fVCL), CU{I‘I(U)
= (Repmwrm Im@mwm)

The operator Py, is an invertible operator onto complex functions with
mean zero. We also see that the operator *P is an invertible operator from
pairs of functions with mean zero onto L?. We see that for two functions
(p, o) with mean zero and by defining ©® = p + io, we get

2(="D1(p,0), (e1 +iex)) = (dp — (do)*)(e1 + ie)
= (e1 + 162) (p+io)
m(©)

Since the imaginary and real parts of the right-hand side recover the
vector field, the derivative operator m = e; + ie; is invertible on mean zero
functions onto a subspace D(S) given by.

D(S) = {f € C¥(S?) : X = Re(f)e; + Im(f)ea
extends smoothly to X € X(S)}

The L2(S) space we define for our complex functions is given the by inner
product

< f.8>2= Re/ngdug

Note that the real part of any inner product is an inner product and does
not change the norm, hence the space of functions does not change. The
real part is taken so that the inner product between functions is equal to
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3.5 FIRST-ORDER GLUING IN COMPLEX FORMULATION

the corresponding inner product between their 1-form and vector field
counterparts. In other words, given a vector field X and a 1-form w, we
see that for functions f = wy +iwy, § = X +iXx?

Jwdng = [ g(X,wf)dug = Re [ fedn,

Note that this defines an isometry between the Hilbert spaces L?(X(S,))
and D(Sy). We define D(H) C C®(H) to be that space of all f such that
f(v,-) € D(S?). With respect to this inner product, we get the following
identities for the adjoints

By the invertibility of P,, on its natural domain, the zeroth-order equations
can be combined to get the following equation

SLO(T+ 2P, 0 -0) +0Z,) = Q@0 (350
where,

1
Q(0 - @) = 5m(® ~ @) +1,(0 - &)
— A", L+ try, Do) Dy, (© — @) + ch();

Zn = ; [0 ((vol(s:) £y bx — (mx)0)(s) — 1, () ds

)D,, (© — @)

To do first-order gluing, we note that oth-order gluing gives us a gluing
construction for LO, L® from Maxwell’s equations. Thus for first-order
gluing, we must do the oth-order gluing and LY gluing simultaneously.
To perform gluing, we need an equation for LY. We see that

SLLT) = SLL@¥) + S (L L) (352)
L) - A e L Ley) sy)
¢ 2 ¢ ¢

Using equations (2.37),(2.38),(2.39),(2.40), as well as the commutation rela-
tion,

1 . e
[L,m] = (—5trx — iT5)m — &' (3.54)
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we get the following equation

SLLWE) = 3mDs(¥) 4 am(¥) + :Du(¥) +a5(¥)
+ bﬂ’l’l(@) + bz@m(®) + b3@ +c1P
where

1
a1 = —Cm + Erlmz

ay = _2€m
a3 = —¢~'m(¢p) — ¢~ (P) + ilmlin + X AT
i
b] — —Ergl
by = —XT
1 R A
by = §m<trﬁ) + L(Cm) + &Tém + 1KTer2
try . )
a =&y +LEY) - iT5

We replace the ® term by inverting D), in (2.40). Hence, we can rewrite
our equation in the following form

;L«Lw)) 190 P51 (@ — @p) + QW) = Qa(¥) + Q3(© — Oy) (3.55)
where
Q(v) := : Odpug
and

0y (¥) = %m@m(‘P) + arm(¥) + ;D (¥) + a3 (¥)
Q3(@ — @0) = blm(G) — @0) + bz@m(@ - @0) + b3(® — @0)
+ ¢L<‘j;>m1<@ — @) — a1y [L+ trx, D] Dy, (O — ©y)

W, = ;/1v4>(vol(sv))1 (cm%l(trx — (trx)o)(s) — b3(5)> ds
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We define Q7 and V) to be the Q and V defined in the Section (3.4). For
metrics where § = 0 along H, we get that (3.55) can be rewritten in the
following form the following form

SLLOY) + G+ 20T3)¥) = S0P = 20,(¥) = G (¥)

+ (~iguThy — 20(V log ) — LSty +2iT}))¥

1 .
+ (=5 m(try) = 25,5 + 3Zutrx)©  (3.56)

Recall that when gT" = 0, we can write, using the zeroth-order equation

0= h_lm_l(%;lL((p‘Y)) + (h®)oh™!

where m(h) = —27,. Let f = (—3m(trx) — 2iT% {m + 3Cmtrx). We can
now write
£O = SLUgh ™ @9) — L (g m™ @)
+ fh Y (m YL, m)m 1) (2h¥)
+ flm T (2trx — L(20))Y) + f(h©)oh ™! (3.57)
We can thus write equation (3.56) as follows

;L(L(qﬁ’) + (%tr& +2iT3) Y — fph~tm~1(2n¥))

= Qo) (¥) + (h®)oh ™" (3.58)

In order to replace the (h®)( term, we can use equation (3.57) without
the f term. By taking the spherical average and commuting out the L
derivative, we get that

@ — (h®)o(h~")o = L((m ™" (2h'¥))o) + ((trx)o — qbe(<}>2?1))(”11(2h‘1’))0

+ (W m L, m]m T (20 )o — ((m_1(4>L(2(:)‘1’)))0

Hence, we can replace (”l@)ohil = ((@0 - (l’l@)o(l’lil)o) + @0)([’171) ((l’lil)o)fl

in (3.58). Since taking spherical averages is a linear operator, we can absorb
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3.5 FIRST-ORDER GLUING IN COMPLEX FORMULATION

all ¥ terms into the Q1) operator and we are finally left with the following
equation

;L(L(cp‘l’) + (p(%tr& +2i03))¥ — ¢fh'm ' (2hY)

+ @) (o) (m ™! (21))o + QYu) = QU (Y)

where
1

Y=, [ oo () 1) (7 0)H s)ds

By Jensens inequality, the operator F — (F)o for a fixed sphere S, satisfies
the following bound

[[(F)ollr2(s2) < IIF[l12s2)

Thus, if the volumes are bounded in v, spherical averaging is a bounded
operator. We see that Q(!) can be written in the following form

1
oW = Em'pm—i— 9 Pm+ gom+ A

where A is a sum of compositions of operators m1, mil[L, m]nf1 and
F — (F)o which are all L*> — L? bounded operators and thus A is an
L? bounded operator. Suppose ||AF|| < C||F|| where the norm is the L2

norm. Then we see that

1 — 1 _
Re/s ((Q(l) — E)F)deg > —Re/s E\@mF\z — |1||PwF||F| — gam(F)F

1
— |AF||F| + 2 |Fldug
1
> - [ (G-e1—e)PakP
Sy 2

i) gl o 1
+ (-8 R ) PP

where we used that m* = —Py. Choose €1 + €2 < 1/2 and then choose
€ sufficiently small so the coefficient in front of |F|? is positive. Thus the
operator Q1) — % has a trivial kernel. We can argue that Q1) has a discrete
spectrum accumulating at infinity and thus ker(OM)+ = im(Q™)) where
OW is the adjoint of Q). Let us define the following set

Ut = {fe C®(H) : Lf:0,0(l)(;f) :Oon?-t}
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3.5 FIRST-ORDER GLUING IN COMPLEX FORMULATION 63

Given this set, we can define first-order gluing condition. Note that by
equations (2.38) and (2.40), prescribing (©;, ®;, ¥;) determines (LO®;, LD;)
Therefore, we only need to prescribe LY; on the initial spheres.

Theorem 3.11. Given initial data (®;, ®;,¥;, LY;) for i = 1,2 and and assum-
ing that X = 0 along H, first-order gluing can be done given the following two
conditions are met

1. We first require

Q1) =Q(2)
Given this condition is met, we can construct the function
. Q
©o(v) = vol(Sy)

The first condition ensures the continuity of the function ©g(v)

2. Given the first condition is satisfied, we require for all f1) ¢ Y

L (Fee¥.0)l) fdus = [ (FLY¥,Q)5 ) Mps

where

F(LY,¥,Q) = L(¢p¥) + qb(gt@ + 2T Y — pfhtm 1 (2KY)
+ () (o) " (m ™ (21Y))o + QYom

If both conditions hold, we can solve first-order gluing

Proof. Following the same proof as Theorems 1.4 and using the Hilbert
space structure introduced in the beginning of this section, we construct ¥
on H. We use Maxwell’s equations to construct the remaining equations.
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FOLTIATION COVARIANCE

In this chapter we address the problem of foliation covariance. In our proofs
of Theorems 1.4 and 1.6, we fixed our gauge freedom to be () = 1. We saw
that our frame was dependent on this choice as our vector fields e; and e;
were tangent to the S, leaves of the foliation. We would like to determine
how changing the foliation of H would affect the sets (1.12) and (1.17) i.e.
can we “gauge away” the kernels of our elliptic operators. We will show
that the conservation laws for charges (1.7) cannot be “gauged away” and
we will address the difficulties in answering the same question for (1.12).

4.1 GAUGE TRANSFORMATIONS

In order see how our conserved charges change under gauge transforma-
tions, we first must see how geometric quantities change. Consider two
different foliations

§= (SU)?JE]R = <Slr Lgeod‘sl /QS = 1>
and
Sl = ( ;’)U’Q]R = <S]_, Lgeod’51 ,QS/ = Q>

of H. Note that our initial null outwards normals Lgo4, L’geo ; are defined
to be equal on our initial sphere S;, thus

€4 = L :av = Lgeod

and
62 = 064, L, = 87}/ = QZL
on H. Hence, we see that
X' =0x
Let us take p € S, N S], and let X € T,S, be tangent to spherical sections
under the original gauge () = 1. There is a unique point along the line

X+ < L >C H that intersects T,S/,. We therefore get that the new vector
X" € TpS!, takes the form

X' =X+y(X)L
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4.1 GAUGE TRANSFORMATIONS

To find 7y from Q) we note the following. Recall that v = v" = 1 on S;. We
also note that
1=0,0 = Q%90 = 9,0/ = Q2

v
’v):1+/ 02
1

For an arbitrary vector X we obtain the following

And thus,

0=X'(v') = X(v') + 7(X) 9,0/
= y(X) = -0 o' (X

y= -2 d (/ Q- 2dv>

Note that since S| = S; and S} = S, we have that v'(v = 1) = 1 and that
f1 O ~2dv) = 0. Let us see how the equations we have seen change

under gauge transformations.

If we do not fix our gauge freedom to be () = 1, our zeroth order Maxwell’s

equations take the following form,

Thus we get that

Ly (Qa) — 5% (Qa) = —|—% (Wp + 2@)) — % (Wo—i- 2@7)* —i—iu - (Oa)
1
div(Qa) = —PLGPZP)
curl(Qa) = —l—(;zL((,bZU)

Note that all geometric tensors also change under the gauge transforma-
tion. In this gauge, we get that (3.4) takes the form

LWo(a,p—p,0—7) — % Wale,p—p,0—7)
- QQ(P _pr‘f—ﬁ) + VQ(E/E) (41)
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where,
Wala,p—p,0—7) = Qa— Q- D (—(0—p), (0 — 7))
Q
Qo (p~p,7 ) = — “Plp—p,0 ~7)
Q _
~ovi (02) P (~lo P (e -2))
+X- DD, LD (~(0—p), (0 7))
Valp, o) = —Qnp + Qy'c
+ 1D (—p(Otry — Qtry), 7(Qtry — Qtry))

The adjoint Oq, of Qq is

Oal) = —3P(0) ~ - (g%, (21) %)
+1- P D) (P X))

We would like to write our new gauge tensors in terms of the (3 = 1
operators as was done in [7]. Let us see how (1,1) tensor ¥(v) changes
under this transformation. Recall that W = ¥’ - W} solves the following
Lie transport equation

LiWao — 3" - Wa=0, Wqu(1) =W,

Note that S1, S2 stay unchanged after the change of foliation, and thus,
Wy remains the same. Let W be the solution to the transport equation for
() = 1. To see how the solution changes under the gauge transformation,
it is easier to convert the equation to a transport equation for W¥.

1
VWi + St WEL=0,  Wn(1)f = Wi (4.2)

We claim that Wf) = W¥ = W¥ 4 4 (W*)L. Under the gauge transformation,
we see that

ey = Qey

X =Qx
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4.1 GAUGE TRANSFORMATIONS

Plugging this into (4.2), we see that

g(VuWh + %trx’ W, ey) = g(VuW? + %tr)(/ WY, e)
= Og(VL(WF + (WF)L)
+ (W49 (WHL) ea + 74L)
= Qg(VL W + %trxwﬂ,eA)
—0
Thus, we get that

(v )Wo = ¥ (v)Wo + 7 (¥ (v) Wo) L
Y=Y+7- YL

We now compute cufrl' ¢ for a section S’ and vector field &'
curl'¢ = ) e"Pg(Vp, &' Ep) = ) e"Pg(Vp, &' Ep)
AB AB
=Y e 8(VE 1qar(€+7(5)L), Ep + v8L)
AB
=) P (8(VEACI Ep) +8(VE, &, vBL) +1a8(VLE, Ep)
AB

+19)8(Ve, L Ep))
= cdrlg + e*Pypg(VE, & L) 4+ g(ViE, — (7)) + 7(E)e?Bxan
= crlg — e*Bypg(&, Vi, L) + g(VeL, — (v9)F) + g(LLE, — (7))
= crl¢ — 2x((v)%, &) — v (LLE)

Similar calculations done in [7] show us

div'g’ = dive + () trx + v(£LE) (4-3)
!’ = crlg — 2x((v*)%, §) — v (£LE) (4-4)
Q’IQ—(X-'yﬁ)—i—dlogQ—i-Z'yLlogQ (4.5)
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4.1 GAUGE TRANSFORMATIONS

Let us show that the conserved quantities (pg,0p) remained conserved
under the change of foliation. Recall that

o = F(eyg,-)
a:=F(es, )
p = F(es e)
1
0= 5e€ e BF(ea,e4)

Thus, under the change of foliation,
o' = F(él,¢h) = F(O 'L, 00)
1
= F(; (v, 1)L+ L+ L)

=p+a(rf) =p+7(a)
o = F(e},é))

= F(e1 +11L,e2 +72L)

=0+yYXa

Proposition 4.1. The conserved quantities

Qo(v) :/s pdpg,  Qi(v) :/s odpg

are gauge invariant.
Proof: Let us show that Lo = [¢ ¢ 2L (¢*0")duy = 0. We see that

2

L2 = Lo+ ()

¢ <P

¢2 L(p p>+f;L<¢%<aﬂ>>

0?
= L9%) + Oty (af) + 0Ly (o)
2

G

2

O
N

L(¢%p) + Qtrxy(af) + Q*(Lry) (af) + Q*y(L1at)

L(¢%p) + O (L17) () + 027<€,}2£L<¢2aﬂ>>
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4.1 GAUGE TRANSFORMATIONS

Recall that from the definition of 7y and the Cartan formula
Lpy =d(w(y)) + wwldy)
% %
=d (—QZL/ Q_z(v)dv> +1r (—dnz Ad (/ Q_Z(U)dv)>
1 1
= —O72L(OP)y + O 2d0?

Plugging this in and using (2.29) and(4.3)
iL’(4>2 ") = Q—ZL( 20) + Oy (— £1($24)) — L(Q2)y(ac 02 - of
g2 00 = L) + O (GG L (¢7)) = LOQ) (&) + ¥

= O?diva* + VQ? - af + y(gjh(q)%ﬁ) — L(O?)af)
= div(Q2af) + ’y((;ZﬁL(qbZQszﬁ))
= div' (Qa'?)

Note that the right-hand side is a divergence term so the integral over the

sphere vanishes. Thus the charge remains conserved.

For the second gluing condition in Theorem 1.4, we are interested 1?1

how the set i/ under a different gauge choice and how this affects the
gluing condition. We note that for any function ¢ : $> — R

Y= (Yp+9" L)+ (Y ++° - L)L

And thus we see that

“D'(fi, f) ="P(fi, f2) =7 LA+ (7" - Lfa
+7(D(fi, f2) =7 LA+ (7)) - LAH)L (4.6)

In order to address the gauge transformation of the set (1.12), we first
would have to understand the following question.

Question 4.2. How do the inverses of D,* D change under foliation? More
importantly, how do the inverses change when restricted to vector fields X where
LiX =0.
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APPENDICES

A.1 THE SPACELIKE GLUING PROBLEM

The Cauchy problem for Maxwell’s equations in Minkowski can be for-
mulated as follows, as stated by Carlotto in [13]. Note that given the
antisymmetric 2-tensor F, we can define the electric field E' = % and
magnetic field B’ = €/*F; in Euclidean coordinates. The Maxwell equa-
tions take the following form

divE =0
divB =0
~ JB
VXE——g
- JE
VxB_g

where V = (0x, 9y, 0z). Suppose we prescribe (E(t = 0), B(t = 0)) = (E, B)
on X = {t = 0}. We see that on X, (E, B) must satisfy

divE =0

divB =0
These are the constraint equations for the Maxwell equations. Suppose we
have two disjoint regions X1 C X and X, C X and prescribed data (E;, B;)
on X; for i = 1,2. We only require that one is compact and the other is
closed. This assumption allows us to construct a smooth function ¢(x)

where ¢(x)|z, =1, ¢(x)|s, = 0 by Urysohn’s Lemma. By the Helmholtz
decomposition, we can construct vector fields Af and AZ-B on X such that

VxAF=E, VxAP=B
on %, for i = 1,2. We extend AF and AP smoothly to all of ¥ such that

A115|22 =0= Aﬂzz

A§|Z1 =0= A§|21
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A.2 TENSOR NORMS

We can finally define our gluing construction for (E, B) as follows

E=V x (pAL + (1 — ¢)A§
B=V x (pA} + (1 - 9)Af)

Thus there are no obstructions for spacelike gluing of Maxwell’s equations
in Minkowski. For the Cauchy problem for Maxwell, we look at the
formulation given by Strichartz in [51]: Recall the geometric form of the
Maxwell equations

dF =0, F=0 (A1)

where F is our Maxwell 2-tensor, d is the exterior derivative on the entire
spacetime and J is the codifferential. Consider a Lorentzian manifold
(M3*1,¢) where M3 ~ M3 x R and where M? is a 3-manifold dif-
feomorphic to R3. The metric takes the form —dt? + hij(x)dxidxf , where
hij is a Riemannian metric defined on M2 slices and x = (x!,x?,x%) are
local coordinates for M?. In this formulation, we can rewrite F in terms of
electric and magnetic fields E and H. For fixed t, E(x,t) and H(x,t) are
1-forms defined on M3, which are related to F by relation F = E A dt + xH.

We can now rewrite Maxwell’s equations (A.1)

oE oH

xd*xE =0, xdxH=0 (A.3)

Here d and * are M3 tangent operators. We see that equations (A.3) become
our constraint equations. Suppose ¥; C X and X, C X, where ¥ =
M3 x {0} and prescribed data (E;, H;) on %; for i = 1,2 satisfying (A.3)
in the regions. Assuming > is compact and %, is closed, we can extend
(Ei, H;) smoothly to the entire region X such that their supports are disjoint.
Since (*E;, *H;) are closed, by the Poincare Lemma, they are exact so we
get functions (¢F, pH) such that

dQDZE = *Ei, d(le = *Hi

on X;. We proceed to interpolate between these functions as we did for
Minkowski to get our spacelike gluing construction. Thus, the general
spacelike gluing problem for Maxwell has no obstructions.

A.2 TENSOR NORMS

In this section we define tensor norms and prove an estimate on the ¥
tensor defined in (3.5).
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A.2 TENSOR NORMS

Definition 1. (Tensor norms). Let n > 1 and w > 0 be integers. For an
n-tensor T on &2, we define its H? ‘52 ) norm to be

1Ty = | & 19" T s

k<w

where 7 is the standard round metric on the 2-sphere and
Ok ° [J [ O O
’W T’% = h’llh 71“1”714181 =Y AkBkWAl“'WAkTh---InWBl"'WBkTh---]n’

where Y is covariant derivative with respect to y
We also define the W (5?) norm as follows

||THWw,oo(¢52) = Sup Sup ||WA1"'WAkT11--~In||L°°(SZ)
kgw A1 ..... Ak,I],...,I,l

Any tensor with finite norm is said to be an element of the respective
space.

Let W(v) be a 1-form satisfying (3.5). Then,

9IW ) B =20 ¥ [ 17 Wadns (A4)
k<w
Z/ yl5MB | 5A4Big, (WAl WAkWI)WBl Y°73kW]|dﬂsz

k<w

(A.5)

Note that for any 1-form V, given a Lie transported frame

(V1, YV5]Vi = (es(x¥) +X§f§] - f{BIX?)VK
= DK, Vg

Since the round metric is smooth, and assuming smoothness of the back-
ground metric, the symbol D defined above is smooth as well. Thus, by
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A.3 TENSOR HARMONICS

commuting the 0, derivative in (A.5) and using the fact that ¥4 = £4 — Xt
when acting on 1-forms, we get that

Q| W () sy S I1£aW () x5z + X - W () ey

+ ( )3 HDgBHW"/‘”(SZ)> IW () 152y

A,B,C

<HX||W’<°° &) T X fens2)

+ ) HDfmllwk,w(sz)Jrl) IW(0) 1352y
ABC

where we used (3.5) to replace Lie derivative term. Thus, by Gronwall’s
inequality, we get

IWE sy S IW iy exp ([ (1R Iwisiss) + Ixllwiiss

+ Z ||DS&B||ka(52) +1)ds>
A,B,C

and therefore

¥l Ly (o) S 1

We see that the H* norm of W(v) is finite assuming that W(1) has finite
norm and x, D§; € L},Wé‘{’o([l,Z] x G%)

A.3 TENSOR HARMONICS

Here we follow the definitions provided by Czimek in [18]. We will define
operators on round Euclidean spheres (S, ) of radius r. We also assume
that all tensors will be S,-tangent. For v > 0, let

{Y<’m>(r,9,4>) 1> 0,me {—z,...,l}}

denote the set of normalized real spherical harmonics. They form a com-
plete orthonormal basis L2(S,, ) and satisfy

I(I+1)

Im
> y (m)

AyUm) — _

73



A.3 TENSOR HARMONICS

Using these functions, we can define the vector spherical harmonics E(")

and H!") on S,. For] > 1and m € {-1,..,1},

glm) . #*@ y(lm),o
I(1+1) ( )
gim.— T «p 0,y m)
I(1+1) ( )

By using relations in (2.15), we can show that for I > 1,m € {—I,..., 1},

AR — 1= (I + 1>E(lm)
1/-2

AH(lm) _ 1- l(i—’_ 1)H(lm)
T

The set of functions
{E(l’”),H(l’”) 1>1,me {—l,...,l}}

form a complete orthonormal basis for the set of L2-integrable vector fields
on S,.

Remark A.1. For all r > 0, the vector fields with [ =1
{E“m),H(lm) m e {—1,0,1}}

form an orthonormal basis of the six-dimensional space of conformal
Killing fields on (S;, 7). Note that these are exactly the vector fields that
appear in the conserved charges (3.29).
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