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Let X = I'\B” be an n-dimensional complex ball quotient by a torsion-free non-
uniform lattice I' whose parabolic subgroups are unipotent. Let X be the unique
toroidal complication of X constructed in [AMRT10, Mok12].

In the first part of this thesis we prove positivity properties of QlY and Qly( log(D))
depending intrinsically on X. We prove that Qly(log(D)) (—rD) is ample for all
sufficiently small rational numbers r > 0, and Q! (log(D)) is ample modulo D.
Further, we conclude that if the cusps of X have uniform depth greater than 27, then
QlY is semi-ample and is ample modulo D, and all subvarieties of X are of general
type.

In the second part of this thesis we prove that the volumes of subvarieties of X are
controlled by the systole of X, which is the length of the shortest closed geodesic of
X. There are a number of arithmetic and geometric consequences: the systole of X
controls the growth rate of rational points on X, uniformly in the field of definition
of X. Also, we obtain effective global generation and very ampleness results for
multiples of the canonical bundle K. These results follow from the bound we find

for the Seshadri constant of Ky in terms of the systole.

ii



ACKNOWLEDGEMENTS

I would like to express my deepest gratitude to my advisor, Jacob Tsimerman, for
his invaluable guidance, many enlightening discussions, and continuous support
throughout my research. His insights and generosity have been always inspiring for
me.

I want to thank the mathematicians I had the pleasure of discussing various
topics with during my studies: Benjamin Bakker, Jonathan Pila, Daniel Litt, Yohan
Brunebarbe, Steven Lu, Sai-Kee Yeung, Kasra Rafi, Luca Di Cerbo, Arul Shankar, and
Hector Pasten. Their discussions and perspectives enriched my understanding and
research.

A special thanks to my friends Mohammad Ebadi, Kenneth Chiu, Mehmet Eren
Duranlanik, Payman Eskandari, Samprit Ghosh, and Pouya Honaryar for their friend-
ship.

Finally, I am profoundly grateful to my family for their unwavering support. My
father Mostafa, my mother Nasrin, and my brothers Majid and Omid have always
been a source of inspiration and encouragement. Most importantly, I owe a deep debt
of gratitude to my wife Ghazale, whose patience, understanding, and support have
been truly invaluable. Her encouragement and belief in me have been essential.

Thank you all for your support.

1ii



PUBLICATIONS

Chapter 1, Chapter 2, Chapter 4, Chapter 5, and Chapter 6 are based on [Mem23],
and Chapter 3 of this thesis is based on [Mem22].

iv



CONTENTS

Introduction
1.1 Main Results . . . . . . . . e
1.2 Outline . . . . . . . e

Background

2.1 Geometry of complex call quotients . . . . ... ... ..... .. ...
2.2 Siegel domainmodel . . . . ... ... . oo L L oo oL
2.3 Toroidal Compactification . . . . ... ... ........ ... ......
2.4 Stabilizerofcusps. . . ... ... ... L L
2.5 Neighborhood of cusps . ... ... .. ... ... ... ........
26 Baseloci . ... ... .. ...

Positivity of cotangent bundle

3.1 Positivity on the projectivebundle . . . . ... ... ... ..... ...
3.2 DPositivity of logarithmic cotangentbundle . . .. ... ... ... ...
3.3 Positivity of cotangentbundle . . . . . ... ... o 0oL
3.4 Application to Hyperbolicity of subvarieties . . ... ... .. ... ..

Volume Estimate

4.1 Systoleand depthofcusps . .. ... ... ... .. ... .. .. ... ..
4.2 Thin-thick decomposition . . ... ... .. ... .............
4.3 Volumes of Subvarieties . . . ... ... .. ... ... ... . ...

Effective global generation and very ampleness

5.1 Base-point freeness and very amplenesson D. . . ... ... ... ...
5.2 Global generation and very amplenesson X . . .. ...........
5.3 Seshadriconstant . . . ... ... ... ... .. ... ...

Rational Points
6.1 Bombieri-Lang conjecture . . . . ... ... ... . o o L
6.2 Sparsity of Rational Points . . . . . .. ... ... ... .. ... .. ...

U N R

[OsBaN RN

17
17
24
30
33

36

40
42

47
47
48
52



INTRODUCTION

Let H be a bounded symmetric domain and X := I'\’{ be a quotient of H by a
torsion-free lattice I' C Aut(# ). Various hyperbolicity properties of a smooth toroidal
compactification X of X and curves in X have been explored by studying the positivity
of Q-line bundles in the form Ky (D) — rD, where D is the boundary divisor, Ky (D)
is the log-canonical bundle and r is a rational number varying on an interval, the size
of which depends on X. For instance, see [Nad89, SBos] for the case of moduli space
of principally polarized abelian varieties Ay, [BT18a] for the case of Hilbert modular
varieties and [BT18b, DCDC15] for the case of ball quotients.

Motivated by these results for the twists of Ky(D) and their implications for the
hyperbolicity properties, in the first part of this thesis we study the positivity of the
twists of O (log(D)) and O in the form of the Q-vector bundles O} (log(D))(~rD)
and Q%(—rD). As the vector bundles Qly( log(D)) and QlY restrict well to subvarieties
(of arbitrary dimensions), the positivity of Qly( log(i))) (—rD) and Q%(—rD) reveals
various hyperbolicity properties of subvarieties of X.

We restrict ourselves to a complex ball quotient X = I'\B”, where I' C Aut(B")
is a torsion-free lattice. We may refer to X as a complex hyperbolic manifold with
cusps, where cusps correspond to parabolic fixed points of I'. The complex ball has an
intrinsic Hermitian metric (Bergman metric) which induces a Kédhler form on X. This
Kéhler form also induces a Kédhler form on a subvariety V of X. The volume of V with
respect to the induced Kéahler form on X will be called the induced Kéhler volume.
The systole of X is the length of the shortest closed geodesic of X with respect to the
Bergamn metric.

In the second part this thesis, we find a uniform lower bound for the the induced
Kéhler volume of all subvarieties of X in terms of the systole. There are a number
of arithmetic and geometric consequences with the assumption that the systole is
sufficiently large:

e The systole of X bounds from above the growth rate of rational points on X,
uniformly in the field of definition of X.

e The systole of X bounds from below the canonical volume of subvarities of X.
In particular, if the systole is sufficiently large, then all subvarities of X are of
general type.

e The systole bounds from below the Seshadri constant of Ky. This implies
effective global generation and very ampleness results for multiples of the
canonical bundle K.



1.1 MAIN RESULTS

1.1 MAIN RESULTS

For cusps of X we associate a uniform depth d measuring the size of the largest
embedded cusp neighborhoods which are disjoint from each other (see 2.1 for more
precise definitions). Thanks to Parker’s generalization of Shimizu’s lemma [Parg8,
Proposition 2.4.] we know that the uniform depth of cusps is at least 2 for torsion-free
lattices. Moreover, the uniform depth tends to infinity in the cofinal towers of normal
covering (see Lemma 2.4).

Our first main result is the following theorem:

Theorem A. (Theorem 3.2.6) Let X be a complex hyperbolic manifold with cusps whose
toroidal compactification X has no orbifold points, and d be the uniform depth of cusps. Then,
the Q-vector bundle

Oy (log(D)) (D)

is ample for all rational r € (0,d/27).

In the case that X is an arithmetic locally symmetric domain, Brunebarbe’s work
([Bruzob, section 3]) implies that for some highly ramified cover of X the Q-vector
bundle in Theorem A is big. However, Theorem A applies even in the case that X
is not a cover of other locally symmetric domains and more importantly it implies
stronger positivity.

When the dimension of X is greater than 1, the boundary divisor D is a union
of étale quotients of abelian varieties. This implies that QlY\D admits a numerically
trivial quotient and therefore QlY can’t be ample. However, we showed that QlY is
semi-ample and ample modulo D (see Definition 2.5) provided that the uniform
depth of cusps is sufficiently large:

Theorem B. (Theorem 3.3.2) With X and X as in Theorem A, suppose that the uniform
depth of cusps is greater than 27t. Then, the cotangent bundle Qly is semi-ample and ample
modulo D.

Using results of L?-estimates for a Kihler manifold, Wong [Won18] proved that
there exist a constant r(n) and d(n) depending only on the dimension of X, such that
if the injectivity radius is larger than r(n) and the uniform depth of cups is larger
than d(n), then Qs is ample modulo D. His method relies on the existence theorem
of L?-estimation ([AV65, Hor13]).

In Theorem A, O (log(D)) can not be replaced by Q) without adding any extra
assumptions about X because there are examples due to Hirzebruch [Hir84] of the
toroidal compactification of a 2-dimensional ball quotient whose canonical bundle is
not even nef. We showed that assuming the uniform depth is sufficiently large the
replacement is possible as long as r varies on a smaller interval.

Theorem C. (Theorem 3.3.1) With X and X as in Theorem A, suppose that the uniform
depth of cusps d is greater than 27t. Then, the Q-vector bundle

Q%(—VD)

is ample for all rational r € (0, —1+4d/2m).



1.1 MAIN RESULTS

Bakker and Tsimerman [BT18b] proved that Ky (D) — rD is ample for r € (0, (n +
1)/2), where n = dim X and concluded that if n > 6, Kx is ample. Similarly, Cadorel
[Cad21a] showed that V C X with dim V > 6 is of general type if V ¢ D.

In the second part of this thesis we find a uniform lower bound for the induced
Kéhler and canonical volumes of all subvarieties of a non-compact ball quotient X in
terms of a geometric quantity of X :

Theorem D. (Theorem 4.3.2) Let X = T'\IB" be a complex ball quotient by a torsion-free
non-uniform lattice I whose parabolic stabilizers are unipotent. Let V. C X be an irreducible
subvariety of dimension m > 0. Then,

(470)"
m!

volx (V) > sinh®™” (sys(X)/2), (1.1)
where volx (V) is the volume of V induced by Bergman metric on V and sys(X) is the length
of the shortest closed geodesic in X.

The systole is anon-zero real number and can be estimated by the trace of the
hyperbolic elements in a representation of I When X is compact ball quotient,
the inequality (1.1) is known by Hwang and To [HTg9] and we generalized their
inequalities for non-compact X with a mild assumption on the parabolic stabilizer
of I'. Note that every neat lattice I' satisfies this assumption, and every I' has a finite
index subgroup which satisfies this assumption (see [Humg8]).

We prove in Theorem 4.1.9 that the systole of X bounds the uniform depth of cusps
from below. Therefore, if sys(X) is sufficiently large, then Ky is ample.

For a subvariety V C X of dimension m > 0, we denote the degree of V with
respect to the line bundle Ky by deg(V) :

degx (V) :=Kg - V.
Also, we study the canonical volume of a subvariety V which is an intrinsic quantity
of V and a priory does not depend on the ambient space X. Let V' be a smooth variety
birational to V with a canonical bundle Ky. The canonical volume of the variety V is

KO (V' bKy»)

voly := lim sup T

b—o0
which does not depend on the choice of V'. In particular, if V is an integral curve,
then the canonical volume of V is 2¢g — 2. The canonical volume of V measures
the asymptotic growth rate of the pluri-canonical linear series |bKy-|. The canonical
volume is a non-negative real number and it is positive if and only if the linear system
|bKy+| embedds V' birationally in a projective space for a large enough b, i.e., V is of
general type.

We prove that the systole controls both the canonical volume of V and its degree
with respect to Ky in the following sense:

Theorem E. (Theorem 4.3.5+Theorem 4.3.7) With the same assumption on X as Theorem D,
let X be the toroidal compactification of X and V C X be a subvariety of dimensional m > 0

3
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with X NV # @. Suppose that sys(X) > 41n (51 + (87)*). Then the following inequalities
hold:

\;\O/lv > (?)mem sys(X)/16’

n
deo—(V) > (— memsys(X)/lé‘
gx(V) > (1)

Note that systole cannot decrease in a cover and for every X there exists a finite
cover X' such that sys(X’) is sufficiently large. As a byproduct of Theorem E, we can
observe that in a tower of covering of X where the systole increases, the canonical
volume of subvarieties increases.

Application I: hyperbolicity of subvarities

As the cotangent bundle is well-behaved under the restriction to subvarieties, by virtue
of Theorem A and Theorem C we get hyperbolicity of subvarieties of an arbitrary
dimension in the following sense:

Corollary E. (Corollary 3.4.1) With the same notations as in Theorem A, suppose V is
a smooth subvariety of X intersecting X with dimension m > 0. Then,

KV — (1’ — 1)D|V

is ample for all rational r € (0,m[%=1 |). Moreover, if d > 271, then Ky is ample.

Corollary G. (Corollary 3.4.2) With the same X as Theorem A, all subvarieties of X are
of general type provided that the uniform depth of cusps is greater than 27r.

Given this result, Bombieri-Lang conjecture predicts that there are only finitely
many rational points on X. However, this conjecture is widely open.

Application 1I: sparsity of rational points

A smooth toroidal compactification X of X can be defined over a number field F. (see
[Fal84]) provided that I' is neat and arithmetic. Combining Theorem E with [BM22,
Theorem 3.4] on the growth rate of rational points, we get that sys(X) controls the
growth rate of rational points:

Corollary H. (Corollary 6.2.2) Let L = K5 and € be a positive number. Suppose that
sys(X) > 41In (Sn + (47‘()4). Then, there exists a constant c depending on X, F and €
such that for every B > €[F : Q], one has:

#{x € X(F) | Hp(x) < B} < B,

where
47t[F : Q](n +3)

0= eSys(X)/16

(1+e€),

and Hj, is the multiplicative height.



1.2 OUTLINE

Corollary H tells us that the growth rate of F-rational points decreases as sys(X)
gets larger.

Application III: effective very ampleness and seshadri constant

Combining Theorem E with the results in the adjunction theory proved by Angehrn-
Siu [ASgs5], Kollar [Kolgy] and Ein-Lazersfeld-Nakamaye [ELNg6] gives effective
results in global generation, very ampleness and separation of jets:

Corollary 1. (Corollary 5.2.10) With the same X and X as Theorem E, suppose that
sys(X) > 20max{nln ((1+2n+n!)(n+1)),In (572 + (87)*)}.
Then, the following hold
1. 2Ky is globally generated and very ample modulo D.
2. 3Kx is very ample.

Another implication of Theorem E is the following bound on the Seshadri constant
of KY:
Corollary J. (Theorem 5.2.5) Suppose that

sys(X) > 20max{nln ((1+2n+n!)(n+s)),In (51 + (87)*)}.
Then 2K separates any s-jets and in particular for every x € X, we have that

e(Kx,x) > s/2.

Application IV : finite generation of symmetric differentials

Applying [Laz17, Example 2.1.29] to Theorem B yields that symmetric differentials
over X forms a finitely generated C-algebra:

Corollary K. With the same assumptions as Theorem B, the graded ring

P H (X, smly)

n>0

is finitely generated C-algebra.

1.2 OUTLINE

In Chapter 2, we collect necessary background on the geometry of complex ball, the
toroidal compactifications of ball quotients, the Siegel domain and we prove some
basic lemmas about Q-vector bundles. In Chapter 3, we study the properties of the
Bergman metric induced on O]P(QlY (log(D)) (1) and we prove the results related to the

positively of Qly( log(D)) including Theorem A. Further, we prove the results related

5
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to the positivity of Qly, namely Theorem B and Theorem C, and we deduce the
applications to hyperbolicity of subvarieties in Corollary F, and Corollary G.

In Chapter 4 we prove the bounds on the volume of subvarities, in particular
Theorem D and Theorem E. In Chapter 5 we prove Corollary I and Corollary | on
the effective very ampleness and global generation. Finally, in Chapter 6 we prove
Corollary H on the sparsity of rational points.



BACKGROUND

In this chapter, we collect the necessary background and notations which will be used
frequently in the sequel. We refer to [Golgg, Parg8, Kapz22, BT18b] for a much fuller
account.

2.1 GEOMETRY OF COMPLEX CALL QUOTIENTS

The complex n-ball B" is defined as
B" = {zeC"||z]* < 1}.
B" has an intrinsic Hermitian metric called Bergman metric:

1— |2*). X dzi © dz; + X Zidzi © ¥ zidZi
(1—[z[?)? '
The holomorphic isometry group of B"” with respect to this metric is the projective
unitary group

h:4.(

U(n,1)
Z(U(n, 1))’

where the centre Z(U(n, 1)) can be identified with the circle group {uI : |i| = 1}. The
group G acts transitively on B” and acts doubly transitively on the boundary sphere
dB". The stabilizer of the center of B" is U(n). Every isometry ¢ € G is continuous
on the closed ball B” and it follows from Brouwer’s fixed point theorem that ¢ has a
fixed point on the closed ball B". Moreover, if there is no fixed point on B”, there can
be at most two fixed points on the boundary sphere dB”. Accordingly, an isometry
g € G is classified as:

G:=PU(n,1) =

1. Elliptic: ¢ has a fixed point z in B". After conjugating g via h € G which sends
zto 0,
hgh™' € U(n),

and therefore all eigenvalues of g are roots of unity.

2. Parabolic: ¢ has a unique fixed point in B” and this fixed point is on the
boundary 0B". Equivalently,

inf d(z,gz) =0,

zeB"

where d(.,.) denotes the Bergman metric. This infimum is not realized for a
parabolic g.



2.2 SIEGEL DOMAIN MODEL

3. Hyperbolic: ¢ has exactly two fixed points in B” and both are in 9B". In
particular, ¢ preserves the unique geodesic connecting these two fixed points in
B" and acts as a translation along this geodesic. This geodesic is called the axis
of ¢. The length of a hyperbolic isometry g € G is

((g) == inf d(z,gz).

(¢) := inf d(zgz)

This infimum is not zero and is realized by any point on the axis of g. The work
of Chen-Greenberg on the conjugacy classification of element of U(n,1) [CGy4,
Theorem 3.4.1] implies that a hyperbolic isometry ¢ has two eigenvalues re'
and r~'e® with r > 1 and n — 1 eigenvalues with norm 1.

Let I C PU(#n,1) be a torsion-free lattice whose parabolic elements are unipotent.
[Humg8] tells us that every lattice in PU(#, 1) has a finite index subgroup with this
property. With this property, an element ¢ € T is hyperbolic if and only if g is
semi-simple. Therefore, we will denote the set of the hyperbolic elements in I by Is.

Let X = I'\B". The systole of X is the length of the shortest closed geodesic with
respect to the Bergman metric:

X) :=inf {(g) = inf {d(z, B"}.
sys(X) := inf £(g) = inf{d(z gz)|z € B"}
Equivalently, the systole of X is the length of the shortest hyperbolic element in T'.

Consider x € X. Choose a fiber ¥ € B" with stabilizer I'; in I'. The injectivity radius
of x in X is defined to be

.. 1. . .
inj, (X) := 5 1nfﬂyer\r)z d(x,v-X),

which is independent of choice of %. The injectivity radius of X is inj(X) :=
infyex inj, (X). In the case that X is compact, I' only has semi-simple elements and
hence sys(X) = inj(X)/2. However, this relation does not hold for a non-compact X
because of the parabolic elements in T'.

2.2 SIEGEL DOMAIN MODEL

The half-plane model of 1-dimensional complex ball quotient is generalized by the
Siegel domain model in higher dimensions. In horospherical coordinates, the Siegel
domain of (complex) dimension 7 is § = C"! x R x R*. The points of S will be
written as ({,v,u) € C""! x R x R". The boundary of S is Hy U {0}, where o is a
distinguished point at infinity and Hy = C"~! x R x {0}. We will follow [Parg8] to
describe PU(#,1) as a matrix group by embedding the Siegel domain as a paraboloid
in P(C™!). To do so, we should choose a Hermitian form of signature (n,1) on

PU(n,1). Let
0 0 1
Jo:= {0 L1 Of,
1 0 0



2.2 SIEGEL DOMAIN MODEL

and Q := z*Joz, where z is a column vector in IP(C!) and z* is the Hermitian
transpose of z. Consider the map ¢ : S — IP(C™!) given by

L1212 = u+iv)
Y (L ou) — g
1

1
, for (Z,v,u) € S\{oo}; p: 00 — {O] . (2.1)
0

The image of this map is the set of points in IP(C™!), where the Hermitian form Q is
negative. Also 1 is a homeomorphism of dS onto the set of points where Q is zero.
We will refer to go := 1(c0) as the cusp at oo and go := (0) as the cusp at 0.

The holomorphic isometry group of S with respect to the Bergman metric is the
projective unitary group PU(Q) and it acts on IP(C™!) by matrix multiplication. A
matrix & € GL(n +1,C) is in PU(Q) if and only if its inverse h~! is given by Joh*]o,
where * denotes the Hermitian transpose; that is, transpose the matrix and complex
conjugate each of its entries. The general form for 1 € PU(Q) and its inverse is given
in [Parg8, pg 438] :

a ™ b e B b
h=|a A B|, Wl=|6 A" T, (2.2)
c 0 e c a* a

where A is an (n — 1) x (n — 1) matrix, 4,b,c,e € C, and 7,4, «, § are column vectors
inC" 1L,
The following lemma easily follows:

Lemma 2.1. Let h be an element of PU(Q) written in form 2.2.

1. ([Pargy, page 7]) If h swaps g and qo, then it must have the following form:

0 0 1/c
h=10 A 0 |,
c 0 O

where A € U(n —1) and ¢ € C. Therefore, 1 must be the following transforma-
tion:

—2AC —4v 4u >

h:(Cu, i)’ ’
) = (P = (il TG+ 3T

2. If h fixes both the cusps g and qo, then it must have the following form
a 0
h=10 A
0

where A € U(n—1) and a € C.

7
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2.2 SIEGEL DOMAIN MODEL

For any pair of points z; = ({1,v1,41) and zp = ({2, v2,uz) in S the Bergman metric
is given by:

d(z1,22) = 2cosh™! (4141

. . . 2
- Csz +uy +ux +101 —10; —|—211m<§1,C2>‘ ),
(2.3)

where (.,.) denotes the standard positive definite Hermitian form on C"~!. Since
cosh™!(x) is increasing, the following lower bound can be obtained for the metric :

|1 +u2\2)

d((€1,01, M]), (€21 02, uz)) 2 ZCOSh_l ( 41,[11,[2

(2.4)
The holomorphic sectional curvature of this metric is —1 and the sectional curva-
ture of this metric varies on [—1 ] (see [Golgg]). It follows that the holomorphic
bisectional curvature of this metr1c is bounded above by a negative constant since the
holomorphic bisectional curvature always can be written as the sum of two sectional
curvatures.

The Kéhler form of the Bergman metric on S is given by

ws := —2i0d log(u) (2.5)

(see, for example, [BT18b, Lemma 2.1]), and more explicitly we can write wg in terms
of (Z,z)-coordinates

n—1n—1
ws =2iu"2 Y Y (b + 5l Al A dE; (2.6)
i=1 k=1
n—1 _
+u %Y (3dg; Adz — Lidz AdQ))
j=1
~ L2z ndz,

2

where Jj is the Kronecker delta function. Using holomorphic coordinates { and z on S,

: : 1 _ (0 0 E)
we can set a holomorphic coordinates (7, z, ¢, w) on Qg, where ¢ = (@, 3G E’éni)
and w = %. Using the frame ¢; = ¢; for 1 <i < n —1 and e, = w, the hermitian
matrix of the Bergman metric is

ut +u?| G U 01ls U 018n1 U2y ]
U200, u l 4 u?5> .. U200, 1 Lu=2o
[h(ez,e‘])] =2
uizénflgl u—2€n7152 - u‘4'+—u’2]€ flp %ﬂ1725n71
—+u=2g, —4u=20, — U2, tu=? |

10



2.3 TOROIDAL COMPACTIFICATION

2.3 TOROIDAL COMPACTIFICATION

The complex ball quotient X has a unique toroidal compactification X, which is a
smooth projective variety (see [Mok12]). The boundary divisor of this compactification
D := X\ X is a disjoint union of abelian varieties with ample conormal bundle.

It follows from Mumford’s work on the singular Hermitian metric [Mumyy] that
the Bergman metric on X extends as a good Hermitian metric to X. Integration against
wx on the open part represents (as a current) a multiple of the first Chern class

in—i—l
2 2

c1(Kx+D) = [wx] € HA(X,R), (2.7)

where Ky is the canonical bundle of X (see [BT18b]).

2.4 STABILIZER OF CUSPS

We denote the parabolic stabilizer of o in G by Ge. With our choice of Hermitian
form, the matrices corresponding to elements of G, are upper triangular. There is an
equivalent way to identify these matrices:

Lemma 2.1. ([Parg8]) Let h be an element of PU(Q) written in the form 2.2. Then, h
fixes the cusp g« if and only if the ¢ entry of 4 is 0.

Proof. Note that

a T b]| [1 a
h-go=|a A B| |0] = |af,
c 6 e]| |0 c

and therefore h fixes g, projectively if and only if ¢ = 0 and & = 0. Note that if the
¢ entry of h is 0, the multiplication of the matrix of & and i ~! in the form 2.2 yields
that « (and also §) must be 0. O

The group G is generated by Heisenberg isometries I, and a one-dimensional
torus T. Heisenberg isometries consist of Heisenberg Rotations U(n — 1) and Heisen-
berg translations 91. Heisenberg Rotations U(n — 1) acts on {-coordinates of S in the
usual way and Heisenberg translations 9 = C"~! x R acts on ¢ and v coordinates of
S via

(t,t) : (Co,u) — ({+T,0+t+2i(T,),u).

The element (0,t) € 91 will be called the vertical translation by ¢, and the subgroup

generated by (0, t) in G« will be denoted by V... The vertical translation V is the

center of Go, and the quotient Vi, \ I is isomorphic to the unitary transformation of
C" 1. Weuse (A, 7,t) € U(n— 1) x M to denote the transformation acting by

(A, 1,t)-(g,z) — (AC+ T,z +t+i|t]* +2i(AZ, 7)),

11



2.5 NEIGHBORHOOD OF CUSPS

where the standard positive definite hermitian form (.,.) chosen on C"~!. Using the
chain rule we can observe that the action of (A, 7,t) induced on the cotangent bundle
Qlis

s

(A, 7,1).(0,z,8w) = (AT + T,z + t+i|T]* + 2i(AL, T), A + 2i(AZ, T),w). (2.8)

A Heisenberg translation (7,t) € M fixing g corresponds to the matrix g and a
Heisenberg translation (o, s) € 9 fixing qo corresponds to the matrix o, where

1 -t —(|t|+it)/2 1 0 0
8o = { , 80 = { o I 0] . (2.9)
—( 1

0 I T
0 0 1 lo| +is)/2 —c*

With our assumption on I', all parabolic stabilizers of g in T, i.e., I'o :=I' N G are
Heisenberg translations.

2.5 NEIGHBORHOOD OF CUSPS

A horoball centered at the cusp g, with height ii is the open set
Boo (1) :={({,v,u) €S | u > ii}.

The smallest i such that I',\ B« (7) injects into X will be called the height of the
CUSP Jo and will be denoted by 1. The complex ball quotient X has a finitely many
cusps and they are in one-to-one correspondence with the equivalence classes of
parabolic fixed points of I'. For a cusp g;, there exists a ¢ € PU(Q) translating g; t0 fe.
The horoball based at cusp ¢; with height i is defined to be the image of the horoball
based at cusp g, with height i translated by g :

Bi(i) = g - Beo (1)

Accordingly, the height of cusp g; is the smallest 7 such that I';\ B;(if) injects into X,
where I'; is the parabolic stabilizer of g;. We will denote the height of g; by u;. Thanks
to the Parker’s generalization of Shimuzu'’s lemma [Parg8], B;(ii) must inject into X
for a large enough 7. Note that the height coordinate u on S is invariant under the
action of Heisenberg rotations U(n — 1) and Heisenberg translations 9 and hence the
horoball is invariant with respect to the action of these groups.

Let t; be the shortest vertical translation in the parabolic stabilizer of g;. The number
d; = t;/u; is called the depth of cusp g; which is invariant under conjugating I'.

Definition 2.1. ([BT18b, Definition 3.7.]) The uniform depth of the cusps of X is the
largest d satisfying the following properties:

1. for every i, d < d; (this gives that T;\B;(t;/d) injects into X).

2. all B;(t;/d) are disjoint.

12



2.6 BASE LOCI

Remark 2.2. By passing to a cover of X, i.e., passing to a subgroup of I', the shortest
vertical translations of parabolic subgroups can not decrease and the heights can not
increase. Therefore, the canonical depth can not decrease by passing to a cover of X.

Definition 2.3. (see [Yeugy, Section 2]) A cofinal normal tower of X is a sequence
{Xi}i2, of étale Galois coverings of X = X; given by a sequence of lattices {I’;}i~
such that for each subsequence {I';};*;, one has N;Z; I'; = {1}.

Similar to [Yeug4, Lemma 1.2.2.] and [HTo6, Proposition 2.1.], we can prove that
the uniform depth of cusps tends to infinity in towers:

Lemma 2.4. Let {X;}?°, be a cofinal normal tower of X and d(X;) be the uniform
depth of cusps of X;. Then,

1—00
Proof. Let p; : X; — X be the covering map. Fix a cusp c¢; of X, and let ¢; be a cusp of
X; such that p;(c;) = c1. Note that as X; is a normal cover of X, I acts transitively on

cusps of X;, and therefore the uniform depth d(X;) equals to the depth of each cusps.

Hence, it is enough to show that

lim d(c;) = oo,

1— 00
where d(c;) is the depth of ¢; on X;. Let u(c;) be the height of cusp c;, and #(c;) be the
shortest vertical translation in the stabilizer of ;. Since u(c;) < u(cy), it is sufficient to
show that t(c;) tends to infinity. Note that as I is discrete, for every f; there only exists
finitely many elements in I" with the length smaller than or equal to ¢;. On the other
hand, for every subsequence {I';}2;, we have 2, I'; = {1}. Putting these together,
we conclude that the length of the shortest element except 1 in I'; tends to infinity.

O

2.6 BASE LOCI

The goal of this section is to prove formal properties of Q-vector bundles which will
be used in §3.2 and §3.3 to study the twists of QlY and Qly( log(D)). To this end, we
use the definitions and properties of the base loci of a vector bundle which has been
systematically studied in [BKK"15]. We also use the definitions and properties of
Q-vector bundles from [Lazog, section 6].

Let E be a vector bundle over a projective variety Y, and D be an integral divisor
on Y. The base locus of E is defined to be the subset

Bs(E) = {y € Y|H°(Y,E) — E(y) is not surjective},
and the stable base loci of E is defined to be the algebraic subset

B(E) = () Bs(S"E).

m>0

Let 7 be a rational number.

13



2.6 BASE LOCI

Definition 2.1. A Q-vector bundle E(rD) on Y is a pair consisting of a vector bundle
E on Y and a Q-divisor rD € Divg (Y). A Q-isomorphism of Q-vector bundles is
the equivalence relation generated by considering E(D’ + rD) to be equivalent to
E ® Oy(D’)(rD), where D’ is an integral divisor.

The formal symbol E(rD) is intended to say that we are twisting the vector bundle
E by a Q-divisor rD. The symmetric power S (E(rD)) denotes a Q-vector bundle
S™(E)(mrD). It is easy to observe that every Q-vector bundle has a symmetric power
which is Q-isomorphic to a vector bundle. Let a2 and b be integers such that b is
positive. We will define the base loci of the Q-vector bundle E(; D) to be the following
set

B(E(3D)) = [ Bs(S"™E ® Oy(maD)),
m>0

which does not depend on the choice of 4,b. Let A be an ample divisor on Y. The
augmented base locus of E is the algebraic subset

B (E) = (] B(E(-rA)),

reQy

which does not depend on the choice of the ample divisor A.

Definition 2.2. We say that E(rD) is ample (nef) if one of the following equivalent
properties holds:

(i) The Q-divisor Op g (1) + 7t*(rD) is ample (nef) on IP(E).

(ii) E(rD) has a symmetric power which is Q-isomorphic to an ample (a nef) vector
bundle.

(iii) If r = a/b and b is positive, then the vector bundle S’E ® Oy(aD) is ample (nef).

The equivalency of these definitions is checked in [Laz17, Lemma 6.2.8].

Lemma 2.3. If E is a nef vector bundle and rD is an ample Q-divisor, then E(rD) is an
ample Q-vector bundle.

Proof. Take a,b € Z such that r = a/b and b is positive. As rD is ample, the integral
divisor aD is ample. Since E is nef, S'E is nef. Combing these two we get that
SPE ® Oy(aD) is ample vector bundle. Hence, E(rD) is ample. O

Lemma 2.4. Suppose 0 — G — E — F — 0 is an exact sequence of vector bundles on
a projective variety Y. The following hold:

(i) If E(rD) is ample (nef), then F(rD) is ample (nef).
(ii) If G(rD) and F(rD) are ample, then E(rD) is ample.

Proof. (i) Since IP(E) parametrizes one-dimensional quotients, the surjection E — F
corresponds to an inclusion IP(E) C IP(F), such that the restriction of Opg(1) is
Op(r)(1). Hence, the ampleness (nefness) of Op g (1) + 7t*(rD) implies the ampleness
(nefness) of Op () (1) + 77*(rD).

(ii) See [Lazog, Lemma 6.2.8]. O

14



2.6 BASE LOCI

Note that the above mentioned definitions for a Q-vector bundle E(rD) agree with
the usual definitions for a vector bundle when a vector bundle E is considered as the
Q-vector bundle E(0).

Definition 2.5. A vector bundle E over Y is said to be ample modulo D if for every
coherent sheaf .# over Y, there exists an mg > 0 such that if m > my, then for every

y € Y\ D, the fiber 7 ® S™(E)), is generated by HO(Y, # ® S"(E)).

There is an obvious relation between the notion of ampleness modulo a divisor
and the augmented base loci:

Proposition 2.6. If the vector bundle E is ample modulo D, then the augmented base
loci B (E) contained in D and B (Op(g)(1)) is contained in 77*(D).

Proof. Pick an arbitrary point y € Y \ D. To show B (E) C D, it is enough to show
that y ¢ B, (E). Let A be an ample line bundle. By Definition 2.5, there exist n
such that (S"E — A)|, is generated by H(Y,S"E — A) and therefore y ¢ B(E(—1A)).
Consequently, y ¢ B (E).
[BKK™ 15, Proposition 3.2] tells us that B (Op(g)(1)) C 77~ '(B, (E)) and therefore
the previous part gives that B (Op£)(1)) C 7v*(D).
O

Suppose L is a line bundle on a projective variety Y. It is well-known that L is big
if and only if B (L) # X. This follows that if E is ample modulo D, then E is big in
the sense that Op ) (1) is big. Another well-know fact is that L is ample if and only
if By (L) = @. For vector bundles, we will use the following lemma to go from the
ampleness modulo D to the ampleness:

Lemma 2.7. If E is ample modulo D and E|p is ample, then E is ample.

Proof. Let L be the line bundle Opg)(1) on IP(E). First, we show that L is nef. Consider
an irreducible curve C on IP(E). If C C 71*(D), then C - L > 0 because L, (p) is ample.
If C is not contained in D, then there is a point x € C such that x ¢ 77*(D). Since E is
ample modulo D, Proposition 2.6 gives that B, (L) C 7*(D) and therefore x ¢ B, (L).
It means that there exist a,b € Z™" such that x € Bs(bL —aA), where A is an ample
divisor on IP(E). Consequently, the zero locus of bL — aA is not contained in C and it
follows that C intersects transversely with bL — aA. Hence. C - (DL —aA) > 0 which
gives that C- L > 0.

To conclude ampleness it is sufficient to prove that L intersects positively with
every subvariety of IP(E). Let V be a an arbitrary subvariety of IP(E). Since L is nef,
thanks to [Bir17, Theorem 1.4], we know that

B.(Ly=" |y V.
Ly not big
Since B+ (L) C (D) and E|p is ample, we get B4 (L) = @, that is, E is ample. ~ [J

Definition 2.8. We say that E(rD) is ample modulo D if one of the following two
equivalent properties holds:

15



2.6 BASE LOCI

(i) E(rD) has a symmetric power which is Q-isomorphic to an ample modulo D
vector bundle.

(ii) If r = a/b and b is positive, then the vector bundle S’E ® Oy(aD) is ample
modulo D.

Definition 2.9. Consider two Q— vector bundles E(;D) and F <%D), where r and s
are two rational numbers. We say that E(rD) is a Q-subsheaf of F(sD) if for every
integer a,a’ and every positive integer b such that r = pand s = %, the vector bundle
SPE ® Oy(aD) is a subsheaf of SF ® Oy(a'D).

Lemma 2.10. Let E and F be vector bundles on Y and they are isomorphic over
Y := Y\ D. Suppose E(rD) is a Q-subsheaf of F(sD), and E(rD) is ample modulo D.
Then F(sD) is ample modulo D.

Proof. Take a,a’,b € Z such that a/b = r,a’/b' = s and b is positive. Since the Q-
vector bundle E(;D) is ample modulo D, there exists an integer | € Z such that the
vector bundle S”E ® Oy(alD) is ample modulo D. It means that for a given coherent
sheaves .Z over Y there exists 1y > 0 such that for every m > mg and every y € Y,

(7 ® SP"E @ Oy(alD))ly is generated by H(Y, .7 @ S""E ® Oy(alD))|,- Because

E{rD) is a Q-subsheaf of F(sD), we obtain that # ® S""E ® Oy(alD)) is a subsheaf
of F ® SY"F ® Og(a’'lD)). This implies that

HY(Y, # ® S"™E ® Oy(alD)) C H*(Y, # @ S""™F @ Oy(d'ID)).

Since these two sheaves restricts to the same sheaf on Y, for every y € Y and for
every m > mg, F ® SY"™ME @ Oy(da'ID) is generated by H (X, F ® S™E;). O

Lemma 2.11. Let r € QT be a positive rational number. If E(—rD) is ample modulo D,
then E(—sD) is ample modulo D for any rational s < r.

Proof. Leta,a’,b € Z be positive integers such a/b = r and 4’ /b = s. Since s < r, we
get that a’ < a and therefore S’E ®y (—aD) is a subsheaf of S’E ®y (—a’D) and the
claim follows from Lemma 2.10. O

Lemma 2.12. Suppose f : Y/ — Y is a finite surjective map and E is a vector bundle
on Y. Then, f*E is semi-ample, then E is so.

Proof. By passing to the projective bundles, the lemma follows from the corresponding
facts for line bundles ( see [Fuj83, 1.20]) O
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POSITIVITY OF COTANGENT
BUNDLE

3.1 POSITIVITY ON THE PROJECTIVE BUNDLE

Let E be a vector bundle of rank n on an algebraic variety or complex manifold Y and
let
n:P(E) =Y

be the projective bundle of lines in the dual bundle E*. The projective bundle P(E)
carries a tautological quotient bundle line bundle Op ) (1) whose dual Opg)(—1) is
naturally a subbundle of 77*E:

In other words, a point (y, [L]) of IP(E) is determined by a point y € Y together with
[L] in P" = P(E*(y)). The fiber Op(g)(—1)(,,1)) is the subvector space L and the
fiber Op(g)(1)(y, 1)) is the one dimensional quotient of E corresponding to L. A vector
bundle E is called ample if Op(g)(1) is ample.

Let X = I'\B” be a complex ball quotient by a torsion-free lattice I' C Aut(B") and
/i be the hermitian metric induced by the Bergman metric & on Op(ay) (1).

In this section, we prove two properties of /1 in Proposition 3.2 and Proposition 3.4.
These properties will be used to construct a singular hermitian metric on the line
bundle O(1) over P(Q}(log(D))) to prove Theorem A.

Let /1* be the dual metric of /1 on Op a1 )(=1). Suppose U is an open subset of
IP(Q) such that for every u € U, &, # 0. After replacing ¢; by % and w by &, we

n—1

can take a local section 0 = ) _ &e; + we, of Op(ay) (—=1) on U. The first Chern form
i=1

of Op(q)(—1) on U is represented by

. i
01<OIP(Q%<)(_1)/h ) = EaalogHU fl

l- _ n n _
= 5-00log (g}; gigjh(ei, ej))
i

o (—200log u + ddlogv),

17



3.1 POSITIVITY ON THE PROJECTIVE BUNDLE

where

n—1n-1

= L L (e + G008+ g8y~ g 80E) + g8l 6

i=1 j=1

As Op(q)(—1) is the dual of Op g1 (1), the first Chern form ¢; (OP(Q%()(l),fl) on U
is given by

c1(Opqay) (1), h) = 2i991log u — idd log v. (3.2)

Lemma 3.1. For every q € Q)% there exists a point p in the orbit I, - g such that in
(C,z,¢, w)-coordinates p is given by

Cip=2Cip=0,
for1<i<n-2,{,1p,=0and{, 1, being a positive real number.

Proof. Consider the action of (A, T,t) € U(n —1) x C"! x R described in 2.8 and
take (A, 7, t) = (I, —{4,0):

(I,—¢,0). (éqrzqrgqrwq) (0, z' €q+1|€q|2+21(€qr gq) wq)

There exist B € U(n — 1) such that

B(Z+2i(8,—2)) = (0,...,0,]4 +2i(Z5, —Zg)])-

The element (B,0,0) € U(n —1) x C" ! x R sends (0,2, &, +i[{4|* + 2i(&g, —4), wq)
to a point p with the desired properties. O

Proposition 3.2. Let X = T'\B" be a torsion-free ball quotient and /1 be the hermitian
metric on Op g1 )(1) induced by the Bergman metric on B". Then,

(i) the first Chern form c; (OP(Q%{) (1), ) is a Kahler form on P(Q});
(ii)
~ 1 .
C1 (O]P(Q%() (1), h) 2 Hﬁ (ZUX),
where wy is the Kédhler form of the Bergman metric on X.

Proof. First we prove part (ii) and then conclude part(i) from the inequality appears
in the proof of (ii).

(ii) Since the Bergman metric and u is I-invariant, its enough to check the inequality
on Iw-orbit. Consider an open set U C P(QY%) such that w 7é 0. Replacing ¢; by '
and w by 1, we can work on the affine coordinates on IP(Q) )|u Thanks to Lernrna
3.1, we can move every point in U by an element of I, to point p such that

gl,p = §2,p = e = gnfl,p =0,

él,p = gZ,p = e = én—Z,p =0,

18



3.1 POSITIVITY ON THE PROJECTIVE BUNDLE 19
w =1and ¢, 1, is a real number. Note that the function v in 3.1 on U is
Z Z uéz] +€1€] éz(’;’] + g]é] ig_jgj) +
i=1 j=1
Set L = Op (1 }(1). The first Chern form at p is
~ i = i _ - -
c1 (L, h)(p) = 5-39log(v)(p) = 5—(v(p)) *(v(p) - 93v(p) — (30 A 30) (p)).
To find explicit formula note that
’ 1
ri=o(p) =ug, 1+ 4’
1 1
0v(p) = ugn-1dGn—1 + ?éi_ldz — 5:8n—1d0n—1,
1 2i
and
_ n—1 ) _ _ 1 . 1 .
aa’()(p) = 2 ( — Cn—ldgi A dél + ud(fi A\ dgz + ngz A dél — Zdél A dgl)
i=1
= 1 1 -
+ &h 1 dlu—1 Ny — Eign—ldz NdGy—1 + Eign—ldgn—l Ndz,
giving that
ci(Lh)(p) = LFZ : <n_2 (rudg; A dg; — r&a_1dl; Adg; + lrd? ANdE — lrdé Adg;)
1Ly 271 = i i n—146i i 2 i i 2i 1 i
+1-( d&, 1 NdE +ld§' NdE —ld(f AdC
4 Uagn—1 n—1 2 n—1 n—1 2 n—1 n—1
- %@n—ldi NACy—1+ le-gn—ldgn—l Ndz — &, dz Adz
+ 8 A2 NGy 1 + 8y 11 Az — G d 1 MG ) ).
Now, as wx = 2i00 log(u), using equation 3.2, we can write
R 1, i - _
c1(L 1) (p) — " (wx)(p) = 5—(9dlog(u)(p) — 9dlog(v)(p)),
and therefore denoting the form c;(L, /) — 7" (wx) by 17, we obtain
D) =g T (0 AT+ (7 = PG A A G+ N A — G A )
i=1
+ éfz“f ((8“7’2 — 2uP¢h )ATy1 ANdly 1+ 2u3d, 1 NdEy—y — iuPdE, 1 AT,

+iuPdly 1 N dEn_1 + iu*Eu_1dEn_1 NdZ — iuPE, _1dz NdEy

+ (2% = 2uPEr_)dz N dZ + 2078 1 dT, 1 A dZ + 2u” —1dZ/\d§"—1>
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To see that #(p) is semi-positive, we choose the local frame B for L over U as follows:

d J
Bai—1 = 3% Bai = 3

for1<i<n-—1and By—1 = a%. In this frame,

(A7 0 .. 0 0
; 0 A, .. 0 0
(s = 5 el
0 0 Ay,1 O
0 0 0 B
[ 243 iu? —iu?E, 4
v}
1
where A; = r~1 |: ] and B = %r‘2u_2 —iu?  8ur? —2u?g: 2u%E3
11
T2 du
¢, 21?3 2r2 — 2u? ﬁ_l_

By computation we can see that det(A;) = 0, tr(4;) > 0 and determinate of all
upper left sub-matrices of B are semi-positive. Hence,

A 1
c1(L,h) > —wx.
(L B) >
(i) Since c1 (L, ﬁ) is a closed form, we only need to show that it is positive. As wx
is zero only on the vertical directions and neither A;s nor B is zero on the vertical
directions, c1(L, h) is a positive (1,1)-form.
O

In fact, if I' C PU(n,1) is a cocompact lattice, Proposition 3.2 implies that I'\IB"
has ample cotangent bundle. This is well-know and the difficulty is, when I is not
cocompact.

For the non-compact case, we will construct a hermitian metric on O(1) over IP(QY%)
which extends as singular hermitian metric to O(1) over ]P(Qly( log(D))).

To prove Theorem A, we will construct a singular hermitian metric whose curvature
current is represented by a form. To this end, we prove the following Proposition
which is inspired by [GK73, Lemma 6.18] and [Kol85, Proposition 5.16]:

Proposition 3.3. Suppose ®(Z,|q]) : C*! x C — (0,00] is a function satisfying the

following conditions:

(i) dlog (P(Z,]g])) and 9d1og (P(C,|q|)) are locally integrable on a neighborhood
of the divisor g = 0;

(ii) lim log(®(¢,191)) = 0, when || is bounded.
g=0  log|q]

Then, the current [85 log (®(g, ]q\))] is represented by the form 99 log (®(, |q|)).
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Proof. Let U be an open set where the divisor D is given by g = 0. For a compactly
supported (n —1,n —1)—form f on U,

/108 (@(2 lq)aaf = lim [ 105 (@(z, Iq]))ads,

where X = {({,q) € C | |q] > €}. Applying Stokes’ theorem to the closed form
4(10g|B(Z, 7))3f), we get

| tog(@(z lg)dof =~ [ dlog (@(¢,lah) ndf + [ log (@(C la))af, (33

where Se = {(,q) € C" | |q| = €} is oriented with its normal in the direction of
decreasing |g|. Since S; = C. x C"~! where C¢ is the circle {g € C | |q| = €}, Fubini’s
theorem gives that

/S€ log (QD(C, "”))af = on-t </C€ IOg(CI)(C, ’q|)f(€,q>dq> dC/\dg
= [ (108 (CD(@,e))/CEf(C,q)dq) 4z N di, (3.0

where d{ Adl = dy Ndly A ..dl, 1 ANdly 1, F(C,q)dq AdT AdT is dg AdT A dT part
of df and D is a compact set such that D x C, contains the support of f(Z,q). Since

o 108(2(C,l91))

i
4—0 log|q| )
Furthermore, as f({,q) is continuous and C, is compact, there exists a continuous

function M({) such that '/ f(Z,9)dq
Ce
that

< M(Q) - €. It follows by compactness of D

[ (108 (@(@.e)) [ f(@aa) dcnag < R-elogle), 65

where R is a constant. As such, 3.4 and 3.5 imply that lin% / log(®(C,1q]))of =0
€— Se
and by 3.3 we obtain that

/. 1o (#(z1aD))adf = [ 31og (¢(C,la))) AaF. (56)

On the other hand, applying Stokes’ theorem to the closed form d ( fAdlog (¢(C,|g] )))

yields that:

/Xeanélog (@ 14D) = - /X of Adlog (@(¢,1ql)) + /SefAélog (@(Z, lal))-
(3-7)

It will be shown that liII(l)/ fAdlog (®(Z,|q])) = 0. Note that
€— Se

= 0, there exists € > 0 such that |log (®(,€))| < €'|log(e)|.
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r n=191o ,
[ fravg@@lah) = [ Frge L 9n [ gy 910g (9(¢,l4))

a7 lg=e” = g
(3-8)
7 7 1 g((p(él r)) _ s
where r = |g|. Applying L'Hopital’s rule to 113(} gt 0 yields
ro 09 r)
llao o(C,r) o 0. 39)
%
As g—; = %(g) the chain rule gives
9P (g, lql) _ 1(&7)% 9P(g,7)
g 2\g ar
Since f is compactly supported, there exists a constant M’ such that
. < . : .
[ g e | S Memax| gy Sy 6o

which tends to 0 as € tends to o using 3.9. The other term in 3.8 can be written as

19log (@(¢, |g])) 19lo )
g =e ; el oi / -Z g /m_ef
= [, 108 (o( é:e)) a( /L”_ef), (311

by Stokes’ theorem. As f is compactly supported there exists a constant R such that

[os(@@ena( [ 5)|<relogee (312

tending to 0 as € tends to 0. Therefore, combining 3.8, 3.10, 3.11 and 3.12 gives

lin(}/ fAdlog (®(Z,|q])) =0 and by 3.7 we get
€— Se

J £ 1ad1og (@(g,laD)) = — [ af ndlog (@(, lal). (.13)

The claim follows from 3.6 and 3.13. O

Proposition 3.4. Let s be a local section of Op 1 (104 D)) (1). Then, the current [9d log(h(s))]
is represented by the form 90 log(/i(s)).
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Proof. Let D' be the pull back of D = X\X to QO (log D). Take an arbitrary point
a= ({1, Cn-1,9 = 0;[&1,...,Cn]) € D'. At least one of &;,{y, ..., &y is non-zero. Let
& # 0, for some k € {1,2,...,n}. Suppose U is an open subset of P(Q}(log D))

such that for every u € U, ¢, # 0 and D'NU = (g = 0). Replacing ¢; by %/

n—1 o)
n= ;1 Ciafi + (jnq% is a local section of Op (1 (105 p)) (—1) on U. Note that on U we
have h(s) = Hl‘zl and therefore it is enough to check the conditions of Proposition
irs

%* ). We write this function in terms of the chosen coordinate. First, we

3.3 for log(
have that

n—1n—-1

2
w? (LY (b + G)EE + 8l + (2 E6nT) + g6l

i=1 j=1

—1n— 2
—w ek (T Qe+ et + 2000) + = 6F)

=1 i=1 :1
Therefore,

n—1n-1

log(

N
Il
—

=
(3.14)

To check that the 1-form dlog( i*) is locally integrable, we only need to check

that the the function \q!lolg\q] is locally integrable around g = 0. This follows from

/ dg Adg /2”/ rzdrdG
gl<e l]log]q] Tog(r) ~ "
for small enough € > 0.

To check that the (1,1)-form 99 log(

2y i : —
fz*> is locally integrable around q = 0, we

should only check that the function |q|2101gz|6]|2 is locally integrable around g = 0.
This follows from
/ _dqAdg /2”/ drd9
gl <e |q[21og? |q| 0 rlog(r)

for small enough € > 0. When (3, ..., {;, and 3, ..., ¢, are bounded, using (3.14) and
q — 0, we have the the asymptotic relation

log([[nlf.) _ log(u) _log(loglgl) _
log(q) log |q] log |q|

2
fl*)' D

Hence, we can apply Proposition 3.3 to log(
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3.2 POSITIVITY OF LOGARITHMIC COTANGENT BUNDLE

Throughout this section, we adopt the convention that I' is a torsion-free lattice in
PU(n,1), X = I'\B" is a complex hyperbolic manifold with cusps, X is the toroidal
compactification of X and d is the uniform depth of cusps. Additionally, we assume
that X does not have any orbifold point.

The goal of this section is to prove the ampleness of the twisted logarithmic
cotangent bundle as stated in Theorem A. To prove this theorem, we need to construct
a singular hermitian metric using the properties of the Bergman metric proved in the
previous section, namely Proposition 3.2 and Proposition 3.4.

Suppose Y is a smooth projective variety and D is divisor on Y. As proved in
[ADT22, BD18], if dim Y > 1, the logarithmic cotangent bundle Q%(log(D)) is never
ample because its restriction to D is an extension of the trivial bundle. Therefore, to
describe a positivity properties of O (log(D)) we need a weaker positivity notion.

In the case of the toroidal compactification X of X, the first step toward understand-
ing the positivity of the cotangent bundles is to study the positively of the cotangent
bundle restricted to the boundary divisor D. The connected components of D are
étale quotients of abelian varieties whose conormal bundles are ample and therefore
considering the conormal bundle exact sequence

0 — Op(—D) — le — 0L —0, (3.15)

15
X|D

Chern classes, by an ample line bundle. Moreover, we will prove that ()

on D, one can observe that () is an extension of a vector bundle with vanishing

1
X|D

ample in the sense that O(1) on ]P(Qlyl p) is semi-ample. To this end, we need the

is semi-

following lemma:

Lemma 3.1. Suppose 0 - G — E — F — 0 is an exact sequence of vector bundles on
a projective variety Y such that H'(Y,G) = 0. If S"G and F are globally generated,
then Op (g (m) is globally generated.

Proof. H'(Y,G) = 0 gives the exact sequence of global sections:
0 — H(Y,G) — H°(Y,E) — H°(Y,F) — 0.

This implies that H°(Y, S™G) injects into H°(Y,S™F) and H°(Y,E) surjects onto
HO(Y,F).

To prove that Opg)(m) is globally generated, we need to show that for every
p € IP(E), the fiber Op(g)(m)), is generated by global sections of Op ) (m). Suppose

p € IP(E) is determined by y € Y and an one-dimensional quotient E, — L,. Consider
the map 7, : G, — L,. We may have two cases:

1. 17y : Gy — Ly is the zero map. In this case, 7, factors through F,. On the other
hand, H(Y, E) surjects onto H’(Y, F), and F is globally generated. Since

HY(Y, E) = H°(P(E), Op(g)(1)),
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the fiber Op(g)(1)), is generated by the global sections and therefore Op ) (),
is generated by global sections.

p

2. 11y : Gy — Ly is a non-zero map. Since H(Y, S™G) injects into H’(Y, S"E) and
S™G is globally generated, the global sections

H°(P(E), Op(g)(m)) = H°(Y, S™E) generates the fiber Op g, (m),
Hence, Op(g)(m) is globally generated, as desired.

p

O]

Now, we can study the positivity of the twisted cotangent bundle restrict to the
boundary divisor:

Proposition 3.2. Suppose that the dimension of X is greater than 1 and r is a rational
number. Consider the Q-vector bundles

Er = Qg (~rDpp).
The following hold:

(i) If r =0, then E, = QlX is semi-ample, but not ample.

|D
(ii) If r > 0, then E, is ample.

Proof. (i) Let D; be a connected component of D. We can write the exact sequence
3.150n D; :

0 — Op,(—D;) — Egp, — Qp, — 0.

As D; is an étale quotient of abelian variety, there is a finite étale map f : D’ — D;,
where D’ is an abelian variety. We pull back the previous exact sequence to D’ :

0— f*ODi(_Di) i> f*EO\Di — f*Q})l — 0.

As Op,(—D;) is ample and f is finite, f*Op,(—D;) is ample. As f is an étale map
f*Qp. = Qp, which is trivial because D' is an abelian variety. Since f*Egp, has a
trivial quotient, Eg p, can not be ample.

To show semi-ampleness, note that Q%)i is in particular globally generated. Also,
f*Op,(—D;) is ample because —D; p, is ample and f is finite. Therefore, there exist
m € Z* such that mf*Op,(—D;) is globally generated on f~!(D;). Additionally, the
Kodaira’s vanishing theorem gives that H'(f~1(D;), f*Op,(—D;)) = 0. Thanks to
Lemma 3.1, we can conclude that f* EO| D is semi-ample and therefore Lemma 2.12,
implies that Ey p, is semi-ample.

(ii) Since Egp, is in particular nef by (i) and the conormal bundle —Dp is ample,
we can conclude from Lemma 2.3 that E, is ample.

U
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3.2 POSITIVITY OF LOGARITHMIC COTANGENT BUNDLE

Proposition 3.3. Suppose that the dimension of X is greater than 1 and r is a rational
number. Consider the Q-vector bundles

F = Qly(log(D))w(—rD“)).

The following hold:
(i) If r = 0, then F, = Ol (log(D))|p is nef, but not ample.
(ii) If r > 0, then F, is ample.

Proof. Let D; be a connected component of D. The vector bundle Fyp, = Q% (log(D)) D,
on D; fits into the exact sequence:

1 ! $2
QYIDi — FO\D,- — Op, — 0,

n—1
d
where ¢, is the inclusion and ¢, is the residue map sending 2 fidz; + gqq to g|p, on
i=1
an open set U on which the local coordinate of D; is (g = 0). Therefore, we get the

exact sequence

0 —> Im(¢1) — Fyp, = Op, — 0.
Note that Im(¢;) is a quotient of Q%‘Di which is in particular nef by Proposition 3.2.
Therefore, Im(¢;) is nef.
(i) Since Fyp, admits a trivial quotient, it is not ample. However, it is squeezed
between two nef bundles, and therefore it is nef.
(ii) Since Fy p, is nef and —rD;p, is ample for r > 0, it follows from Lemma 2.3 that
F, is ample when r > 0.
O

Another ingredient we need in order to construct a singular hermitian metric is
an appropriate weight function. Roughly speaking, this weight function will be a
plurisubharmonic function, supported on a horoball with the largest possible Lelong
number on the boundary. The desired wight function on the horoball around the
cusp ¢; will be constructed using the following Lemma:

Lemma 3.4. For a positive real number u; and sufficiently small € > 0, there exists a
C? function p; : R~ — R and a constant number ¢ satisfying the following properties:

1. pj(u) = —log(u) + c on (0, u; + €'], where €’ is a positive number depending
on €.

Let u = —5& -log |q| — |{|? where t; € R, and ({,q) € C"~! x C.
3. When (, q) varies on a compact set with non-empty intersection with g =0,

lim pilt) _ 1
g—o0log|q| 2w

(dz' — 6),
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3.2 POSITIVITY OF LOGARITHMIC COTANGENT BUNDLE

where d; = fl—’
1

4. The forms d(p(u) — 5=(d; — €) log |q|) and 99(p(u)) are locally integrable on
the set {({,q) € C" ' xC | u > ug+¢€'}.

Proof. Let € > 0 be small enough such that there exists €’ € (0, ;=) satisfying Z—‘l -
ﬁ = € and define p; : R~9 — R be the function given by

—log(u) +co O<u<u+é€,
pi(u) = _ ( )
— 4 e MuTui—e u>u +€,
u+2¢ 1 -
, u;+¢€ .
where s = & + g, 01 = (gize)? and ¢ = —log(ui +€) —e1 — =5 Since
a-c1 = WM, and a%c; = W its straightforward to see that the function p;

is C2.

As —u is a plurisubharmonic function, and ¢; and a are positive, —log(u) + co,
iToe T cre~(=14=€¢) are plurisubharmonic because the function —log(—x) when
x < 0 and the function €% for every b > 0 are monotonically increasing and convex.
Hence, p;(u) satisfies the second properties.

pi(u) satisfies the third condition since

pi(u) . 1 t; . 1 t; 1

q%log‘q’ _Eui_’_ze/ _E(Il_e):ﬁ(dz_e)

To check the forth condition note that

_ PN _ 2
e~ 0u—ui—€') _ 1 ,—all ql',

a- tz'
271 _ :
the function |g|, and the forms 9(|g|"),9(|g|') and @9(|g|') are locally integrable and

therefore letting ¢’ =

1

where | = L

and ¢’ is a constant. The inequality a >

> 47 gives that | > 2,

i

ug+2e’’

99(pi(u)) = 9d(c" - |]?) + 03 (c'e "¢ |g|")

is a locally integrable form. On the other hand, ;=57 = (d; — €)log|q| + ui@?:” in
other words,

I(;55e — (@ <lloglgl) = a(" - |2,

which is a locally integrable form. Hence, d(p(u) — (d; — €) log |q] ) is locally integrable
on {(¢,q) € C" ' xC | u > up+¢€'} as desired. O

The main difficulty to prove Theorem A is to prove the following proposition. In
the proof, we construct a singular hermitian metric by Preposition 3.3 and Lemma

3.4

27



3.2 POSITIVITY OF LOGARITHMIC COTANGENT BUNDLE

Proposition 3.5. For a sufficiently small e > 0, with r = (d — €) /27 being rational, the
Q-vector bundle
Oy (log(D))(~rD)

is ample.

Proof. Denote Qly(log(D)) by F. Suppose D is the pullback of D by the natural
projection
:P(F) — X.

The goal is to show that the Q-line bundle OIP( F) (1) — rD is ample, i.e., it intersects
positively with every subvariety of IP(F) . Since —r = —(d — €) < 0 for a sufficiently
small e > 0, by Proposition 3.3, it is enough to show that Op(r) (1) — rD intersects
positively with every subvariety of IP(F) that is not contained in D but possibly
intersects with D. Let V be such a subvariety.

Let a and b be positive integer such that a/b = r. We show that the line bundle
L = Op(p)(b) ® Op(r)(—aD) intersects positively with V by constructing a singular
hermitian metric 7 on L such that ¢;(L,k)*™(V) . v > 0.

Suppose D; is the component of D compactifing the cusp c¢; and D; is given by g; = 0

on the horoball B;(u;), where u; = t;/d. Let D; = n*(D;) and B;(u;) = 7' (B;(u;)).

Taking € to be small enough, by Shimuzu’s lemma the horoballs are disjoint and
therefore Lz, ) naturally isomorphic to Op) (b) @ Opr)(—aD;).

Substituting #; and € to Lemma 3.4, we obtain p;(1) and constant c satisfying the
properties in Lemma 3.4. Now, we define a singular hermitian metric

B(s" @ B) = exp (b- (— pilu) — log(u) — ¢) ) i(s)"

on Op(r) (b) @ Op(p)(—aD;), where s" is a section of Op(r)(b) and B is the canonical
rational section of —aD; corresponding to 1. As horoballs are disjoint, Lemma 3.4
implies that / is a well-defined metric on L and on the complements of horoballs it
equals to /i*. Evaluating # at a local generator of L on H;(u;) gives

B(s" @ paf) = exp (b- (= pi(u) + 1+ loglgi| — log(u) — <) ) ().

Now, we can compute the curvature current on the horoball B;(u;):

()] = o ([39 (61 ) — 7 -10g(g1)
+ [0 log(u)] — [9d1og(h(s))] )

By Proposition 3.4, the current [091og(/(s))] is represented by the form 99 log((s)).
)

Applying Proposition 3.3 to ®1((,|gi|) = exp (pi(u) — rlog(q:)) and ®»(g, |gi]) =
exp (—log(u)) gives that

(09 (pi(u) —r-1og(q:)))] + [091og(u)]
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is represented by the form 99 (p;(u) — r - log(g;)) + 99 1og(u). By Proposition 3.2, we
observe that dd1log(u) — ddlog(fi(s)) is a semi-positive form. On the other hand,
Lemma 3.4 gives that 09 (p; (1) — - log(g;)) = iddp;(u) is semi-positive. Putting these
together, we obtain that [c1(L, )] is represented by a semi-positive form on B;(u;).

Note that by Lemma 3.4 we killed the Lelong number of the current [99(p;(u) — 7 -
log(g:))] on g = 0, and the currents [90 log(u)] and [00log(fi(s))] also have 0 Lelong
number on g = 0 (see the last part of the proof of Proposition 3.4). Therefore, we can
apply [Demgz, Corollary 7.6.] and obtain that

/ [Cl(L,Ijl)]dim(V) Z / Cl(L, ]jl)dlm(V) Z 0.
Vv v __

By Proposition 3.2, we have the strict positivity of ¢; (L, h) > 0 on X, therefore

/ cr(L, B)dm(V) > o,
1%

[7=1(X)

Since /1 does not depend on V, we can conclude that every subvariety V C IP(E) that
is not entirely contained in D intersects positively with L. O

Using Proposition 3.3 together with Proposition 3.5, we can prove Theorem A:

Theorem 3.2.6. (Theorem A) For every rational v € (0,d/27), the Q-vector bundle
Oy (log(D)){~rD)
is ample.

Proof. Fixr =a/b € (0,d/2m), and choose € > 0 such that r < (d — €)/2m. Putting
Proposition 3.5 and Lemma 2.11 together, we get that O} (log(D))(—rD) is am-

ple module D, i.e. the vector bundle S° Qli(log(D)) ® Ox(—aD) is ample modulo
D. Moreover, it follows from Proposition 3.3 that the restricted Q-vector bundle
Qly( log(D)) ‘D(—rD| p) is ample and therefore by Lemma 2.7 we can conclude that

the vector bundle S’OL (log(D)) ® Ox(—aD) is ample.
]

Theorem 3.2.6 implies that Qly( log(D)) is a limit of ample Q-vector bundles.
Moreover, we show in Corollary 3.2.7 that Qly( log(D)) is ample modulo D and nef.
It is previously proved by Cadorél that Qly( log(D)) is big and nef ([Cad21b, Theorem
3D
Corollary 3.2.7. The logarithmic cotangent bundle Qly( log(D)) is ample modulo D
and nef.

Proof. Denote Qly( log(D)) by F. Putting Proposition 3.5 and Lemma 2.11 together,
we get that Q! (log(D)) is ample module D.
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3.3 POSITIVITY OF COTANGENT BUNDLE

It is easy to conclude from Theorem 3.2.6 that F is nef. If F were not nef, then there
would be a curve C C P(F) such that the intersection I := C - Op(r)(1) is negative.
Let D = 7t*D. Choose a small enough r > 0 such that I — 7(C - D) < 0 and therefore

C- (O]P(F)(l) — T’D) < O,

which contradicts the ampleness of F(—rD).

3.3 POSITIVITY OF COTANGENT BUNDLE

Throughout this section, we denote a complex hyperbolic manifold with cusps by X,
and its smooth toroidal compactification by X. Additionally, we assume that X does
not have any orbifold point.

The goal of this section is to prove the results on the positivity of the cotangent
bundle, namely Theorem B and Theorem C. Further, we conclude that if the canonical
depth of cusps is sufficiently large, then the symmetric differentials on X is finitely
generated C-algebra.

To pass from positivity on the log-cotangent bundle in the previous section to
positivity of the cotangent bundle in this section we consider the following exact
sequence of coherent sheaves over X:

0 — QL (log(D)) ® Ox(~D) %+ QL — i,.Qb -0, (3.16)

n n
where ¢ sends ( Zfidgi + gdqq) ® q to Z qfidC; + gdq on an open set U on which the
i=1 i=1

local coordinate of D is given by q = 0.

Theorem 3.3.1. (Theorem C) Suppose that the uniform depth of cusps d is greater than 2.
Then,
Q%(—rD}

is ample for all rational r € (0, —1+4d/27).

Proof. Let r = a/b with a positive b be a rational number in (0, —1 + d/27). Since
d > 27, Theorem 3.2.6 gives that the Q-vector bundle O (log(D))((~1—r)D) is
ample. In particular, O (log(D))((—1 —r)D) is ample modulo D. Note that the exact
sequence 3.16 gives that the vector bundle O} (log(D)) ® Ox(—D) is a subbundle
of QL. Therefore, the Q-vector bundle Q) (log(D))((—1—r)D) is a Q-subsheaf of
Q%(—rD}. It follows from Lemma 2.10 that Q%(—rD) is ample modulo D, that is,
the vector bundle SleY ® Ox(—aD) is ample modulo D. On the other hand, the
restricted bundle Q%‘D (=rD)p) is ample thanks to Proposition 3.2. This means that
(SbﬂlY ® Ox(—aD))
ample.

D is ample. Hence, it follows from Lemma 2.7 that Q%(—rD) is

O]
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Theorem 3.3.2. (Theorem B) Suppose that the uniform depth of cusps d is greater than 27.
Then, QlY is ample modulo D and semi-ample.

Proof. Set E = Qly. Since the uniform depth of all cusps is greater then 271, Theorem
3.2.6 implies that QO (log(D)) ® Ox(—D) is ample. It therefore follows from 3.16 and
Lemma 2.10 that E is ample modulo D.

Let Y = P(E), 7 : P(E) — X be the natural projection and D = 71*(D). Given that
E is ample modulo D and E|p is semi-ample by Proposition 3.2, to show that E is
semi-ample, we only need to show that there is a large enough 7 such that setting
L = Oy(n)

H(Y,L) %5 H(D, L )

is surjective. Choose r € (0, —1+d/27). By Theorem 3.3.1, Q3 (—rD) is ample, i.e.,
Oy(1) — rD is ample. We can choose 1 large enough so that H!(Y,L — iD) = 0,
where 7i = nr € Z. Therefore, denoting the restriction of L to the 7ith order thickening
of D by L;;, we obtain

HO(Y,L) 5 HO(Y, Lp)

is surjective. Considering the commutative diagram
(D, Lysp)
HO(Y,L) 7, HO(D, L‘D)

to conclude that ¢ is surjective, it is enough to show that # is surjective. To this end,
consider the following exact sequence on D:

where m is a positive integer. We prove that for every m > 0,

H*(D, Ly 11yp) — H*(D, Ly,p)
is surjective by showing that H'(D, L(—mD)|D) = 0. This implies that # is surjective
and therefore ¢ is surjective which finishes the proof.

Let ¢ : D — Spec(C). Applying the exact sequence of low degrees to the compo-
sition of the push-forward functor

7. : Sh(D) — Sh(D)
and the global section functor ¢, yields

0 — H'(D, m.(L(=mD),5)) — R'(¢o 7). (L(~mD);5) — H’(D, R'm.(L(—mD),

D
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Note that (¢ o 7). is the global section functor H(D, —) and therefore
R'(g o 7). (L(~mD);5) = H'(D, L(~mD) ).
Hence, it is sufficient to prove that
H' (D, 7t.(L(=mD),5)) = H°(D, R'7t.(L(—=mD),5)) = 0.

To prove H°(D, R n*(L(—mD)| p)) = 0, note that 77 is a flat morphism because the
fibers of 7t are projective spaces of the same dimension. Since for every x € D, the
dimension h'(x, 7. (L —mD)y) = h' (7~ (x), Opn-1(n)) is constant, Grauert’s theorem
([Har13, Corollary 12.9]) gives the isomorphism

R'7t.(L(—mD)p) = H'(P""!,Ops-1(n)) = 0.

Hence H’(D, R'7t,.(L(=mD)p)) = 0.

To prove H' (D, 7t (L(—mD),p)) = 0, note that 7t.(L(~mD) p) = S"Q% , (—mDp).

X|D
Consider the filtration of S”Q%D obtained by the exact sequence 3.15:
"%, =F°2F' 2.2 F" 2 ",

with quotients o .
F'/FH1 = §"Qp (—iD)p)
for each i. Tensoring the filtration by '—mD‘D, we get a filtration for S”Qlle(—mD| D)
whose successive quotients are S" 'L (— jD|p) for some j > 0. As D is an étale
quotient of abelian variety, there exists a finite étale map f : D’ — D, where D’ is an
abelian variety. Since f*Q), = Q,,, and Q},, is trivial, we get that f*S"'Q}(—jD|p)
is a power of f*(—jD|p). Since the canonical bundle Kpr is trivial, f is finite and
—D)p is ample, Kodaira vanishing theorem gives that H Yo', (- jDip)) = 0 for
every positive integer j.
It follows that the successive quotients of the filtration of S”le D(—mD| p) have
vanishing first cohomology. Hence, H! (D, S”le‘ D(—mD‘ D)) =0,ie,
H'(D, t.(L(—mD),5)) = 0.
O

Applying [Laz1y, Example 2.1.29] to Theorem 3.3.2, we get that symmetric differen-
tials over X forms a finitely generated C-algebra provided that the uniform depth is
sufficiently large. More precisely, we get:

Corollary 3.3.3. (Corollary K) With the same assumption as Theorem 3.3.2, the graded
ring B

P H' (X, s"0l)

n>0

is finitely generated C-algebra.
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3.4 APPLICATION TO HYPERBOLICITY OF SUBVARIETIES

We follow the same notations as previous section and denote a ball quotient I'\ B”
with a torsion-free lattice T by X, the boundary divisor X \ X by D, the toroidal
compactification of X by X and the uniform depth of cusps by d. In addition, we
assume that X does not have any orbifold point. Let V be an irreducible subvariety of
X intersecting X.

The purpose of this section is to prove the result related to hyperbolicity of V. We
tirst prove Corollary F and Corollary G. Further, we prove that the hyperbolicity
increases in towers of normal covering in the sense that the minimum volume of
subvarieties of X intersecting both X and D tends to infinity. Note that, as the
components of D are étale quotient of abelian varieties, we can not expect that the
hyperbolic volume of a variety entirely contained in D tends to infinity.

Corollary 3.4.1. (Corollary F) Suppose V is smooth with dimension m > 0. Then,
Q-line bundle
KV — (T — 1)D|V

d—1
21

is ample for all rational r € (0, m |). Moreover, if d > 27, then Ky is ample.

Proof. Let b be a positive integer strictly less than d/27 and D’ be D)y . Since the
vector bundle )}, (log(D’)) ® Oy (—bD') is a quotient of

(Qly(log(D)) ®OX(_bD)>|V'

Theorem 3.2.6 gives that Q) (log(D’)) @ Oy (—bD') is ample and therefore its deter-
minant Ky — (mb — 1)D’ is ample. Now, for any positive rational number r < mb, the
Q-line bundle Ky — (r — 1)D’ is ample modulo D’ by Lemma 2.10. Similarly, we can
conclude from 3.2.7 that (Ky + D’ )|D/ is nef. On the other hand, the conormal bundle
of D is ample and therefore (Ky — (r — 1)D’) o, must be ample. Hence, it follows
from Lemma 2.7 that Ky — (r — 1) D’ is ample.
If d > 27, we can choose b = 1, which gives that Ky is ample.
O

Corollary 3.4.2. (Corollary G) All subvarieties of X are of general type provided that
the uniform depth of cusps is greater than 27t.

Proof. Let Vy be m-dimensional (possibly non-smooth) subvariety of X not entirely
contained in D and let u : V' — Vj be a resolution of singularities. There is a
generically surjective homomorphism p*Q% — Qp, = Kyr. Thanks to Theorem 3.3.2,
(% is ample modulo D and therefore, the pull back y* ()% is ample modulo p*D. This
implies that Ky~ is in particular big, i.e., Vj is of general type. ]

The volume of a line bundle L on an m-dimensional projective variety V is defined
as the non-negative real number

HO(V,bL)

VOlV(L) = llmsup W,

b—oc0
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which measures the positivity of L from the point of view of birational geometry. If L
is a nef line bundle on V, then voly (L) = L". Let V' be a smooth variety birational to
V with a canonical bundle Ky . The canonical volume of the subvariety V is

WOV, bKyr)

\761\/ := lim sup bt

b—o0
which does not depend on the choice of V'.

The volume of a line bundle is a birational invariant and it is positive if and only if
the line bundle is big. It turns out that if L is nef, then vol(L) = L".

In the setting of the compactification of a locally symmetric domain, a natural
quantity reflecting the hyperbolicity behaviour is the volume of the log-canonical
bundle. In particular, voly (Ky + Djy) > 0 if and only if V' is of log-general type. In
the case of ball quotients, Corollary 3.2.7 in particular implies O}, (log Dyy) is nef and
therefore Ky + D)y is nef on V. Hence,

VOlv(KV + D|V) = (KV + D|V)m

We show that the minimum volume of log-canonical bundle of subvarieties of X is
controlled by the uniform depth of cusps:

Corollary 3.4.3. Suppose V is a m-dimensional smooth subvariety of X not entirely
contained in D. If | is the number of component of D intersecting with V, then

voly (Ky + Dyy) > m" Ldz_nlj’”l(m 1)L

Proof. Letr = L%J and D’ be Dyy. Since D is a union of étale quotient of abelian
varieties with ample conormal bundle Op(—D), we get

D’ . (_D/)m—l B _(_D/)m
S I TR I VT G17)

On the other hand, as 0 < r < d/2m, Theorem 3.2.6 and Corollary 3.2.7 imply
that QY (log(D')) ® Oy(—rD’) is ample modulo D and nef as it is a quotient of

(Qly(log(D)) ® OY(—VD)> v and therefore

Ky — (mr —1)D’ = det (O} (log(D")) & Oy (—1D'))

is in particular big and nef. Thus, (Ky — (mr —1)D’)" > 0. On the other hand,
(Ky + D')|pr is nef and —D" o is ample. Consequently, for every 0 < i < m,

(Ky +D')""{(=D')’ = —((Ky + D")jp:)" ' (~D}p,) !
is non-positive. Hence, (Ky — (mr —1)D’ )m > 0 yields that

(Ky +D')" > —(rm)"(~D')"
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Combining this with the inequality 3.17 gives the desired inequality. O

Remark 3.4. Parker’s generalization of Shimizu’s lemma [Parg8, Proposition 2.4.]
gives that the uniform depth of cusps is at least 2. Plugging in this result to Corollary
3.4.3 gives that if V intersects D, then V is of log general type. This can be concluded
from the recent result of Guenancia [Gue22, Theorem B] as well.

We also get a uniform lower bound for the volume of the canonical bundles of
subvarieties:

Corollary 3.4.5. If the canonical depth of cusps d is greater than 27, then

—~ d—1 m
> (m| 22 - 1)

voly > (m| 5 ] —=1)"1(m—1)

Proof. Since d > 2m, by Corollary 3.4.1 we get that Ky is ample and therefore
voly(Ky) = K{}. Letr = L%j and D’ be Djy. As sated in the proof of Corollary 3.4.3,
(Kv — (mr —1)D")™ > 0. Since Ky|pr and — D, are ample, for every 0 < i < m,

Ky~ (=D')" = —(Kyjp))" "+ (= \/D’)i_l

is negative. Hence, (Ky — (mr —1)D’)™ > 0 together with the inequality 3.17 yields
that
Ky > —(rm—1)"(=D")" > (rm —1)"1(m — 1)!

O]

As a generalization of Brunebarbe’s work [Bruzoa], for towers of ball quotients we
show that the minimum volume of subvarieties of X containing a cusp of X, tends to
infinity in towers:

Corollary 3.4.6. Let {X;}?°, be a tower of X = Xj. Suppose that toroidal compacti-
fication of X; does not have any orbifold points. Then, given a positive number v,
for all but finitely many i, every subvariety V of X; containing a cusp of X; have
vol (Ky) > v.

Proof. Combining Lemma 2.4 and Corollary 3.4.5 gives the result.
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VOLUME ESTIMATE

Let X = I'\B", where I' C PU(n, 1) is a torsion-free lattice whose parabolic stabilizers
are unipotent.

4.1 SYSTOLE AND DEPTH OF CUSPS

The main goal of this chapter is to prove Theorem 4.1.9, where we show that the
systole sys(X) bounds the uniform depth of cusps d of X from below.

To see the relation between the systole and depth of cusps, we first prove that the
length of a hyperbolic element in I' only depends on its non-unit eigenvalues:

Proposition 4.1. Suppose h € I is a hyperbolic element whose non-unit eigenvalues
are re’ and r~1e®. Then,

¢(h) = 2cosh™* (% (r+ %)2>

Proof. Since h is hyperbolic, it fixes two distinct points x; and x; on the boundary 9S.
As PU(Q) acts doubly transitive on the boundary, there exists P € PU(Q) such that
P(x1) = qo and P(x2) = go. Now we can write

d(x,hx) = d(Px, PhP~'Px) = d(x/, PhP~1x"),

where x’ = Px. Suppose x' = ({1,v1,u1), and PhP~'x" = ({»,v,us). Since PhP~!
tixes both gg and g, it follows from Lemma 2.1 that for a complex number 4 and

AeUm—-1)
a 0 07 [5(=Ga]]* = u1 +ivy) §(=lal* = w1 +ivy)
PP~ =10 A 0 0 = Aly .
0 0 1/a 1 1/a

This gives that {, = 2A{; and

2
(Gl P = - 02) = (10 2~ + ). )

NI —
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4.1 SYSTOLE AND DEPTH OF CUSPS

1y and v, = |a|?v;. Note that as conjugation does not change the

>=r%or }2 On the other hand, the inequality 2.4 yields

Therefore, u, = |a
eigenvalues, we have that |a
that

2
3(x', PRP1¥) > 2cosh (10 12)
4U1M2

1 1
> -1(Z, ~)2 .
> 2 cosh (4 (r+r)>
Since this lower bound is realized on {; = 0,v = 0, we can conclude the desired

equality. O

Consider 7y € T and the corresponding element in the matrix group g, € PU(Q).

When we talk about | tr(7)|, we mean | tr(g,)|. Proposition 4.1 tells us if for every
hyperbolic element ¢ € T we have that |tr(fl) | is sufficiently large, then systole
sys(X) will be large, i.e., the systole sys(X) can be estimated just be the trace of the
hyperbolic elements. In particular, the systole goes to infinity in a cofinal tower of
any ball quotient.

Consider the set associated to I

Sr:={yeT||lte(y)| >n+1}.

It follows from the classification of isometries that if oy € T has | tr(7y)| > n+ 1, then
v must be hyperbolic. Hence, all elements of Sr are hyperbolic. We associate the
number

Ar := inf |tr(y)],
YEST

to I' which will play a role as an intermediate quantity to relate the systole of X to
the depth of cusps of X. Specifically, we can see how sys(X) bounds Ar from below:

Proposition 4.2. The following inequality holds:

Ar>1—n+ ﬁesys(X)/él‘

Proof. Consider y € Sr. Let re’® and r~1¢’ be eigenvalues of v which are not units.

As sys(X) is the length of the shortest geodesic, Proposition 4.1 implies that

rr > \/4cosh (% sys(X)).

Since the other n — 1 eigenvalues of y have norm 1, and cosh(x) > 1e¥, by the triangle
inequality we can conclude the desired inequality.
O

We prove a lemma which will help us to see the relation between the height of cusp
Je in terms of the trace of the hyperbolic elements in I':

Lemma 4.3. Suppose ¢ € I'\ T, written in from 2.2. For every z € B" the following
inequality holds:

u(z)u(y-z) < }% 2,
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4.1 SYSTOLE AND DEPTH OF CUSPS

Proof. There are unique Heisenberg transformations &y, hy such that h1(0) = y(o0)
and h,'(0) = 97 '(c0). Consider 4 = hy'yhy' and note that as the Heisenberg
translations are stabilizers of the u—coordinate, we have that u(yz) = u(z). Since ¥
swaps oo and 0, Lemma 2.1 tells us that 4 must have the form:

4 v
GNP +u =" || \1z))2 4 u — o [||2)2 + u — iv)

2 A 4
Y (Cou) ( ACrﬂr or ur >

2
where A € U(n—1) and 1, = | /m. This gives that

u? 20 22
u(z)u(y-z) =u(z)u(y-z) = — = < =]
@y =) =@l 2) = a1 < 3]
O
Let c;, be the minimal value of |c| among all ¥ € T'\ T's, written in the form 2.2:
a T b
T=la A B|. (4.2)
c 0" e

Note that as v € I's, the c entry cannot be zero (see Remark 2.1). Lemma 4.3 implies
that:

Proposition 4.4. The horoball Boo(c%n) injects into X, i.e., the height of the cusp g« is at
least 2/c,, and therefore the depth of g is at least <=

We recall a lemma from Parker’s version of Shimizu’s lemma which tells us how
the c entry shows up in the trace of (some of) hyperbolic elements:

Lemma 4.5. (see [Parg8, Lemma 2.6]) Let oo = (0, t), be the vertical translation centered
at go and 1 be an element of PU(n,1) written in the form 2.2. Then,

t
tr[geo, ] = n+1+ |Ec|2

Proof. The matrix representations of g, 1 and k! are given by:

a ™ b e B b
Qoo = ,h=la A Bl hl=16 A 7|,
c o e

c af
To find tr[g«, 1], note that

S O =
NI

0
I
0

— O

a+get T+ 3t67 b+ fte e— et pr—gta" b—jta
goho= | a A Bo| gyl =| 0 A ‘
c o* e ¢ o a

Therefore, using the relation given by 2.2 it follows that
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4.1 SYSTOLE AND DEPTH OF CUSPS

ij
2
+af* — %t!a\z + AA* + Ba* +chb — %tﬁc +6*T 4 e

1 . .
tr[geo, ] = aé + 1yct|2 + —(c& —ca) + 67" + %th + bé + %tec‘

1
= 14 =|ct]?
n-+ +4\c|

O]

Now, we can show the relation between the quantity Ar and depth of each cusps of
X:

Proposition 4.6. The depth of each cusp of X = I'\B" is at least \/Ar —n — 1.

Proof. Since Ar is invariant under the conjugation by an element of PU(n,1), it is
sufficient to prove the lemma for the cusp . Let goo = (0, to) be the shortest vertical
translation in I'e.. Suppose that i € I is an element which does not fix 4., and written
in the form 2.2. It follows from Lemma 4.5 that

too
tr[goo/h] =n+1+ ‘TC{Z
Since h does not fix oo, we have that ¢ # 0, and therefore [g, #] € S). This implies
that ;
ooC e
‘T‘ 2 /\1" —n— 1‘
Since this inequality holds for every h € T\ I's,, we can conclude that

FooCrm > )\r—n—l.
=

Hence, Proposition 4.4 implies

dooZ /\r—?’l—l,

where d, is the depth of cusp Ge. O
To pass from the individual depth of cups to the uniform depth of cusps we will
use this lemma:

Lemma 4.7. ([Parg8, Lemma 2.5]) Let By(ilp) be the horoball of height iy based at qo,
and let B (7ie) be the horoball of height il based at go. These two horoballs are
disjoint if and only if

g - oo > 4.

Proposition 4.8. Let d be the uniform depth of cusps of X. Then,
d>min{(Ar —n—1)i, (Ar —n —1)2}.

Proof. By Proposition 4.6, we only need to show that if d > (Ar —n — 1)31, then the
horoballs are disjoint. Let gy = (0, t) be the shortest vertical translation based at g
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and e = (0, fe) be the shortest vertical translation based at ... We write g and go
in the form 2.9:

1 00 1 0 —ite/2
go = 0 I 0|, 8o=1|0 1 0
—itp/2 0 0 00 0

Lemma 4.5 implies that tr[ge, 0] = n+ 1+ ‘%f. Therefore, [ge,g0] € Si and it
follows that
toteo = 4N/ Ar —n — 1.

Consider iig := —%— and 7l := —=—. The inequality above implies that
(Ar—n—1)4 (Ar—n—1)4
and therefore it follows from Lemma 4.7 that the horoballs are disjoint. O

Combining Proposition 4.2 with Proposition 4.8, we finally conclude that the systole
bounds the uniform depth from below:

Theorem 4.1.9. Let d be the uniform depth of cusps of X. Then,
1 1
d>min{(—-2n+s")% (—2n+s")?},

where s' = \/2e15Y5(X)

Direct computation gives the following Corollary which will be used later to bound
the uniform depth of cusps in terms of sys(X):

Corollary 4.1.10. If sys(X) > 41In (51 + (47)*), then

d > eys(X)/16 5 47, (4.3)

4.2 THIN-THICK DECOMPOSITION

In this section, we introduce a version of thin-thick decomposition relative to the

systole. This is not the same as Margulis’ thin-thick decomposition because our

decomposition depends on the lattice I. The main goal of this section is to prove

Theorem 4.2.4 which tells us that the thin part of X does not have any subvariety.
Let g; be a cusp of X with unipotent stabilizer I';. Fix € > 0. Consider the set

U= {xeB"3Ig eTl;d(x,g x) <e}

We define the e-thin neighborhood around the cusp g; as the set U; . := T'\Uj; .. Also,
we fix p = sys(X) /2 and define the thin part of X as union of all p-thin neighborhood
around cusps of X :

Xppin := Uiy Ui p.
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4.2 THIN-THICK DECOMPOSITION

The following Proposition shows that X}, is actually disjoint union of the p-thin
neighborhood around cusps:

Proposition 4.1. If € < sys(X)/2, then U;c N Uje = & for i # j.

Proof. For the sake of the contradiction assume that x € U; N Uj¢. It means that there
exist 71 € I'; and 7, € T such that d(%,v1 - ¥) < € and d(%, 72 - X) < €, where ¥ € B"
is a fiber of x. This in particular implies that d(%,y; ' - %) < e.

Suppose 71 = (7,t) is a Heisenberg translation based at g and 72, = (0,s)
is a Heisenberg translation based at go. We represent 1 and 7, by the matrices

9e0, 80 € PU(Q) respectively, where
1 0 0
s 8o = o Infl 0] .
—(

1 -t —(|t|+it)/2
|t| +1is)/2 —o* 1

0 O 1

Note that 7; ! = (—7, —t) corresponds to g5'. We can write:

| tr(geeg0)| + | tr(g='g0)| = |t (g0 +821)80) |

2 0 |t 1 0 0
tr([O 20,, 0 ] { o I 1 0])
(

0 0 2 —|o>+is)/2 —o* 1
1 .
= ‘2(n+1) + §|T|2(|U|2 — zs)‘

1
>2(n+1)+ §|T\2\0]2.

Hence, either | tr(geg0)| > 1+ 1+ 3|7/?|0|? or |tr(gx!g0)| > n+ 1+ 1|7]*|¢]* and
therefore either 1y, or 7, Ly, must be hyperbolic. But this implies that either
d(%, 7172 - %) > sys(X) or d(%,y; 'v2 - %) > sys(X), which is a contradiction because
d(%, 72 %) < sys(X)/2, d(%,91 - %) < sys(X)/2, and d(%,7; ' - %) < sys(X)/2. O

We define the thick part of X as the complement of the thin part:
Xpnick 1= X \ U1 Usp.

Since every point in a thin part of X has a displacement less than sys(X)/2, the
following Proposition tells us that Xy.jx # .

Proposition 4.2. There exists x € X such that
injx (X) > sys(X)/2.

Proof. Note that if v € T is not unipotent, then it is semi-simple and for every x € B",
we have d(x,v - x) > sys(X). Now, assume for the sake of contradiction that for
all x € X we have inj (X) < sys(X)/2. Therefore, the thin part of X covers all X.
However, this is not possible because the thin part of X is disjoint union of open sets

by Proposition 4.1 and X is connected.
O
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Now we show that the monodromy of p-thin part of X around each cusp is in the
stabilizer of that cusp:

Lemma 4.3. Suppose that € < sys(X)/2. Let U] be a connected component of U, . and
1 : Ul — X be the identity map. Then, ((7r;(U])) is a subgroup of I';.

Proof. As e < sys(X)/2, Proposition 4.1 implies that U; s are disjoint. Fix x € U],
and let v : [0,1] — X be a loop at x which is representative of a class in (71 (U, x)).
Let % be a lift of x to the universal cover B". As v is fully contained in U{, o it lifts
to a loop 4(t) : [0,1] — U, which starts at %. Therefore, § := - % = §(1) isin U,
which means that d(%,7) < €. Let o/ € T; such that d(%,v’ - ¥) < e. By homogeneity,
we have

A,y ) =dly -2y %) =d(x9 %) <e.
Since vy ~! fixes y(g;) and 7 € U;, we get that (gq;) = g; and therefore y € T
O

Finally, we show that every subvariety of X intersects with X, that is, every
subvariety of X contains a point whose injectivity radius in X is larger than sys(X)/2 :

Theorem 4.2.4. Every subvariety of X either intersects with Xpcx or fully contained in D.

Proof. For the sake of the contradiction assume that there exists a connected subvariety
V which is fully contained in Xy;,,. Without loss of generality we can assume that V' is
fully contained in a connected component of a thin part around the cusp ge. Consider
the function —u which is a plurisubharmonic function on the Siegel domain S and
invariant under the action of stabilizer ', (see [BT18b, §2]). Therefore, it follows from
Lemma 4.3 that —u is a well-defined function on every component of the thin part
around g.. Hence, —u is a well-defined plurisubharmonic function on V. Notice that
if a plurisubharmonic function achieves its maximum, it has to be constant. Since V'
is compact, —u must be constant on V. However, it is not possible because the Kahler
form on X is induced from —2iddlog(u)(see [BT18b, Lemma 2.1]) and if — log(u)
were constant, the volume of V would be zero. O

4.3 VOLUMES OF SUBVARIETIES

In this section, we prove Theorem D, and Theorem E. We first state the Hwang and
To’s theorem in the following way:

Theorem 4.3.1. ([HTo2, Theorem 1.1]) Take x € X with injectivity radius r = inj (X). Let
B(x,r) be Bergman ball of radius r centered at x. Suppose V is an m-dimensional subvariety
of X passing through x. Then, the following inequality holds:

volx (VN B(x,r)) > (4r)" sinh?" (r) - mult, (V). (4-4)
m!
Hwang and To generalized the above-mentioned theorem for a general Hermitian
symmetric domain in [HToo, HToz].
In the compact case, Theorem 4.3.1 gives the lower bound on volume of subvarieties
in terms of the injectivity radius of X, however, in the case that X is not compact, the
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4.3 VOLUMES OF SUBVARIETIES

injectivity radius of X escapes to zero as we get closer to the cusps. So we use the
systole, the length of the shortest closed geodesic in X, as a geometric invariant of X
to uniformly bound the volumes of all subvarieties of X. For a compact ball quotient,
the systole is twice the injectivity radius. However, for a non-compact X the systole
is still not zero and can be estimated by the trace of the hyperbolic elements in a
representation of I'.

Theorem 4.2.4 tells us that every subvariety of X has a point with injectivity as
large as sys(X)/2. Hence, we will get the following theorem:

Theorem 4.3.2. Let V be an m-dimensional subvariety of X which is not contained in D.
Then,

(470)"
m!

volx (V) > sinh®" (sys(X)/2). (4-5)

Proof. Theorem 4.2.4 implies that V N Xy,;cxc # @. By Proposition 4.2 there exits a
point x € V with inj,(X) > sys(X)/2. Now, Theorem 4.3.1 gives:

volx (V) > (4:;')"1 sinh®™” (sys(X)/2).

O

Corollary 4.3.3. With the same notation as Theorem 4.3.2, we have that

(Kg+D)™-V > (n+1)"sinh™ (sys(X)/2).
Proof. Theorem 4.3.2 together with 2.7 gives:
(Kg+D)"-V = (n4—;1)mm! volx (V) (by 2.7)
> (n+1)" sinh®" (sys(X)/2) (by Theorem 4.3.2)

O

We recall Bakker and Tsimerman’s theorem which tells us that the uniform depth
of cusps of X bounds the intersection numbers of Ky with subvarieties of X which is
not contained in D.

Theorem 4.3.4. ([BT18b, Corrolary 3.8]) Suppose d is the uniform depth of cusps. Then,
Kx+(1-A)D
is ample for A € (0,d(n+1)/4m).

Now, putting together Theorem 4.3.2, Theorem 4.3.4 and what we proved for the
uniform depth of cusps, Theorem 4.1.9, yields a lower bound for the degree of Ky on
V in terms of sys(X) :
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Theorem 4.3.5. Let V be an m-dimensional subvariety of X which is not contained in D. If
sys(X) > 41n (5n + (47)*), then

K%- V> (ﬁ)m . eMsys(X)/16 (4.6)

Proof. We deal separately with the following two cases:

1. VN D = @ : In this case we have K¥ - V = (Kx + D)™ - V and from Corollary
4.3.3 we get that

K#-V>(m+1)" sinhzm (sys(X)/2) (4.7)
> ( 41:_[)’”6’” sys(X) (becasue of the bound on the systole). (4.8)

2. VND # @ : Since sys(X) > 41In (51 + (47)*)), 4.3 gives that the uniform depth
of cusp is at least 47t and it follows from Bakker-Tsimerman’s theorem (Theorem
4.3.4) that Ky is ample. In particular, this implies that K, is ample. On the
other hand, we know that the conormal bundle —D‘D is ample. Therefore, for
every i > 1, we have

KZ='.(=D)"-V = —(Kg)p)" - (=Dp)" ' - Vp < 0. (4-9)
By Bakker-Tsimerman’s theorem, Theorem 4.3.4, we get that
m
(Kx = (n+1)d/4m=1)D) -V >0,

Expanding this and combining with 4.9 gives:

> ((n+1)d/4m —1)" - —(-D)" -V

((n+1)d/4m —1)" (by ampleness of —D)

(nd/47‘t) (by 4.3)

(n/4m)" - emsysX)/16 (by 4 3). (4.10)

><\§
Y

Y]

Y

Combining 4.7 and 4.10 gives that:

n
K-V > (=

m , ;msys(X)/16
47T) e .

O]

To prove the bound on the canonical volume for a subvariety which does not
intersect the boundary D, we will use the following lemma proved by Brunebarbe:
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Lemma 4.6. [Bruzoa, Proposition 3.2] Let Y be a Kdhler manifold with Kdhler form
w. Assume that its holomorphic bisectional curvature is non-positive and that its
holomorphic sectional curvature is bounded from above by —c < 0. Then,

1_.
ERlcw > w.

Theorem 4.3.7. Let V be an m-dimensional subvariety of X which is not contained in D. If
sys(X) > 41In (51 + (87)*), then

voly > (%)memsys(x)/lé. (4.11)

Proof. Let V' — V be a desingularization such that the set-theoretic preimage of the
boundary divisor D’ is a normal crossing divisor. We consider two cases:

1. VN D = @ : Let w be the Kéhler form induced by the Bergman metric on V’.
Since the holomorphic sectional curvature of the Bergman metric is —1 and
the curvature decreases on a subvariety, we can apply Lemma 4.6 to get that
Ky — Kgy» is nef on V'’ and therefore

ol = voly (Ky) = voly (K.

Since the uniform depth of cusp is sufficiently large, by Theorem 4.3.4 we get
that Ky is ample and therefore

VOlV/ (KY‘V’) K;\V/ = K% -V = dng(V)

We can conclude the desired inequality for this case by Theorem 4.3.5.

2. VND # @ :Since sys(X) > 41n (51 + (47)*)), 4.3 gives that the uniform depth
of cusp is at least 471. Theorem A implies that twisted log-cotangent bundle
0O}, (log(D))(—rD’) is ample for every r € (0,d/2m). Taking determinate gives
that Ky + (1 — mr)D’ is ample for every r € (0,d/2r). Therefore, with the
bound on the depth we get that Ky is ample. On the other hand, we have that

the bundle —D" o is ample. Therefore, for every i > 1, we have

Ky (=D')'- V! = —(Kyyp)" - (=D[p)) - Vip < 0. (4.12)

Set r' = d/2m — €, for a small € > 0. Expanding <KV/ +(1— mr’)D/)m > 0 and
using 4.12 gives that

> (mr —1)" (- |D,
> (mr' —1)" (by the ampleness of — —Dip)
> (md/4m)™
m
> (7)m msys(X)/16 (by 43)

o~

7T
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4.3 VOLUMES OF SUBVARIETIES 46

By the ampleness of Ky we get \;Slv = voly/(Kyr) = K{}, and hence the claim
follows.

O]



EFFECTIVE GLOBAL
GENERATION AND VERY
AMPLENESS

In this chapter, we prove Corollary I, Corollary | based on the bound we found for
degx(V) in Theorem 4.3.5. First, we analyze the problem on the boundary divisor D.

5.1 BASE-POINT FREENESS AND VERY AMPLENESS ON D.

In this section, we prove that if the uniform depth of cusps is sufficiently large,
then 2K5 does not have a base point on D, and moreover 3Ky can separate any two
points, and any tangent direction on D. We first prove that the restricted bundles on
the boundary satisfy these properties. Consider the decomposition of the boundary
divisor D to the connected components D = I_If.‘:l D;. Due to [Mok12], we know that
each D; is an abelian variety with ample conormal bundle Op,(—D;).

Lemma 5.1. The line bundle 2Ky, is base-point free and 3Ky, is very ample for

every i.

Proof. The adjunction formula gives that Ky, = —D;p,. As the conormal bundle
is ample and D; is an abelian variety, —2D;p, is base-point free and —3D;p, is very
ample (see [Ohb87]).

t

In the next two lemmas, we see how we can lift the sections from the restricted
bundle to X. The base locus of a line bundle L on X will be denoted by Bs(L).

Lemma 5.2. Suppose that the uniform depth of cusps is larger than 47, Then, the
following hold:

1. Bs(2Kg) ND =2

2. For any two points on different components of D, there exists a global section
of 2K5 which separate them.

Proof. Let L be 2Kx.

1. By Lemma 5.1, L|p is base-point free and therefore it is enough to show that
we can lift the global section from D to X, that is, H*(X,L) — H%(D, Lyp) is

surjective. Consider the following exact sequence on X :

0—L-D—L—Lp—0
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Writing the long exact sequence we can see that it is sufficient to show H!(X, L —
D) =0. As L — D = Ky + (K¢ — D), if the uniform depth is sufficiently large,
then by Theorem 4.3.4 Kx; — D is ample. Therefore, the vanishing of H Y(X,L-D)
follows from Kodaira’s vanishing theorem.

2. Suppose that we want to separate x € D; and y € D; with i # j. It is sufficient
to find a global section of L — D; which does not vanish at y. To this end, we
can repeat the argument of the first part, but instead of using Theorem 4.3.4, we
should use [BT18b, Proposition 3.6].

O]

Lemma 5.3. If the uniform depth of cusps is larger than 277, then 3K can separate any
two points, and any tangent direction on every connect component of D.

Proof. By Lemma 5.2 and Lemma 5.1, it is enough to show that we can lift the sections
from the boundary, i.e.,

H(X,3Kx) — H’(D,3Kxp) — 0.

Hence, it is enough to show that H'(X, 3Ky — D) = 0. Since d > 27, it follows from
Theorem 4.3.4 that 2K5; — D is ample. Therefore, by Kodaira’s vanishing theorem we
get that H'(X,3Kyx — D) = 0. O

5.2 GLOBAL GENERATION AND VERY AMPLENESS ON X

In this section, we see how we can conclude effective global generation and effective
very ampleness results by using Theorem 4.3.5. We first recall the famous theorem of
Angehrn and Siu on pointwise base point freeness:

Theorem 5.2.1. [AS95, Theorem o.1] Let Y be a smooth projective variety of dimension n,
and let L be an ample line bundle on Y. Fix a point y € Y, and assume that

M)m (5.1)

m-
L"-V > ( 5

for every subvariety V of dimension m passing through y. Then, Ky + L has a section that
does not vanish at y.

Combining Angehrn and Siu’s result with our Theorem 4.3.5 gives that if sys(X) is
sufficiently large relative to n, then 2Ky is globally generated:

Theorem 5.2.2. If sys(X) > 201n (51 + (47)*), then 2Kx; is globally generated.
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5.2 GLOBAL GENERATION AND VERY AMPLENESS ON X

Proof. Using 4.3 we get that d > 47. Therefore, by Lemma 5.2, 2K5; does not have
any base-point on D. On the other hand, Theorem 4.3.5 implies that for every m-
dimensional subvariety V C X which is not contained in D, we have

n
KE-V > (—
X 0= (471
> n" (51 + (47)*)" (by the bound on sys(X))

nn+1)\m

2 )

)m . Msys(X)/16

> (

Therefore, Theorem 5.2.1 implies that for every point x € X \ D, there is a section of
2Kx which does not vanish at x. Hence, 2K is globally generated. O

Now, we prove a proposition which will be used to show that 2K5 can separate a
point in X from a point in D :

Proposition 5.3. If sys(X) > 20In (51 + (87)%), then for every x € X there exits
s € H(X,2Kx — D) such that s does not vanish at x.

Proof. Since sys(X) > 201n (Sn + (87‘[)4), the uniform depth of cusps is larger than
47t(see 4.3) and therefore by Bakker-Tsimerman’s result, Theorem 4.3.4, Ky + (1 —A)D
is ample for A € (0, ("I;)d). On the other hand, as Kz, = —Dp and —D)p is ample,

for every subvariety V of dimension m and every 1 <i < m we have

(Kx —2D)""{(=D)"- Vjp = —(Kx — ZD)Z\'D(_D\D)J._l -V ==38(=D)p)" " Vp <0,

(5.2)
Expanding (K — (1 — (n;i)d)D)m -V > 0 and using 5.2 we get:
m n+1)d m m—
(kg —20)" v = (WEDE qynpyet oy,
> (W)m(by the ampleness of —D)p)
n+1lm
> ( = ) e sys(X)/16 (by 43)

> (n+1)"n™ (by the bound on sys(X))

Hence, Theorem 5.2.1 gives that 2K5; — D has a global section which does not vanish

at x.
O

We recall the result of Ein-Lazarsfeld-Nakamay on the pointwise separation of jets:

Theorem 5.2.4. ([ELN96, Theorem 4.4]) Let Y be a smooth projective variety of dimension
n and let L be an ample line bundle on Y satisfying L" > (n + s)". Let b be a non-negative
number such that Ky + bL is nef. Suppose that my is a positive integer such that moL is free.
Then, for any point y € Y either

(a) Ky + L separates s-jets at y, or
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5.2 GLOBAL GENERATION AND VERY AMPLENESS ON X

(b) there exists a dimension m subvariety V containing y and satisfying

n!

m)!)nm(”JFS)n (5-3)

deg, (V) < (b+m0-m+ (1=

Let Y be a smooth projective variety and L be a nef line bundle on Y. Fix a point
y € Y. The Seshadri constant of L at y is the real number

L-C

S(L, y) = inf m,

where the infimum is taken over all curves C passing through v.

Plugging in our Theorem 4.3.5 and Theorem 5.2.2 to the result of Ein-Lazarsfeld-
Nakamay allows us to separates s-jets of 2Ky on X if sys(X) is sufficiently large with
respect to n and s :

Theorem 5.2.5. Let s be a positive integer. Suppose that
sys(X) > 20max{nln ((1+2n+n!)(n+s)),In (512 + (87)*)}.

Then for every x € X, the line bundle 2Ky, separates s-jets at x. In particular, for every x we
have that
e(Kx, x) >s/2.

Proof. Since sys(X) > 201n (57 + (87)*), Theorem 5.2.2 implies that 2Ky is globally
generated. Also, as sys(X) > 201In(n + s), Theorem 4.3.5 implies that

K% > (n+s)".

Note that plugging in the lower bounds on sys(X) in Theorem 4.3.5 gives that for a
subvariety V of dimension m which does not contained in D, the following inequality
holds:

!

(n—m))!

Now, applying Theorem 5.2.4 to L = K¢, mg = 2 and b = 1 gives that 2K separates
s-jest at every x € X.

Combining the separation of jets with [BRH" 09, Proposition 2.2.5 ] gives that
€(2Kx, x) > s. Since €(2Kx, x) = 2¢(Kx, x), we get the desired inequality. O

K-V >n"(1+4+2n+n)"(n+s)" > (b+2m+ )M (n4s)".

We recall a result of Kollar which tells us that a line can separate two points if the
degree of every subvariety passing through either of the points with respect to the
line bundle is sufficiently large relative to the dimension of the ambient space:

Theorem 5.2.6. ([Kolg7, Theorem 5.9]) Let L be a nef and big divisor on a smooth projective
variety Y. Let x1,x; be closed points and assume that there are positive numbers c(k) with
the following properties:

1. If V. C Y is an irreducible m-dimensional subvariety which contains x; or x, then

L™ -V >c(m)™.
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5.2 GLOBAL GENERATION AND VERY AMPLENESS ON X

2. The numbers c(k) satisfy the inequality

dim(x) k
Yy, V2—=<1
k=1 c(k)

Then, Ky + L separates x1 and x.

Definition 5.7. ([Takg3]) Let L be a line bundle on a smooth projective variety Y and
D be a divisor on Y. The line bundle L is said to be very ample modulo D if the
rational map ®; : Y --» P(H°(Y,Oy(L)) is an embedding of Y \ D.

Note that Theorem 5.2.2 says that the rational map @k : Y --» P(H’(Y, Oy(2Ky))
is globally defined map on Y. Moreover, the following theorem gives that this map is
in particular injective on X and can separate any two tangent directions at whole X :

Theorem 5.2.8. Suppose that
sys(X) > 20max{nln ((1+2n+n!)(n+1)),In (572 + (87)*)}.
Then the map ®ox, : X — P (H'(X,2Ky)) satisfies the following properties:

1. Ifquy(xl) = ¢2Ky(x2) for some x1,xy € X, then x1,x € D;, where D; is some
connected component of D.

2. Oy, separates tangent directions at every x € X.

Proof. Separation of points: Note that by Lemma 5.2 if ¢2Ky(x1) = ¢2Ky(x2) and
x1,x2 € D, then they both lie on the same component of D. Hence, we only need to
deal with the following two cases:

1. x;,x0 € X :Let V.C X be a subvariety of dimension m which passes through
either x; or x5. Fix ¢ = ne%5(X)/20, By Theorem 4.3.5 we have that

K% -V > "
Therefore, by Kollar’s Theorem (5.2.6) we can separate any two points x1, x; € X.

2. x1 € X, x3 € D : By Proposition 5.3, there is a section s € H(X, 2Ky — D) which
does not vanish at x1. Therefore, as 2Ky — D is a subbundle of 2Ky, we get a
section of 2Ky which does not vanish at x1, but vanishes on D and in particular
at x».

Separation of tangent directions: For x € X, the separation of tangent direction
follows from Theorem 5.2.5 when s = 1.
O

In particular, Theorem 5.2.8 implies that 2K is very ample modulo D.

Theorem 5.2.9. With the same assumption on sys(X) as Theorem 5.2.8, 3Kx; is very ample.
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Proof. By Theorem 5.2.8, we only need to show that 3Ky can separate any two points
and any tangent direction on any connected component of D, which follows from
Lemma 5.3. O

Putting all of these together, we get:
Corollary 5.2.10. Suppose that

sys(X) > 20max{nln ((1+2n+n!)(n+1)),In (572 + (87)*)}.
Then, the following hold
1. 2Ky is globally generated and very ample modulo D.
2. 3Ky is very ample.

Proof. The global generation of 2K follows from Theorem 5.2.2. The very ampleness
modulo D follows from Theorem 5.2.8. The very ampleness of 3Ky follows from
Theorem 5.2.9. O

5.3 SESHADRI CONSTANT

The goal of this section is to study the relation between the Seshadri constant and the
systole of X and in particular we prove Corollary ?? in this section.

In addition to what we obtained on Theorem 5.2.5 about the Seshadri constant
€(2Kx, x) for x € X, we can obtain the following result which has smaller bound on
sys(X) :

Corollary 5.3.1. Suppose that sys(X) > 201n (51 + (87)*). Let
E:={x € X|e(Kx, x) < esys(X)/201
Then, E satisfies the following properties:
1. EN Xyick = 9.
2. E does not contain any positive dimensional subvariety.
3. E is contained in a Zariski closed proper subset of X.

Proof. 1. Fix x € Xyick- Let C C X be a curve passing through x. Since x € Xk
we have inj, (X) > sys(X)/2. On the other hand, the bound on the systole gives
that d > 87, therefore by Theorem 4.3.4 Ky — D is ample. We can write:

2Kx - C > (K¢ + D) - C (By ampleness of Ky — D)

> volx (C)

4

> n —17—-[1 sinh? (sys(X)/z) -mult, (C) (by 4.3.1).
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5.3 SESHADRI CONSTANT

Therefore,

n+1
/Kﬁ >
€(x X) - 87-[

and this gives the first property.

sinh? (sys(X)/2) > e¥s(X)/20,

2. Combining (i) with Theorem 4.2.4 we conclude that E does not have any positive
dimensional subvariety.

3. Note that Theorem 4.3.5 implies that for every m-dimensional subvariety V ¢ D,
we have 1
n_n X)/16
(K% . V) mo> ?esys( ) .

Putting this in [EKLg5, Theorem 3.1] gives
1
e(KY, x) > Eesys(X)/m > eSYs(X)/20. (5.4)

for all x € X off the union of countably many proper subvarieties of X. On the
other hand as K5 is ample by using [EKLg5, Lemma 1.4] we can conclude that
the inequality 5.4 holds on Zarisiky open set, i.e, E is contained in a proper
subvariety of X.

O

Consider the decomposition of the boundary divisor D to the connected compo-
nents D = I_IfleDi. Due to [Moki2], we know that each D; is an abelian variety with
ample conormal bundle Op, (—D;). The adjunction formula gives that Kx,p,, is isomor-
phic to the conormal bundle Op,(—D;). Suppose that D; = A;\W;, where W; = C" !
is a complex vector space of dimension n — 1, and A; = Z"1is a lattice in W;. It is
classical that every ample line bundle on D; determines a positive definite Hermitian
form on W;. Suppose H; is the positive definite Hermitian form determined by Kxp,
on W;. The real part

Bi = Re(Hi)

defines a Euclidean inner product on W; (see [Laz17, sec 5.3.A] for more details). Let
l; be the length of the shortest vector of A; with respect to B;. We define the systole of
the boundary as

sys(D) := min%_, I;.

The following lemma gives a lower bound for the Seshadri constant of Ky, in
terms of the systole of the boundary:

Lemma 5.2. Let x be a point on a connected component of the boundary, D;. Then,
T 2
€(KY|Di/x) 2 Z'SYS(D) .

Proof. This follows from [Laz1y, Theorem 5.3.6]. O]

Combining this lemma with the previous results gives that if the systole of X
and sys(D) are sufficiently large, then the Seshadri constant e(Ky, x) is large and in
particular 2K is very ample:



5.3 SESHADRI CONSTANT

Corollary 5.3.3. Suppose that sys(D) > 2+/2n/7 and that
sys(X) > 20max{nIn (5n(1 +2n +n!)),In (51 + (87)*) }.
Then, for every x X we have
€(Kx, x) > 2n,
and in particular 2K is very ample.

Proof. Let C C X be a connected curve passing through a point x € X. We consider
there cases:

1. x € D and C fully contained in a D : Let D; be the connected component of D
which contains x. Lemma 5.2 implies that

Ky -C=Kgpp,-C= gsys(D)2 -mult, (C) > 2n - mult,(C).

2. x € D and C is not contained in D : Plugging in the bound on the systole in
Theorem 4.1.9 gives that the uniform depth of cusps d is at least 87r. By the
theorem of Bakker-Tsimerman, Theorem 4.3.4, the line bundle K¢ + (1 — A)D is
ample for A € (0, (n + 1)d/4m). Hence, we can write

(n+1)d
47
nd

> i mult, (C)

> 2nmult,(C).

Kg-C>( ~1)D-C

3. x € X : For this case we will use Theorem 5.2.5. Plugging in s = 2n to this
theorem gives that:

Kx-C > 2n-mult,(C).

Hence, for every x € X we get that e(Ky,x) > 2n. Combining this with
Demailly’s theorem [Damg2, Proposition 6.8).] implies that 2K is very ample.

O
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RATIONAL POINTS

6.1 BOMBIERI-LANG CONJECTURE

Let C be a smooth projective curve defined over Q and let g be the geometric genus
of C. In 1983 Faltings proved in his celebrated paper [Fal83] thatif ¢ > 1,i.e, Cisa
compact ball quotient of complex dimension 1, then C(Q) is finite. Bombieri and Lang
stated a conjecture on a generalization of Faltings” theorem to higher-dimensional
varieties:

Conjecture 6.1. (Bombieri-Lang) Let Y be a smooth projective variety defined over a number
field K. Suppose Y is a variety of general type. Then, there exists a proper algebraic subset
D C Y that contains all but finitely many points of Y (K).

This conjecture is known for curves and subvarieties of abelian varieties by the
seminal work of Faltings [Fal83, Falg1] in 1983 and 1991. Up to the cases that can be
reduced to Falting’s results, this conjecture has remained largely open since 1971.

Given Corollary 3.4.2, Bombieri-Lang conjecture predicts that there are only finitely
many rational points on ball quotient with uniform depth greater 27r. While this
conjecture is widely open, we can bound the growth rate of rational points in terms
of systole.

6.2 SPARSITY OF RATIONAL POINTS

The goal of this section is to prove Corollary H which is based on fundamental idea
of Bombieri-Pila:

Theorem 6.2.1. ([BM>22, Theorem 3.4]) Let D be a closed subvariety of PY, € > 0 be a real
number, and n > 0 and e > 1 be integers.

Then, there is a real number C = c(n,e, N, F, D, €) with the following property: For an
integral n-dimensional closed subvariety Y of PY of degree < e such that each positive-
dimensional integral closed subvariety in Y not contained in D has degree > d9™(X) for some
integer d > 1, and a real number B > [F : Qle, the following inequality holds:

#{x c Y(P) \ D ’ H(x) < B} < CB(1+€)[F:Q]n(n+3)/d.

Now, combining our effective estimate (Theorem 4.3.5) on the degree of the subva-
rieties with Theorem 6.2.1 we can conclude:
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Corollary 6.2.2. Suppose that X is defined over a number field F and sys(X) >
41n (51 4 (47)*). Let L = Ky and € be a positive number. Then, there exists a
constant C depending on X, F and € such that for every B > €[F : Q] one has :

#{x € X(F) | Hp(x) < B} < CB,

where
47t[F : Q](n +3)

0= eSys(X)/16

(1+e).

Proof. With the bound on the systole, Theorem 4.3.5 tells us that L is ample bundle as
it has positive intersection with all subvarieties. Let b be an integer such that bL is
very ample. Now, we can embed X into some projective space PN by bL. Applying
Theorem 4.3.5 gives us that for every subvariety of X not contained in D one has:

nb

(L) v)/m > (3

)esys(X)/l6.

Because of the bound on the systole, we know that the left hand side of the inequality
is greater than 1. Hence, applying Theorem 6.2.1 gives us that:

#{x € X(F) | Hy,(x) < B} < CBHIFQInt3)1xe)/bs) (6.1)
where s = ¢%¥5(X)/16 and C is constant depending on X, F and € (note that N, 7 and e
is fixed when we fixed X and L. Also, the toroidal compactification is unique for a
ball quotient, therefore all of theses data only depend on X). To conclude, note that
H(x) < B if and only if Hy; (x) < B’. Therefore replacing B with B? implies the
claim. O
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