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Abstract

This thesis contributes to the study of the two-dimensional water wave problem in the presence
of a variable bottom topography, which describes the motion of a free surface over a body of water
under the influence of gravity. When the bottom topography is flat (with depth possibly infinite), it
is known that, in a weakly nonlinear regime, the envelope of modulated surface waves is governed
by the cubic nonlinear Schrédinger (NLS) equation. This result was derived in the case of infinity
depth by Zakharov (1986), and later extended to finite depth domains over a flat bottom by Hasimoto
and Ono (1978).

In this thesis, we extend this derivation to the two-dimensional water wave problem in the case
of a variable bottom, assumed to be a smooth periodic function. Starting from the Zakharov/Craig-
Sulem formulation of water waves, we use a multiple-scale method to write the surface wave in
the form of a slowly modulated Bloch-Floquet wavepacket, which propagates at the group velocity.
We show that the envelope of wave amplitude is governed by the NLS equation. A key step in this
process is to investigate the actions of the Dirichlet-Neumann operator on multiple-scale functions
of various forms.

We also present perturbative calculations of the Bloch-Floquet eigenvalues and eigenfunctions
of the Dirichlet-Neumann operator when the variation of periodic bottom is small. These are used

to study the effect of the variable bottom on the coefficients in the NLS equation.
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Chapter 1

Introduction

The water wave problem refers to a class of mathematical and physical problems related to the
motion of waves on the surface of water bodies, such as oceans, lakes, rivers and canals. Water
waves play a significant role in various natural and artificial phenomena, making their understanding
crucial across scientific domains such as fluid dynamics, oceanography, coastal engineering, and
environmental science. For instance, understanding water waves and their interactions with the
environment contributes to safe marine transportation, enhances coastal engineering construction,
facilitates harnessing wave energy for power generation, and improves weather forecasting and
tsunami monitoring. Therefore, the study of the water wave problem has both scientific and practical

importance.

The mathematical study of water wave equations can be traced back to 1781, when Lagrange
wrote the basic equations to describe the motion of waves on the free surface of water and solved
them in the case of small waves on shallow water [14]. Since then, the study of the water wave
problem has maintained its significance as an active field in mathematics, physics and engineering

for more than 200 years.

The water wave problem involves describing the motion of an incompressible, inviscid, and
irrotational fluid in a d-dimensional fluid domain (d = 2 or 3), under the influence of gravity. The
fluid domain S(1,b) is assumed to be infinite in the horizontal direction, bounded below by a fixed
bottom —/ + b(x) and bounded above by a free surface 1 (x,7), which acts as the interface between
the fluid and the surrounding air (see Figure . As the free surface 1 (x,) varies over time, the

domain S(n,b) is time-dependent and can be expressed as
S(n,b) ={(x,y) :x e R —h+b(x) <y <n(x,1)}, (1.1)
with the boundary I'}, at the bottom and the boundary I" at the free surface, which are given by
[y ={(x,y): xR y=—h+b(x)}; T={(xy) :xcR"y=n1}. (1.2)

Here, h represents the average depth of the water, and b(x) denotes the perturbation to a flat bottom.
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Air

n(x, t)

h S(W! b) Water

Figure 1.1: The fluid domain S(n,b)

The case where b(x) = 0 corresponds to the water wave problem over a flat bottom. This thesis

concerns the case where the bottom is variable b(x) # 0.

The motion of water waves is governed by the Euler equations, with the unknowns being the

velocity potential ®(x,y,#) and the free surface elevation 1 (x,?).

AP =0 in S(n,b),
Oh®=0 on I},
P+ 1VPP+gn=0 on T,
\atn+axn-axc1>—ayc1>:o on T,

(1.3)

where n is the unit exterior normal vector to the boundary I';, at bottom and g is the gravitational

acceleration.

Zakharov formulated the above boundary value problem in the form of a Hamiltonian
system using canonical variables 1 (x,7) and & (x,7), where & is defined as the trace of the velocity
potential on the free surface, expressed as & (x,#) = ®(x,n(x,7),t). Following this, Craig and Sulem
made a significant contribution by introducing the Dirichlet-Neumann operator (DNO) G[n, ],
converting the original problem (1.3 with free boundary conditions into the problem (1.4)), where

unknowns 7 and & are evaluated only on the free surface:

3:” _G[nvb]é =0

1 2
3t§+g77+§|3x§| —m

L (Gln.blE +aum-0.E) —o0. 4

This formulation of the gravity waves equations, known as the Zakharov/Craig-Sulem formulation,
has been widely used to study the well-posedness of the water wave system [[19]], asymptotic models
derived from the water wave system in various physical regimes [[13]], as well as numerical simula-
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tions [15]].

Water wave equations ((1.4)) exhibit a particularly rich structure, allowing solutions with dra-
matically different properties depending on the physical characteristics of the flow. For instance,
dispersive effects are more important in deep water than in shallow water, and nonlinear effects
become more significant as the amplitude of the waves grows larger. Due to the complexity and va-
riety of wave dynamics phenomena, it is useful to introduce non-dimensional parameters and derive
approximate asymptotic equations to describe qualitative properties of the solutions to particular
problem under consideration.

Let us introduce 2 typical length scales of the problem.

1. (Nonlinearity Parameter) € = %, where A is the water depth and a is the amplitude of surface

wave. € describes the relative size of amplitude or equivalently strength of the nonlinearity.

h .
, where A is the free surface wavelength. & measures the

2. (Shallowness Parameter) § = T

shallowness of water.

In the asymptotic regime of shallow water with small amplitude, where €,0 are small (i.e.
€,8 << 1) and € = §2, the long-time dynamics of the surface wave 1 can be approximated by the
Korteweg-de Vries (KdV) equation

0:M) + 311 + Mduf) =0, (1.5)

where free surface elevation 1) = £21), long-time variable T = £t and u = &(x — cqt) with ¢, = /gh.
Many works have been devoted to the derivation of the KdV equation and its rigorous justification
[4L]19,125]).

Another important regime is the weakly nonlinear regime or modulational regime which pro-
vides a canonical description of small amplitude dispersive waves in various contexts. We first
present this regime in the simple case of the Klein-Gordon equation (see Chapter 1 in [24]] for more
details)

v,,—Av+v:v3. (1.6)

If the nonlinear terms are neglected, v admits a solution in the form of a monochromatic wave

i(kx—w(k)r)

v(x,1) = gue' +cc. (e<<1), (1.7)

where c.c. denotes the complex conjugate of the preceding terms. The amplitude u is a constant and

(k) is related to k by the dispersion relation
o' =k +1. (1.8)

The method of multiple-scale consists in assuming that u is no longer a constant but depends on

slow time and long spatial variables, and provides a canonical evolution equation for the envelope
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u in terms of variables y = 8(x - (k)t) and T = £%¢, which is the Nonlinear Schrodinger (NLS)
equation

: 3
mur+w%@ump+aagmﬂu:0. (1.9)

This approach is very general and can be applied to many physical problems including the water
wave problem.
In the case of water waves over a flat bottom of average depth #, the free surface displacement

7 is given by, at leading order,

n ~ gu(ex, er) KN

+ce+---, (e<<]) (1.10)
with the dispersion relation
w? (k) = gktanhkh. (1.11)

Then the slowly varying amplitude u(éex, €t), in a reference frame moving with the group velocity
cg = o' (k), satisfies the NLS equation

itz + @ (k) + xul*u =0, (1.12)

where T = €%, i = €(x— @' (k)t) and  is a coefficient depending on k and h.

The cubic NLS equation was derived from the two-dimensional water wave problem by Za-
kharov [27] in the case of infinitely deep water. Shortly thereafter, Hasimoto and Ono [18]] obtained
the NLS equation in the case of finite depth to describe the modulational regime of water waves.
The above results are formal derivations. A partial rigorous derivation of the NLS equation from the
two-dimensional and three-dimensional water wave system is given in [12] and [13]] respectively.
The authors proved that an approximate solution in the form of a wavepacket with an envelope
satisfying the NLS equation (or the Davey—Stewartson system in three dimension) satisfies the wa-
ter wave system up to a certain order. Later, Totz and Wu [26] obtained a bound for the error
(n — 1) between the exact solution and approximate one on time interval O(£~2) in the case of
two-dimensional problem in infinite depth.

This thesis is devoted to the motion of a free surface of a two-dimensional fluid over a variable
bottom. There is a large literature about the effect of a variable bottom on free surface waves
[658L22]. The usual mathematical assumptions is that the bottom variation are either periodic or
describing by a random process. Here, we assume that the bottom variation b(x) is a periodic
function of x. The goal is to study the modulation regime in this case and derive an NLS equation
for the amplitude of the wavepacket. In particular, we precisely calculate how the coefficients on
the NLS equation depend on the function b(x).

The organization of this thesis is outlined as follows.

In Chapter |2} we formally describe the mathematical formulation of the water wave problem.
We start by introducing the Euler equations governing an incompressible, inviscid, and irrotational

fluid in the domain S(n,b). From the Hamiltonian system of water waves equation, we define the



CHAPTER 1. INTRODUCTION 10

DNO G[n,b] and derive the Zakharov/Craig-Sulem formulation ( 1.4)), which is expressed in terms
of the canonical variables 17 and £&. We end this chapter by introducing the linearized water wave
equations. In solving these linearized equations in the presence of a periodic bottom, we replace the

monochromatic harmonic waves (with the dispersion relation (I.TT))

io(k) 0
M| g | ueteo®n 4 ooy , (1.13)
3 1 ¢

by the Bloch-Floquet plane waves of the form

iQ,(0) 0
<Tl> _ ¢ ue 01y (x 0)+c.c.+ ( > 7 (1.14)
¢ 1 ?

where Q,(0) = \/gA,(0). The eigenvalue A,(6) and eigenfunction ¢, (x, 6) arise from the Bloch-
Floquet spectral problem of the DNO G[b] := G[0, b] with 8-periodic boundary conditions

Gb]¢(x,0) = A(6)9(x,0),

(1.15)
9 (x+27,0) = §(x,0)¢>™.

In Chapter [3] we focus on the Dirichlet-Neumann operator, which plays a central role in our
modulation analysis of the water wave problem. We provide an overview of fundamental properties
of the DNO used in this thesis, including the expressions of G[b] and the Taylor expansions of
G[n,b] in powers of surface elevation 1, as initially derived by Craig and Sulem [11] in the case of
a flat bottom problem, and later extended to the case of a rough bottom problem by Craig, Guyenne,
Nicholls and Sulem in [6] . Additionally, we review the Bloch-Floquet Theory for G[b] developed
in [1,/5/20] for small bottom variations that are useful for our problem. Since G[b] can be seen
as a nonlocal pseudo-differential operator with periodic coefficients, the Bloch-Floquet spectral
decomposition was introduced to describe its spectrum. According to the references mentioned
above and under the assumption of small bottom variations, the spectrum of G[b] is composed of
bands separated by gaps, which arise due to the presence of a periodic bottom.

Chapter 4| is devoted to the case of a flat bottom problem, we present a formal modulation
expansion of the water wave problem and derive the NLS equation as an envelope equation, serving
as a review of previous work [13]]. In contrast, Chapters[5and[6|focus on the problem over a periodic
bottom, representing the contribution of my study. In the weakly nonlinear modulation regime, the
amplitude of surface deformations 1 is assumed to be small. Starting from the solutions to the

linearized water wave equations, ( 1.13) or ( 1.14), the theory of modulation involves replacing

the constants u# (amplitude) and ¢ (mean potential) with slowly varying functions depending on
variables X = €x and T = &f. The multiple-scale analysis is introduced to avoid resonant terms
arising from the cumulative effects of weak nonlinearities over long time intervals or large spatial

distances. A crucial step in this analysis involves exploring the multiple-scale expansions of the
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DNO when it acts on multiple-scale functions. In the flat bottom problem, the expansion of the
DNO G[0] = DtanhAD acting on multiple-scale monochromatic harmonic waves is derived in [12].
However, in the case of a periodic bottom problem, it becomes more challenging because we lack
explicit formulas for the Bloch-Floquet plane waves defined by Bloch-Floquet spectral problem
(1.15), and these waves also depend on the Bloch-Floquet parameter 6. Therefore, in Chapter
we perform a detailed examination of the actions of G[b] on multiple-scale functions of three
various forms. Based on this preparatory work, we examine the solvability conditions at order &2
and &3 respectively in Chapter @ and derive the cubic NLS equation for the envelope amplitude.
The presence of a periodically varying bottom modifies the coefficients of the NLS equation. In
particular, the coefficient of the nonlinear term becomes quite complicated.

In Chapter [/ to gain a better understanding of the NLS obtained in the periodic bottom prob-
lem, we perform perturbative calculations of the eigenvalues and eigenfunctions associated with the
Bloch-Floquet spectral problem of G[b] for b(x) = yfB(x), where ¥ is assumed to be small and inde-
pendent with the nonlinearity parameter €. These calculations show in particular how the coefficient
of the dispersion term in the NLS equation is affected by the presence of a small periodic bottom.

Chapter [§]is devoted to concluding remarks and open questions.



Chapter 2

Mathematical Formulation of the
Problem

2.1 Free Surface Euler Equations

We begin by providing a mathematical description of the motion of two-dimensional surface gravity
waves. The time-dependent fluid domain S(n,b), along with its boundaries I" and Iy, is described in
(1.1) and (1.2) with d = 2 (see Figure[I.1). The elevation of the free surface is denoted by 7 (x, 1),

with the quiescent water level set at y = 0. The variable bottom is b(x) = —h+ b(x), where & denotes
the finite average depth of water and b(x) represents the bottom perturbation around y = —h. We

assume, without loss of generality, that

2n
/ b(x)dx = 0. (2.1.1)
Jo

The bottom perturbation b(x) is assumed to be periodic with a period of 27 in the horizontal direc-
tion x. Specifically, we require b(x) € C*(T'), where T is the periodized interval [0,27).
To describe the motion of the fluid, we introduce the following physical assumptions:

* (i) The fluid is inviscid and incompressible.
e (ii) The flow is irrotational.

e (iii) There is no surface tension, and the pressure at I is equal to the air pressure ;.. (Sur-

face tension can be incorporated, but it is neglected in our study.)
* (iv) The fluid has constant density p.

* (v) The water bottom always remains below the water surface, that is, n(x,#) +h —b(x) >

ho > 0 for some positive constant /.

Let U(x,y,t) € R? be the velocity field of the fluid, and Z(x,y,t) € R be the fluid pressure in

S(m,b) at time ¢. The gravitational acceleration is denoted by g.

12
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By the conservation of mass and momentum, the motion of an incompressible and inviscid flow

is governed by the Euler equations
V.U=0 in S(n,b), (2.1.2)
1
U+ (U-V)U= —Evy—gey in S(n,b), (2.1.3)

d 0
where spatial gradient V = (;) and vertical unit vector ey = <1> . In addition, the assumption of
Y

irrotational flow implies
VxU=0 in S(n,b). (2.1.4)

On the free surface I', the boundary conditions are given by the kinematic condition
on=4/14]n*U-n on T, (2.1.5)
and the dynamic condition (in the absence of surface tension)
X=X, on T, (2.1.6)

where n is the unit exterior normal vector to the upper boundary T

On the lower boundary I}, the Euler boundary condition is
Un=0 on I}, 2.1.7)

with the unit exterior normal vector n to the lower boundary T'.

Equation (2.1.4) implies that we can define the velocity potential ®(x,y,) € R such that
U=Vo. (2.1.8)

We can reformulate the Euler questions and boundary conditions in terms of ®. From (2.1.2)), the

motion of fluid is described by Laplace equation

AD=0 in S(n,b). (2.1.9)
We can rewrite (2.1.3)) as
1 1
V(8,®+§\V¢|2+E<@+gy) —0, (2.1.10)
which implies
1 1
at<1>+§ch1>\2+gy: —532’+f(t). (2.1.11)

1
When evaluating ( 2.1.11) on free surface I, E & is a constant according to the dynamic boundary
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condition (2.1.6). Since f(¢) is an arbitrary function of ¢, without loss of generality, we can choose
£ () such that the right-hand side of ( 2.1.11)) is zero (when evaluating on I'). Hence, the boundary
condition on I can be rewritten as

1
8,<I>+§]V<I>\2+gn:0, (2.1.12)

which is also known as Bernoulli condition. Furthermore, the boundary conditions (2.1.5) and (
2.1.”7) can also be rewritten in terms of &.

In summary, we obtain the following boundary value problem, known as the potential flow

formulation of the Euler equations:
AD=0 in S(n,b). (2.1.13)
On the bottom I';, ® obeys the Neumann boundary condition
oh®=0 on T3, (2.1.14)

where 1 is the unit exterior normal vector and d,® at bottom is given by

1 8xb(x)
anq)}y:*thb(x) - m < -1 > -

The boundary conditions on free surface I" are Bernoulli and kinematic conditions, namely

|
P+ - |VP|*+gn=0
ASEIAUREL on T. (2.1.15)

onN+dnoP—-oP=0

2.2 Hamiltonian System and Zakharov/Craig-Sulem Formulation

Another form of the water wave system is given by the Zakharov/Craig-Sulem formulation. This
formulation will be used throughout our work because it has the advantage of evaluating all un-
knowns at the free surface only, making it well-suited for studying the asymptotic dynamics of
water waves. Let us review the derivation of this formulation in detail.

We define & (x,7) := ®(x,n(x,7),7) as the trace of the velocity potential on the free surface.
Since the boundary value problem for Laplace’s equation has a unique solution, the fluid flow is
fully determined by quantities 1(x,#) and & (x,#), which are defined on the free surface. In [27],
Zakharov expressed the system (2.1.13)—(2.1.15)) in the form of a Hamiltonian system, where the

Hamiltonian function H of the canonical variables (1, &) represents the total energy

nx 1 ) I,
H:// ~|VO| dydx+/ —gn?(x)dx. 2.2.1)
R J—h+b(x) 2 R2
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The first and second terms represent kinetic and potential energies, respectively.

Craig and Sulem [11]] proposed a formulation involving the Dirichlet-Neumann Operator (DNO)

G[n, b] defined as follows:
G[nab]é =V 1+ |9xn\29n‘b’y:n, (2.2.2)

where @ is the solution of the boundary value problem

A®=0 in S(n,b),

(2.2.3)
q)’y:n =&, anq)‘yzfiwb(x) =0.
The normal derivative of ® in (2.2.2)) is given by
1 —an
h®| = VO (x, 1 (x),1). (2.2.4)

The operator G[n,b| is a linear map that associates & to the normal derivative d,® on the free
surface, multiplied by /1 + |d,1|2. This non-local operator G[n,b] nonlinearly depends on both 1
and b.

An application of Green’s identity allows us to express the Hamiltonian (2.2.1)) in terms of the

canonical variables L
H =5 [ 06N, bEW +en* (. (22.5)

The Euler’s equations for water waves take the following representation

2 ocH
) %f ) (2.2.6)
where the right-hand sides are variational derivatives of the functional H.

On the other hand, d,n and d,;& can be expressed in terms of canonical variables 1, & and the

DNO G[n,b]. On the free surface, we apply chain rule to & (x,7) = ®(x,n(x,7),t) to compute

a[¢ — a,& - aﬂ] ay(b,

(2.2.7)
P = 0§ — dn o, P.
We additionally have on the free surface
_ G[n,b]E +0xn oG
P = T+ P . (2.2.8)

Combining equations (2.2.2)), (2.2.4), (2.2.7) and (2.2.8)), the boundary conditions ([2.1.15]) can be
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rewritten as

atn :G[n7b]§7

1 1
& =—gn-— 5(9x5)2+ 20+ @)

which is known as the Zakharov/Craig-Sulem formulation of the water wave problem. The right-
hand side of (2.2.9) identifies to the variational derivative of H with respect to & and 7 in ( 2.2.6).

Oﬂnﬁﬁ—kanag){ (2.2.9)

2.3 Linearized Water Wave Problem

When studying the modulation of weakly nonlinear surface waves, the surface deformations 1 (x,?)
are assumed to be small. It becomes crucial to analyze the linearized water wave equations near
a surface at rest. Neglecting the nonlinear terms in (2.2.9), we derive the linearized water wave

equations around the stationary solution (1,&) = (0,0), given by

RSIHRH
8 o 5 0/ o

When 1 = 0, we denote G|0,b] by G[b], which associates to the domain (see Figure
S(0,6) = {(x,y) : x €R, —h+b(x) <y < O} (2.3.2)

The operator G[b] is defined as

G[bE = aycb\yzo, (2.3.3)
where @ is the solution to the following boundary value problem
AD=0 in S(0,b),
(2.3.4)

q)’)’:() =¢, aIICI)|y:chrb(x) =0.

Eliminating the variable &, the linearized system (2.3.1) can be simplified to a second-order
evolution equation
.M +gGlbln = 0. (2.3.5)

Equation (2.3.5) is analogous to the wave equation if we replace the operator G[b] with the Lapla-

cian. Thus, it can be solved using the method of separation of variables.

2.3.1 Linearized Problem over Flat Bottom

In the linearized water wave problem over a flat bottom b(x) = 0, the operator G[0] can be explicitly

expressed in terms of Fourier multiplier notation.
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.
n(x, ) = 0 '

5(0, b) Water

—h + b(x)

Figure 2.1: The fluid domain S(0, )

Definition. (Fourier Multiplier). The Fourier multiplier M(D) : L*>(R) — L*(R) is defined by alter-
ing its Fourier transform
M(D)f(k) = M(k)f (k). (2.3.6)

Using inverse Fourier transform, we have
1 i -~ 1 j '
M(D)f(x) = —— / M () Flk)dk = — / / MO M (k) (2 ) k. 237
D))= o [ min)fkrar= 5[] (0)7() 237)
Proposition 2.1. When the bottom is flat, the operator G[0] has a Fourier multiplier expression
G[0] = Dtanh(hD) (2.3.8)

with D = —io,.

Using (2.3.8), we can rewrite equation (2.3.5)) as

dyN + gDtanh(hD)n =0, (2.3.9)
which admits a traveling wave solution of the form e/**~®")_ That is
n=ue® ) 4cc., (2.3.10)

where u is an arbitrary constant and c.c. denotes the complex conjugate of the preceding terms. The
wave number k is related to frequency @ by the dispersion relation for gravity waves on water of
finite depth

o?(k) = gktanh(hk). (2.3.11)

Furthermore, we find that the linearized system (2.3.1)) admits a solution in the form of monochro-
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matic waves _
n(x,1) = Muei(k"_w(k)’) +c.c.
g (2.3.12)
E(x,t) = uel—0®0) 4 cc 4 .

The (complex) amplitude u and (real) mean potential ¢ are arbitrary constants. This solution de-
scribes a harmonic wave of wave number k£ which propagates in the direction of the positive x-axis

(k)

at a phase speed of -

Due to the quadratic nonlinearities in the water wave problem, the mean velocity potential ¢
is incorporated into the solution ( 2.3.12). We introduce this quantity to balance non-oscillating

resonant terms arising in the modulation of the water wave problem.

2.3.2 Linearized Problem over Periodic Bottom

In the water wave problem over a periodic bottom, G[b] is a nonlocal operator depending on a 27
periodic function b(x) € C?(T'). To solve the linearized water waves equations, we seek solutions

of the form e~/®' ¢ (x), which leads to the spectral problem:
G[bl¢(x) = A9 (x) (2.3.13)

with the dispersion relation @*> = gA. To solve it, we introduce the Bloch-Floquet theory, which is

a classical tool used to study wave propagation in periodic media.

Definition. (Bloch-Floquet Transform). The Bloch-Floquet transform defined by

Fx) = fo(x) ==Y e ™0 f(x+27n) (2.3.14)
nez
is well-defined for f € ./(R), which is the Schwartz space, and can be uniquely extended to a
unitary operator on L*(R).
This definition introduces a parameter 0 € [—%, %), which is known as the Bloch-Floquet pa-

rameter. We say fg is 0-periodic in x, which means it satisfies
fo(x+271) = &> fy(x). (2.3.15)
In addition, we have
%
Flx) = / fo(x)do. (2.3.16)
3
For more details, we refer to Section XII1.16 in [23)].

Therefore, using the Bloch-Floquet transform, any function f € L?(R) can be decomposed as an
integral of a 6-periodic function. This 8-periodic function is uniquely determined by fg(x). Based
on this, the spectral problem (2.3.13)) can be analyzed using the Bloch-Floquet decomposition.

The idea of this spectral decomposition is to parameterize a continuous spectrum and generalized
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eigenfunctions of G[b] on L?(R) by a family of spectral problems for G[b]g in the interval [0,27),
with periodic boundary conditions.

To this end, we consider the following eigenvalue problem
G[b]¢(x,0) =A(0)d(x,0) (2.3.17)
with @-periodic boundary condition
O (x+2m,0) = ™0 ¢(x,0). (2.3.18)
The principle of Bloch-Floquet theory suggests introducing the function
v(x,0):=e % (x,0) (2.3.19)

and the operator
G[blg := e *G[b]e®*. (2.3.20)

Given any 0-periodic function @ (x, ), y(x, 0) defined in (2.3.19) is periodic in x with a period
of 27t. Then the original problem (2.3.17)-(2.3.18) can be transformed to a spectral problem with

periodic boundary condition

Glblow(x,0) = A(8)y(x,0),
y(x+2m,0) =y(x,0).

(2.3.21)

Applying the Bloch-Floquet theory of G[b] as developed in [5}/10,]20]], we know that for each
fixed 6 € [—1,1), there exists a sequence of pairs (A,(8), ¥, (x,0)) satisfying , where
{A,(8)} are non-negative real eigenvalues and {y;,(x,0) = e~%%¢,(x,0)} are the corresponding
eigenfunctions. Moreover, {y,(x,0)} form an orthonormal basis of H!(T'), and each eigenvalue
has finite multiplicity with

Ao(0) <A1(0) <A (B) < -+

More details about the Bloch-Floquet theory will be discussed in Chapter [3.2]

Proposition 2.2. The linearized system (2.3.1)) admits a solution in the form of Bloch-Floquet waves

iQ,(0) o
x,1,0) = —L e~ (0)tg (x.0) +c.c.,
neen8) == On(x.6) (2.3.22)

E(x,1,0) =ue 01 (x 0)+c.c.+ @,

where §,(x, 0) is the normalized Bloch-Floquet eigenfunction with the corresponding Bloch-Floquet
eigenvalue A, (0) satisfying (2.3.17) and (| 2.3.18), and the frequency Q,,(0) satisfies the dispersion

relation

Q2(0) = gA,(0). (2.3.23)



CHAPTER 2. MATHEMATICAL FORMULATION OF THE PROBLEM 20

The complex amplitude u and real mean potential ¢ are arbitrary constants.

Equivalently, (| 2.3.22)) can be rewritten in terms of W,(x,0) = e "%*¢,(x, 0) as

iQ.(0)
x,1,0) = —L o= (Eu(0)1+0x) yy (v 0) +c.c.,

eh68) == Vi(x.6) (2.3.24)
E(x,1,0) = ue IO +0y, (x 0) +c.c. + .



Chapter 3

The Dirichlet-Neumann Operator
(DNO)

3.1 Taylor Expansion of DNO in Powers of Surface Elevation

As the DNO plays a central role in the modulation analysis of the water wave problem, we review
some fundamental properties in this chapter, which will be used in our subsequent work. For a more

comprehensive presentation of the DNO, we refer to Chapter 3 in [[19].

Property 3.1. Given 1 (x) and b(x) in C'(R), G[n,b] : H'(R) — L*(R) is a continuous operator

and satisfies:
1. It is symmetric for the L*-scalar product, and has a self-adjoint realization in H'(R).
2. It is positive semi-definite.
3. It depends analytically upon 1,b € Bg,(0) C C'(R) for some positive value of Ry.

See Chapter 3 and Appendix A2 in [19] for the first two properties in Property
Recalling Proposition G[0] = Dtanh(hD) is a Fourier multiplier defined in a flat bottom
problem. A similar result for pseudo-differential operator G[b] in variable bottom problem was

proved by Craig, Guyenne, Nicholls and Sulem [6].
Proposition 3.1. [6]] For b(x) € C'(R), the operator G[b), defined in , can be expressed as
G[b] = G[0] + DL[p), 3.1.1)

where DL[b] is the correction term arising from the presence of bottom topography. The operator

L[b] can be implicitly expressed as

L[b] = —B[b]A[b] = —C[b] 'A[D]. (3.1.2)

21
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Recalling that D = —idy and b(x) = —h+ b(x), the operators A[b] and C[b] are defined as follows:
A[b]& (x) = sinh (b(x)D) sech(hD)& (x) := / ™ sinh (b(x)k) sech(hk)& (k)dk, (3.1.3)
R

and
C[b]& (x) = cosh (b(x)D)& (x) := /R ™ cosh (b(x)k) € (k)dk. (3.1.4)

The operator B[b) is defined as the inverse operator of C|b).

This was proved as Proposition 2.1 in [6]]. Furthermore, Craig et al. also proved that the inverse
operator B[b] is well defined (see Proposition 2.2 in [6]).

We now turn to the expansion of G[n,b] for small but arbitrary perturbations 7 (x) of the surface.
The third property in Property implies the existence of the Taylor expansions of G[n,b] in
powers of 1. That property for the case of a flat bottom b(x) = 0 was proved by Coifman and
Meyer in [9]], and the Taylor expansion in powers of 11 was first derived by Craig and Sulem [[11]]
in two dimensions. The case of three dimensions was proved in [13]. It was later extended to
Lipschitz domains in [[16] and precise estimates of radius of convergence of the Taylor series were
given in [17]. In the case of a variable bottom, the analyticity of the DNO with respect to the
elevation and the bottom was proved in [[19]] with explicit Taylor expansions given in [6].

It follows that G[n,b] can be written in terms of a convergent Taylor expansion

Gln.bl =) Gj[n.b], (3.1.5)
j=0
where G;[n,b] is a pseudo-differential operator homogeneous in 1 of degree j. In our discussion,

we only require the explicit forms of the first three terms in this Taylor expansion.
Proposition 3.2. The Taylor expansion of G[n,b| about zero in powers of N takes the form

G[n,b] = G[b] + G1[n,b] + G2 [n,b] + O(1?). (3.1.6)
Here, G[b] = Dtanh(hD) + DL(b) defined in Proposition and the next two terms are given by

G1[n,b] = DnD — G[b|nGIb],
1 (3.1.7)
Galn,b] = — 5 (GIbIn*D* + D*n°Glb) - 2GIbInGleInGlb ).

2

The explicit recursion formulas of G;[n,b| for higher orders can be found in [6} 11}|13].

In the above Taylor expansion, G[7n,b] is not expanded in terms of b, and the operator L[b] only
appears in the leading-order term GI[b]. In [6], Craig et al. also provided a Taylor expansion of
G[n,b] in powers of both 1 and b, which relies on a Taylor expansion of L[b] in powers of b. We do
not present the Taylor expansion of G[n,b] in powers of both ) and b here, as it is not used in our

work. It can be found in [6] Appendix A. Instead, we are interested in the Taylor expansion of L[]



CHAPTER 3. THE DIRICHLET-NEUMANN OPERATOR (DNO) 23

in powers of b(x), particularly focusing on its first three terms, which will be used in a perturbative
calculation in Chapter|7]

Proposition 3.3. /6] The Taylor expansion of L|b] in powers of b takes the form
L[b] = Lo+ Ly [b] + La[b] + O(b?), (3.1.8)
where L;[b] are homogeneous of degree i in powers of b. Furthermore, we have

Ly =0,
Ly[b] = —sech(hD)b(x) Dsech(hD), (3.1.9)
L, [b] = —sech(hD) b(x) Dtanh(hD) b(x) D sech(hD).

3.2 Bloch-Floquet Theory

In Chapter[2.3.2] to address the linearized problem over a periodic bottom, we introduce the Bloch-

Floquet eigenvalue problem of G[b] with 8-periodic boundary condition

G[b]¢(x,0) = A(6)9(x,0),

) 3.2.1)
O(x+2m,0) = ™09 (x,0),

where the Bloch-Floquet eigenvalue A(0) is real and the Bloch-Floquet eigenfunction ¢(x, 0) is
0-periodic.

Using the operator G[b]g in ( 2.3.20) and 27 periodic function y(x,6) in (2.3.19), the Bloch-
Floquet eigenvalue problem ( 3.2.1) can be rewritten as an eigenvalue problem of G[b|y with peri-

odic boundary condition
Gblew(x,0) = A(6)y(x,0),
y(x+2m,0) =y(x,0).

(3.2.2)

In addition, we have
G[D] (e yiu(x,0)) = e Glbloyi(x,0) = e Au(0) W (x,0). (3.2.3)
We summarize some basic properties of G[b]g from [5] as follows.

Proposition 3.4. [\5] For any 6 € [—%, %), G[blg takes 2w periodic functions into 27 periodic
functions. In particular, the operator G[blg from H'(T') to L*(T") is symmetric for L*-scalar
product with periodic boundary conditions.

Correspondingly, G|b] preserves the class of 0-periodic functions. That means for a 0-periodic
function & (x) such that e "9%E (x) € H'(T"), G[b)& (x) is also a 8-periodic function, that is,

(G[b)€)(x+27) = ™0 G[b]E (x). (3.2.4)
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We recall that G[b] = G[0] + DL[b] with L[b] = —B[b]A[b] defined in Proposition These
operators are also well defined for periodic, and more generally on 0-periodic functions. Therefore,

G[blo = G[0]g + e "®*DL[b]e'® = G[0]g — DB[b]oA[b]o, (3.2.5)

where we define

G[0]o = e " G[0]e"™,
A[blg = e A[b]e!®*, (3.2.6)
DB[bg = e %*DB[b]e®*.

These operators G[0]g,A[b]g and DB[b]g map 27 periodic functions to 27 periodic functions. In
particular,
G[0]ge™ = (k+ 6)tanh(h(k + 6))e™. (3.2.7)

Proposition 3.5. [5|] The spectrum of G[blg on the domain H'(T"') C L*(T") consists of a nonde-
creasing sequence of real eigenvalues

0<Ag(0) <  <Au(B) SApia(0) <---, (3.2.8)

which tend to infinity as n tends to infinity. The eigenvalues are continuous and periodic in 6 of

period 1. The corresponding eigenfunctions W,(x,0) of

G[b]ﬂll/n(xve) :An(e)lyn(xae) (329)

are normalized 27 periodic in x and periodic in 0 of period 1.

Forany 0 € [—1,1), {wn(x,0)}, forms an orthonormal basis of H'(T"). Hence,

2n R 1 ifk=n,
(Wn(x,0), yi(x,0)) = Yo (x, 0) Wi (x,0)dx = (3.2.10)
0 0 ifk+#n.

The corresponding solutions @,(x,0) of G[b]@,(x,0) = A,(0)9,(x,0) are 0-periodic. In the case
Ap—1(0) <Ay (0) < Ayi1(0), the eigenvalue A, (0) is simple, and A, (0) and eigenfunctions ¢,(x,0)

are locally analytic in 6.

We also notice that the ground state A (0) satisfies Ag(0) =0 for any b(x), and its corresponding

1
eigenfunction is ¢y (x,0) = Yy (x,0) = —.

V2T
(0)

When the bottom is flat, the Bloch eigenvalues A, ’(0), where the superscript indicates flat
bottom b(x) = 0, are given explicitly in terms of the classical dispersion relation for water waves

over a constant depth:

AV(8) = 0*(n+0) = (n+ 6) tanh(h(n + 0)). (3.2.11)
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We know A (6) are simple when —1/2 < 6 < 0and 0 < 6 < 1/2; while eigenvalues have multi-

plicity two when 6 = _E’O’ 5 Denoting

gn(0) = (n+0)tanh(h(n+0)), (3.2.12)

we can relabel the eigenvalues AE,O)(G) in order of increasing magnitude as following (see Figure

3.1):
Ag?)(e) =g_,(0), wz(?)(x,e) = e X for —% <0 <0;

0 0 . (3.2.13)
AP (0)=8.(0), A (x,08)=¢™,  for0<6<L;
and
0 0 inx .
Ag”)_l(6> :g"(e)’ WZ(n)—l(x76) =e, for _% <0 <0 (3.2.14)

AY (0)=g.(0), ¥ (x,0)=e  for0<6 <l

With this definition, both A,(qo) and 1//,(,0) are periodic in 6 with period 1 and AS,O) is continuous in 0,
while q/,(,o) has discontinuities at 0 = —%,0, %

The spectrum of G[b] is the union over —1 < 6 < ] of the Bloch eigenvalues A, (6), that is,

—+oco
0w (GI]) = U [Ar AL, (3.2.15)
n=0

where A, = ming A,(0) and A7 = maxg A,(6). Different with the continuous spectrum of G[0],
the spectrum of G[b] on the domain H'!(R) is composed of bands and gaps. Due to the presence of
the periodic bottom, the double eigenvalues may split, creating a spectral gap near 8 = —%, 0, %

As shown in [3]], Craig, Gazeau, Lacave and Sulem gave a sufficient condition for the opening
of the first N gaps for small enough bottom perturbations b(x) = yB(x), where B € C'(T"'). Assume
i # 0 for all k < N, where f is the k&’ Fourier coefficient of B(x). Then there exits small enough
value p(N) such that for ¥ < y(N), the first N gaps open and gaps are of the size O(y). Moreover,
gaps of smaller order are computed in [5]] and [20] with different conditions.
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Figure 3.1: Graph of A,(0)
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Chapter 4

Construction of Nonlinear Modulated
Solutions: Case of Flat Bottom

4.1 Multiple-Scale Expansion

We review the modulation expansion of the water wave problem and derive the NLS equation for
the case of a flat bottom (see [24]] Chapter 11). Throughout this chapter, the bottom perturbation
b(x) is assumed to be zero.

In a weakly nonlinear modulation of the water wave problem, we consider the small amplitude
wave solution to (2.2.9), with G[n, b] replaced by G[n,0] in this chapter, that is

4.1.1)

9z77—G[TL0]5=07 5
A8 +80+ 508 ~ 35 (GIn. 06 +2nag) =0,

Recalling from Chapter[2.3.1] the linearized equations of (4.1.T)) around the resting water state is

am —G[0]§ =0,
8!5 +gn = 07

(4.1.2)

which possess a real-valued plane wave solution with wave number k, given by:

n(x,1) = L)(k) uelk—o®n) 4 ¢ e
g (4.1.3)

E(x,t) = uel=0Wn) 4 cc 4 .

We recall that G[0] = Dtanh(hD) is defined in Proposition[2.1} and the frequency @ (k) is determined
by the dispersion relation
o* (k) = gktanh(hk). (4.1.4)

The constants u and ¢ represent the amplitude and mean potential of surface waves, respectively.

27
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Assuming the solution has small amplitude, we expand it in the form

n :gn(1)+82n(2)+...7

4.1.5)
g :8§<1)+826(2)+"' ,

where € is a small parameter and the superscripts indicate the orders in €. The leading order
(nM,EM)) identifies with the solution (4.1.3) of the linear problem. To avoid secular terms arising
from the accumulation of weakly nonlinear effects over long time spans or large distances, we per-
form a multiple-scale analysis. (An introduction of multiple-scale analysis applied to an example of
nonlinear oscillator ODE problem is provided in [3]].)

By introducing a large-scale spatial variable X = €x and a slow time 7' = &¢, we assume that the
approximate solution depends on the fast variables x and ¢, as well as the slow variables X
and 7. In the method of multiple-scale analysis, the fast variables and slow variables are treated as

independent variables, although they are actually related by €.

Notation 4.1. After introducing new variables X = €x and T = &t, the original partial derivatives
Jdy and o, in are now replaced by d; + €dx and d, + €9y, respectively. Thus, the Fourier
multiplier D now represents

D=D,+¢€eDx (4.1.6)

with D, = —id, and Dx = —idy.

In addition, we assume the operator G[n,0] acting on multiple-scale function & (x,X) has an

expansion of the form
G, 01E(x,X) = (GO + &GV + £GP 4. )E(x,X). 4.1.7)

The superscript of GU) indicates the orders in €. In our analysis, we only require the first three terms
of the expansion, as shown in the following proposition. For convenience, we omit multiple-scale

function &.

Proposition 4.1. The first three contributions in are provided as
G = D, tanh(hD,), (4.1.8)

G = tanh(hD,)Dx + hDy (1 — tanh*(hDy)) Dx + D;nVD, — GO VGO, (4.1.9)
and

G® =h(1 —tanh®(hDy)) D% — h*Dy (1 — tanh?(hD,)) tanh(hD, ) Dy
+DnD, + DDy + Dyn"VD,
— (GRG0 + GO G + GNy(HGO)
1

(G202 + DG 260 DGO GO,

(4.1.10)
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Proof. Firstly, we apply the Theorem 4.1 in [12] to obtain an asymptotic expansion of the operator

Dtanh(hD) in the multiple-scale regime:

Dtanh(hD) =D, tanh(hDy) + € (tanh(th) +hDy(1— tanhz(th))>DX
@.1.11)
+e? (h(l — tanh? (kD)) — KDy (1 — tanh? (kD)) tanh(th))D§ +0(e3).

To calculate each G'¥), we need to combine three expansions: the first is the Taylor expansion of
G[n,0] in terms of powers of 1 from Proposition [3.2|(taking b(x) = 0); the second is the expansion
of n in € from (4.1.5); and the third is the expansion (4.1.T1) derived above. We substitute all
three expansions into the left-hand side of . By collecting powers of €, we can find G% in

the right-hand side of (4.1.7) for any i. In particular, G, G) and G yield (4.1.8), (4.1.9) and
(4.1.10), respectively. O
4.2 Derivation of the Nonlinear Schrodinger Equation

Substituting (4.1.5)) and (4.1.7) into (4.1.1)), and rearranging terms according to the orders of €, (|
4.1.1)) can be expanded as follows:

3 —GO\ , (W) L /n®\  (n® L(UD\ | (u®
(g ) (¢ g | TE e ) TE g0 )=y ) 7€ e )

4.2.1)

where U™ and V) include G") (for i < m), and also the nonlinear terms arising at order €”. The
expressions of U™ and V™ can be explicitly calculated at each order. The cases of m = 2 and
m = 3 will be presented later as required.

Clearly, at leading order, we recover the linearized system from (4.2.1)

o —GOY\ [q® 0

. 3 e = o) (4.2.2)
with G() = D, tanh(hD,) given in ( 4.1.8). Referring to ( 4.1.3), the solution can be written as
modulated plane waves of the form

nWx,X,T) = Qul(X,T)ei(kx*“”) +c.c.,
g (4.2.3)
EW (e, t;X,T) = uy (X, T)e®=®) ycc.+@(X,T),

where the complex amplitude u; (X, T) and real mean potential ¢ (X, T), instead of being constants,
become functions dependent only on the large-scale variables X and 7. This solution describes a
slowly modulated monochromatic wave (with wave number k) propagating in the positive x direc-

tion. In particular, due to the quadratic nonlinearities in the water wave problem, the mean potential
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¢@(X,T) is incorporated into the solution to balance nonoscillating resonant terms arising at higher

order.
At higher order O(€™) with m > 1, (4.2.1) leads to an inhomogeneous linear system

o —GOY [nm ym
. . zo ) = Ly | (4.2.4)

ym
which is not always solvable. The solvability conditions of ( 4.2.4)) is that ( ) must be or-

y(m)

—0, g

thogonal to the kernel of adjoint operator (—G(O) 3

>. We know the kernel is spanned by

1
. 1
—iow | ei—1) anq (O) Therefore, the solvability conditions can be further clarified as fol-

8
lows:

(S1) There is no term independent of (kx — ot) in U™,
(S2) Denoting the coefficients of ¢/**~®") terms in U™ and V") as P"") and Q") respectively, they
satisfy

plm) —Q(m) —0. 4.2.5)

The solvability conditions at order m = 3 lead to the cubic NLS equation, which governs the
dynamics of the modulated wave amplitude. For clarity, we outline the derivation process in three

steps.
» Step 1: Finding the solvability conditions at O(&?).

At order €2, U® and V® in (4.2.1) can be computed as

U@ — _nV 4 GMem,

V(z):_5;1)_%(§§1))2+%(G(0)5(1))27 (4.2.6)
where G(*) and G(V) are derived in Proposition
Proposition 4.2. At this order, the solvability condition (S2) yields
ur(X,T)+ @' (k) uix(X,T) = 0. (4.2.7)
Moreover; the solution n(z) and 5(2) fo can be expressed in the form
n® =pi(X,T)e® =) + py (X, T) 2P0 4 c.o.+ (X, T), 42.8)

6(2) =q1 (X7 T) ei(kX7wt) + q2 (Xa T) ezi(kX7wt) +c.c..
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Denoting ¢ := tanh(hk), the coefficients in are given by

1 o +hk(1—c?) (62 —3)k?

- 110) - 2
pl—gulT‘i'TulX‘FEMZa P2 = 2g62 ur,
_ 1
M= g(kz(c2 — D)~ or), 4.2.9)
iok(4(1—0%)+(1+0%)?) ,
q1 = up, q2 = uy,

8go3

where uy(X,T) is an arbitrary complex function that depends only on the slow variables X and T.

Proof. Firstly, we examine the solvability condition (S2). To compute U(?) and V2, we substitute

n™ and &M given in (4.2.3) into (4.2.6)), and then apply the formulas of G(©) and G1") derived in
Proposition We find that U?) and V() can be represented in the following form

U(2) :P(Z) (X,T) ei(kx—wt) +E(2) (X’T)eZi(kx—ﬂ)l) +C.C.,

4.2.10
V@ = 0@ x, 1)) L F(X,T) X ce.+ KP(X,T), @210
with the coefficients
: 5
PO = i hk(1— 0wy,  E® =22 (1 - ctanh(2hk)) i,
8 8 4.2.11)
1, 2\ .2 (2) _12/2 2 o
0% =—uy, FO = K(+0%)ut, K =K(c*=1]ul’ - or.

From (4.2.10) and (4.2.11)), the solvability condition (S1) is obviously satisfied at this order,
while the solvability condition (S2) implies

PO L Rpo) _ 2O, i(6+hk(1—062))ux =0. (4.2.12)
g g

Using the dispersion relation (4.1.4)), we have
o' (k) = 2= (o +kh(1 - 62)), (4.2.13)
20
and then (4.2.12)) can be rewritten in terms of the group velocity @’(k), which yields
u17+w’(k) uix =0. 4.2.14)

Next, we solve the inhomogeneous linear system and find the solution n(® and &®
using the method of undetermined coefficients. From , we observe that U and V®) are
composed of ¢!k¥—@1) p2ike=a1) (with their complex conjugates) and (kx — @r)-independent term.
Hence, we assume n(z) and 5(2) have the form provided in with unknown coefficients p;,
gi (1 <i<?2)and 7M. To determine these coefficients, we substitute (4.2.8)) and ( 4.2.10) into the
inhomogeneous linear system (4.2.4). By identifying the coefficients of various terms on two sides

of (4.2.4), we obtain the following equations:
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i (kx— o)

¢ For the coefficients of ¢ , we have

—icop1 _qu1 = P(z),

gpi—iong =0%.

2i(kx—ot)

¢ For the coefficients of e , we have

—2i® py — 2ktanh(2hk) g = E?),

gpr—2iwgy =F?.

* For the term independent of (kx — wr), we have

g =K@,

Substituting coefficients in (4.2.11) and also using the fact

2tanh(hk) 20
1+tanh?(hk) 1+ 02

tanh(2hk) =
all above equations can be solved, yielding the results in (4.2.9).

+ Step 2: Finding the solvability conditions at O(&?).

At order &3, we compute U®) and V) in ll as

U® = — @ 4 GER) £ GRIED),

v3) — _g}Z) _ éx(l)?;‘;((l) _ 6,51)?;352) +n}g1)§)§1)G(0)§(1)

1+ (GOEM)(GOED + GMEM),

where G(*), G() and G are defined in Proposition

Proposition 4.3. At order €3, the solvability conditions (S1) and (S2) implies

_ 2wk
Ny +hexx + e i[5 =0,

and

, k(1 —o?
21(M2T + (l)/(k) sz) + CO”(k) uixx = 51 |u1|2u1 — (Q

respectively. We have
k4
8 = —(—20*+136> - 124+9572).
20

or —Zk(PX>M1,

(4.2.15)

(4.2.16)

4.2.17)

(4.2.18)

O]

(4.2.19)

(4.2.20)

4.2.21)

(4.2.22)
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Proof. To examine the solvability conditions, we begin by substituting the expressions of 1 ), & (1)
from |i and the expressions of (2, £(2) from (] 4.2.8[) into (]4.2. 19[). Then, using the formulas
of G, GV and G derived in Proposition we can compute each term in U () and v,

« We find that all (kx — @r)-independent terms in U) consist of (—77) from (—n;z)) and

20k
(—hoxx — —— |u1|}) from GPE(), Thus the solvability condition (S1) implies
8

_ 2wk
M1 —hexx — e )% =0, (4.2.23)

which yields (4.2.20).
* To write down the solvability condition (S2), we need to find P®) and Q(3).

Collecting all the ¢/~ @) terms in U®), we obtain the coefficient

P¥ =—pir —i(o+hk(1—0%))qix —h(1 — 6%)(1 — hko)uixx

2iwk?

+ (1= 0%)Tu; — (1~ otanh(2hk))gourt —K*(1+0%) ottt (4.2.04)

wk ok’w?
+ ?ul(px + 2 (— 1420 tanh(2hk) |uy [uy).

Similarly, we calculate the coefficient Q©®) in V) as

0% = — qir — ikuy gx — 2k% (1 — o tanh(2hk) ) goiiy

3 (4.2.25)
KOO (| 6 tanh (20k)) .
g

Substituting P and 03 into 1| results in ( 4.2.21). When computing the coefficients
in (4.2.21), we use p;,g; from (4.2.9) and the fact from (4.2.18).

» Step 3: Deriving the NLS eqution.

To merge (4.2.14) at order O(€?) with (4.2.21) at order O(&?), we introduce u := u; + €us, thereby
obtaining (up to order €)

2i(ur + o (K)ux ) + e0" (K)uxx = & ( 8 uf* - K=o

or — 2k (pX)>u. (4.2.26)
Recalling from (4.2.9)), we know

_ 1
n= g(kz(cz— 1) w1 |* — or). (4.2.27)
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The quantity ¢ represents the mean velocity potential at the free surface, which is of order €; while

7 denotes the mean elevation of the free surface, whose magnitude is of order £2. The dynamics of

¢ and 1 are governed by equations (4.2.20) and (4.2.27)).
Substituting into (4.2.20)), we obtain

(K(0? = 1) [ur]} — @r1) + gh oxx + 20k u |3 = 0. (4.2.28)

Combining (#.2.14) and (4.2.28), we derive (up to leading order)

@rr — ghexx = S lulk, (4.2.29)

where
& =2k (k) + (1 — 6>k o' (k). (4.2.30)

By introduce new variables u = X — @'(k)T and T = €%¢, we can rewrite (4.2.26) and (4.2.29)

in a reference frame moving at the group velocity @’(k) over a longer time. Up to leading order, we

derive
2itg + @ (k)upy = 8 |ul*u+ w(%k)uq)x. (4.2.31)
and
(@ (k) — gh) Quy = & ul};. 4.2.32)
Combining them leads to
Diug + 0" (k) uyy + x|ul*u = 0, (4.2.33)
where k3(o(k)
xX=- P H (kh) (4.2.34)
and

(40 +(1—0%) (0 +kh(1 %))’

1
H(kh) = ——(—20*+1306%—12+907 %) —
(kh) ( * ) o ((o+kh(1 — 62))% — 4kho)

20

(4.2.35)

Equation ((4.2.33) is the cubic NLS equation for the modulation of a solution (with wave number
k) to the water wave problem over a flat bottom. We will examine the coefficients ®” (k) and ¥ in

Chapter



Chapter 5

Modulation Analysis of The Water Wave
Problem with Variable Bottom

5.1 Modulated Plane Wave Solutions

Starting from this chapter, our focus shifts towards the modulation analysis of the water wave prob-
lem in the presence of a periodic bottom. Following the same modulational Ansatz introduced in
Chapter 4 we suppose that the solutions to the water wave system (2.2.9) have small amplitudes,
and the effect of the weak nonlinearity of will modulate the amplitude, making it a slowly
varying function of space and time.

To eliminate secular terms over a time period of O(e~!), we introduce two large-scale variables,
X = exand T = ¢t, and further assume the solution to has a perturbation expansion of the
form
n=enW4+en@4...

(5.1.1)
&= g&(l) +82§(2) N

As seen from the flat bottom problem in Chapter i} we obtain the linearized system at leading
order. Using Proposition the leading order term takes the form of a modulated Bloch-Floquet

wave

_iQ,(6)

nM(x,1,0:X,T) up(X,T)e 01 (x,0)+c.c.,

(5.1.2)
EM(x,1,0:X,T) = u; (X,T)e >0 ¢,(x,0)+c.c.+@(X,T).

The (complex) amplitude u;(X,T) and (real) mean potential ¢(X,T) are no longer constants but

functions depending on the slow variables X = ex and T = &t. The frequency Q,(60) is given by the

dispersion relation
Q2(0) = gA,(0). (5.1.3)

We recall from Chapter that the Bloch-Floquet eigenfunction ¢, (x,0) = ¢!y, (x,8) of G[b]

with the corresponding Bloch-Floquet eigenvalue A, (0) is a O-periodic function, while y,(x, 0) is

35
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a periodic function in x with a period of 2. Hence, (5.1.2)) can be rewritten as

iQ,(0) )
m = B2, X, T) eS8y (x,0) +c.c.,
M 8 1{ ) ¥i(x,6) (5.14)
EW =y (X, T) S0y (x,0) +c.c.+ (X, T),
where we denote
Spi=0x—Q,(0)t. (5.1.5)

In the modulation analysis, We choose a positive integer n and 6 € [—%, %) such that the n'"
Bloch-Floquet eigenvalue A, () is simple. For example, 6 € (1%, 1 — 1)

Before considering higher orders in the modulation expansion, it is crucial to examine how
G[b] acts on multiple-scale functions of various forms, which we will encounter at higher orders.
Because G[b] only acts on the spatial variables x and X, for convenience, we temporarily omit the
time variables ¢ and T in multiple-scale functions.

We suppose G[b]f(x,0;€) can be expanded in powers of € as follows:
Glb|f(x,0;€) = (G(°> 6] + GV [b) + G [b] +---- ) f(x,0:¢). (5.1.6)

Here, the notations G() [b], GV)[b] and G®)[b] are somewhat ambiguous, and their specific expres-
sions depend on the form of f(x,0;¢€). In the subsequent sub-chapter, we examine multiple-scale
functions f(x,0;¢€) of three distinct forms: modulated 6-periodic functions u(€x) @,(x, 0), long-

wave functions ¢@(&x), and modulated periodic functions u(&x) p(x).

5.2 Action of DNO on Multiple-Scale Functions

5.2.1 The Case of Modulated 0-Periodic Functions

We observe that the multiple-scale function f(x, 8;€) = u(X)@,(x, ) is present in (1) as given in (ﬂ
. Here, u(X) denotes an arbitrary smooth function dependent only on the large-scale variable
X = ex, while the 8-periodic function ¢, (x, 8) is the n'" Bloch-Floquet eigenfunction of G[b] with
the corresponding simple eigenvalue A,(6). For such modulated 6-periodic functions f(x,0;¢),

we have the following expansion when G[b] acts on it.

Proposition 5.1. The operator G[b] acting on a multiple-scale function f(x,0;€) = u(X) ¢,(x,0)

has an asymptotic expansion
Glbf(x,6:€) = (G\b] + Gy [b] + €3GV [b] + -+ Ju(X) 6,(x,6) (5.2.1)

with
G [Bu(X) $u(x, ) = Au(0)u(X) $u(x, 6), (5.22)
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GV bu(X) 9u(x, 0) = Dxu(X) €% g Glb, Dy + 0]y (x, ), (5.2.3)

and
G blu(X) 9,(x,0) = %DXXM(X) % 9o Glb, Dy + 0]y (x, 0). (5.2.4)

We recall that Dy = —idx, Dxx = (Dx)* = —dxx and W, (x,0) = e~ 1%*¢,(x,0).

Proof. Applying the Theorem A2.1 in [12], the pseudo-differential operator G[b] = G|b, D] acting
on multiple-scale function is given by

G[b]u(X )y (x,0) =G[b, Dlu(X)e' ™y (x, 6)
=% G[b, Dy + 6 + eDx]u(X )y (x,0)
:u(X)eiexG[b,Dx-i- 9]1[/,1(/{,9) (525)

+ eDxu(X)e'® g G[b, D, + 0]y, (x, 0)
2

£ .
+ EDXXM(X)elexaeeG[ban“‘G]Wn(x’e) +0(£3)-

According to the order of €, we denote

G Blu(X)9a(x,8) := u(X)e® Glb, Dy + 0]y (x,6),
G [BJu(X)9a(x, 8) := Dxu(X)e™® e Gb, Dy + 6]y (x, 0), (5.2.6)
GO BJu(X )0 (x,0) :— %DXXM(X)ei9x869G[b,Dx+ 0]y (x. 6).

From the eigenvalue problem (2.3.21)), we have
G[b] (e yn(x,0)) = An(0) (e i (x,6)), (5.2.7)
which implies (in multiple-scale regime)
¢ Glb, Dy + 0]y (x, 0) = Au(0)e™ W (x,0) = Au(6)9(x, 6), (5.2.8)

which finishes the proof. O

The following lemmas illustrate some properties of dgG[b, D, + 0]y, and dgg G[b, D, + 6]y, in
(5.2.3) and (5.2.4), respectively, and help us understand them. Recalling from Proposition [3.5] we
have an orthonormal basis { y(x, 8) } for periodic functions.

Notation 5.1. In this thesis, we define the L*-inner product and L*-norm for periodic functions f
and g in H'(T") as

2

(f.8)=| f(x)g)dx and ||fll2 = /(. /) (5.2.9)
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Lemma 5.1. For the periodic function dgG[b, Dy + 0]y, (x,0), its decomposition in terms of the

basis {yi(x,0)}x is given by

B6Glb. Dy + 01y (x,0) = ¥ (96 Glb, Dy + 0]y (x, 0), i (x, 0)) Wi (x, 0),
k=0

where for k = n, we have
(09 G[b, Dy + 8] (x,0), W, (x,0)) = A (6),

and for k # n, we have

(30610, D.+ 01y (x,0), i (5,0)) = (A4(0) —~ Ac(60)) (B2 (x,0), ya(x,6).

Proof. For clarity, we simply write y, instead of y,(x, ) when there is no confusion.

From (5.2.8)), we have
G[b,Dx+ 0]y, (x,0) = Ay (0) yy(x,0).
Differentiating (5.2.13) with respect to 6 gives

oY,
00’

Y,
20

9o Glb, Dy + 8], + Glb, Dy + 6] 2o = AL,(0) i + Au(6)
Taking the inner product of ( 5.2.14) with y;,(x, 8), we obtain

ay, v,

(oG |b, Dy + 6]y, W) + (G[b, D + G]W’ V) = Ay (0) (W, W) +An(9)<ﬁ, V).

Since the DNO is symmetric for L-inner product with domain H'(T'), we have

ay, 0y,
FRAATE

Using (5.2.16) and (3.2.10)), we simplify (5.2.13) to obtain (5.2.1T).
To prove (5.2.12)), we take the inner product of ( 5.2.14) with yi(x, 6), which yields

ay, Iy,

v, )

(Glb.D.+ 6] o

G[ban+ 6]Wn> = An(6)<

(06 G[b, D+ O]y, Yie) + (Glb, Dx + 8] %, Wie) = A () (Wi, i) +An(9)<79", Vi)

Similar to (5.2.16)), we have

Y, 0y, B Y,
<G[b,Dx+9]ﬁ’llfk> = <%aG[ban+6]Wk> _Ak(9)<%7q/k>'

(5.2.10)

(5.2.11)

(5.2.12)

(5.2.13)

(5.2.14)

(5.2.15)

(5.2.16)

(5.2.17)

(5.2.18)

From (3.2.10), the first term on the right-hand side of (5.2.17) vanishes. By substituting (5.2.18)
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into (5.2.17) and rearranging terms, we derive

ay,

<89G[b7Dx+9]Wnale> = (An(e) _Ak(e))< 00 )

Vi) (5.2.19)

O]

Lemma 5.2. The operator dgG|Dy + 0] is symmetric for L>-inner product with domain H' (T").

Proof. Firstly, we notice that in the proof of (5.2.19)), we can switch the roles of y;, and y; to obtain

Iy ),

<89G[b>Dx+ O]Wka lI/n> = (Ak(e) _An(e)) <%a Vn

(5.2.20)

Because eigenvalues A, (6) and Ax(0) are real, ( 5.2.20) can be rewritten as

al/’k>.

(¥, Do Glb, D+ 81yi) = — (An(6) = AL(8)) (Vi 5 (5.2.21)

Subtracting (5.2.21) from (3.2.19), we obtain

<89G[Dx + Q]an l//k> - <V’m aGG[Dx =+ Q]Wk>

:(A,,(e)—Ak(e))(<‘;"é",qfk>+<%,aa"ék» (5.2.22)

(An(8) = Ak(6)) 9o (Wi, Yi) = 0.

Therefore, when k # n, we have
(o G[Dyx + O]y, Wi) = (W, doG[Dy + O] ysi). (5.2.23)

When k = n, (5.2.23)) is also valid because of (5.2.11).

Because {w;(x, )} is an orthonormal basis of H'(T"), we conclude that dg G[D; + 6] is sym-

metric for L?-inner product over H'(T?!). O

Lemma 5.3. For periodic function dgoG|b, Dy + 0]y, (x,0), its inner product with y,(x,0) gives

Al/(0), with correction terms arising from the presence of bottom b(x).

<899G[b7Dx + 9] Wn(x7 6)’ lljn(xv 9)>

EIvA oy, oy, ) (5.2.24)
Proof. Differentiating twice with respect to 6, we get
oy, %y,
899G[b,Dx+G]an+289G[b,Dx+6]%+G[b,Dx+9]a—g;
5.2.25
_A(8)yn + 28 (0) Y 1 A (0) LY o
" " 106 002
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Taking the inner product of (5.2.25)) with y,(x, 8) results in

oy, >y,
(300 Glb. Dy + 0]y i) +2(36Glo. D+ 6] 22 i) + (Glb, Dy + 0] 5 10y,
; 832 96 (5.2.26)
N/ / Yy Yy
Because G[D, + 0] is symmetric for L2-inner product, we have
>y 9y Py

which implies that the third terms on both sides of (5.2.26) can be eliminated. Hence, we can

simplify (5.2.26)) as

v, IV,
(960 G[b, Dy + 8]Y, W) +2{9 G[b, Dy + 6] a"; W) = A (0) +2A7,(0)( a"é V). (5.2.28)

Similarly, taking the inner product of ( 5.2.14) with %"g’ (x,0) gives

v, 81//n>
d0 " J6 (5.2.29)

ay,
(96G[b, Dy + 6], a‘g> (G[b, Dy + 6]

A0 v D) 1 A (0)( 0, L,

Then adding (5.2.28) with 2 times (5.2.29)), we find

ay, 81//,1>
20’ 00

oY, Y,
5.2.30
30 W) +2(0eG[b, Dy + 0]y, —— 56 ) ( )

2RV o, oy,
AN !
=7(8) +20,(6) | S 172+ 20,(0) (5 v + (v 57)).

<809G[ban+ G]Wna l//n> +2< [b D, + 9]

+2(3pGb, Dy + 0] 07

The third term on the right-hand side of (5.2.30)) is zero because

(O )+ Gy, Dy =

50V Ay 9o (W, Wn) = dg1 = 0. (5.2.31)

Differentiating ( 5.2.11) with respect to 6, we obtain

oy, J
<a99G[b’DX+9]Wnaq/n>+<89G[ban+9] alg ;ll/n> <89G[b Dy +0]V/m alg > A/I(e)
(5.2.32)

Finally, combining (5.2.30) and (5.2.32) implies (5.2.24)), which completes the proof. O
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Lemma 5.4. We have the following equality:
ay, Ay, 2L/
Dy ) — Ay
(Glb, D+ 050, Hy — 6, (0)]| 2

A oY,

(5.2.33)
=A(0) (=

d
Proof. Taking the inner product of % with ( 5.2.14) gives

20’ a0

A/

81//n>
96 (5.2.34)

,09Gb, D+ 0]y) +

,G|b,D,+ 6]

Since G[b, D, + 0] and dpG[b, Dy + 0] are symmetric for L-inner product, we have

ay, >

I, IV OV, ny O Vn
59 Vi ) =Ny (8)(

)| ¥
00’ 06 20

<89G[ban+6] +<G[b’Dx+9]

,Wn>+An(6 ”L2

(5.2.35)
Rearranging terms in (5.2.35]) completes the proof. O

It should be noted that the above analysis holds for different values of 6, except when 6 is close
to 0 and j:%, where A, (6) could be a double eigenvalue. Based on the flat bottom problem, it is not
surprising to observe u(X )@ (x,20) or u(X)e* %y (x,20) appearing in the subsequent modulation
analysis. For such a multiple-scale function, we can choose 6 to ensure 20 # 0, :l:% (for instance,
6 € (&, 1 — 1)) and apply the above results by considering 6’ = 26.

For multlple-scale function u(X )y (x,0) when 6 = 0, not all above results are valid. We still

have
G [6]u(X) i (x,0) = A (0)u(X) i (x,0). (52.36)

Especially, as Ag(0) = 0, we have

G\ [blu(X) wo(x,0) = 0. (5.2.37)

However, The GEI)[b]u(X )Wi(x,0) and GEZ) [b]u(X) yi(x,0) in d 5.2.3[) and d5.2.4b respectively are
not valid for 6 = 0 because A;(0) may be not differentiable at & = 0. Therefore, we need to find

alternative expansions of G[b|f(x,0 = 0;€), where f(x,0 = 0;¢€) takes the form u(X) or the form
u(X)p(x).

5.2.2 The Case of Long-Wave Functions

From ( 5.1.2), we know that the large-scale function @(X) is present in &(!), where @(X) is an
arbitrary smooth real-valued function depending on the large-scale spatial variable X. Therefore, it

is important to understand the action of G[b] on such a function.



CHAPTER 5. MODULATION ANALYSIS OF THE WATER WAVE PROBLEM WITH VARIABLE BOTTOM 42

Proposition 5.2. The operator G[b] acting on a long-wave function of the form f(x;€) = @(X) has

the asymptotic expansion

Glblf (x:8) = Giy [blo(X) +£Gy [bl@(X) + £2G}} [b)p(X) + O(?), (5.2.38)
where
Gy [blo(X) =0, (5.2.39)
Gy [blo(X) = ~Dxo(X) (D:Bolbo(v)). (5.2.40)
and

G [b]o(X) = Dxxo(X) (h — Bo[blb(x) + D.Bo[b]b(x) sinh (B(x)Dy) By [b]b(x)) L (5241

Here, By[b] stands for the inverse of the operator cosh (B(x)Dx) acting on functions of x, and we
recall b(x) = —h+ b(x).

The inverse operator By[b] is defined in Proposition with operator D is now replaced by D,

in multiple scale regime.

Proof. From Proposition 3.1} we have G[b] = Dtanh(hD) + DL[b]. We examine the expansions of
Dtanh(hD)@(X) and DL[b]@(X) separately.

Firstly, using the result from (4.1.11)), we get the expansion

Dtanh(hD)@(X)

—D, tanh(hD,)p(X) + € (tanh(th) +hDy(1— tanhz(th))>DX(p(X)
(5.2.42)
P <h(1 — tanh?(hD)) — KDy (1 — tanh?(hDy,)) tanh(th)>DXX(p(X) +O(e%)

=&’ hDxx @ (X) + O(£?).

Secondly, using equation (4.8) in [6], DL[b] acting on functions of the long-scale variables can

be approximated by

DL[blo(X)
= —eDx@(X) (DyBo[b]b(x)) (5.243)
—&2Dxxo(X) (BO [b]b(x) — DxBo[b]b(x) sinh (b(x)D,) By [b}b(x)) +0(&?),

where b(x) = —h+ b(x) and Bo[b] is the inverse of operator cosh(b(x)D, ).

Finally, we combine ( 5.2.42) and ( 5.2.43)) to obtain the asymptotic expansion of G[b]¢(X).

Specifically, we denote the first three orders in this expansion as Gg(l)) [blo(X), G}})[b}(p(X ) and

Gg) [b]@(X), respectively. O
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5.2.3 The Case of Modulated Periodic Functions

Now we consider the action of G[b] on multiple-scale functions of the form f(x;€) = u(X)p(x),
where u(X) is an arbitrary smooth function of large-scale variable X and p(x) represents an arbitrary
27 periodic function. In our work, we only require the first two terms in the expansion, as shown in

the following proposition.

Proposition 5.3. The operator G[b] acting on a modulated periodic function u(X)p(x) has the

asymptotic expansion

GIb] f(x;€) = Gly) [bu(X) p(x) + £Gly) [Blu(X) p(x) + O(€?), (5.2.44)

G\ [Blu(X)p(x) = u(X) (Dx tanh(hD,) — DyBo|b] sinh(b(x)Dy) sech(th)) p(x),  (5.2.45)
and
G [Blu(X)p(x)
=Dyu(X < (1 —tanh?(hDy)) + tanh(hDy) — Bo[b] sinh(b(x)Dy) sech(hD)
(5.2.46)
+ DBy [b]b(x) cosh(b(x)Dy) sech(hDy) — DBy [b] sinh(b(x)Dy) tanh(hD,) sech(hD, )
+ D, Bo[b]b(x)sinh(b(x)D,)By|b] sinh(b(x)Dx)sech(th)>p(x).

Proof. From Proposition we know G[b] = Dtanh(hD) + DL[b] = Dtanh(hD) — DB[b]A[b]. For
clarity, we divide the calculation of G[bJu(X)p(x) into 3 steps.

* Step 1. Using the result from (4.1.11)), we obtain the expansion of Dtanh(hD)u(X)p(x)

Dtanh(hD)u(X)p(x)
(5.2.47)
=u(X)D, tanh(hD,)p(x) + eDxu(X) (th(l —tanh?(hDy)) + tanh(th)> p(x)+0(e?).

* Step 2. We calculate the expansions of A[b|u(X)p(x) and B[b]u(X)p(x).

Applying the Theorem 4.1 in [12] to A[b], we obtain the asymptotic expansion of A[bJu(X)p(x) as
A[bJu(X)p(x)
=sinh(b(x)D) sech(hD)u(X)p(x)
=u(X)(sinh(b(x)Dy) sech(hDy)) p(x) (5.2.48)
+eDyu(X) (b(x) cosh(b(x)Dy) sech(hDy) — sinh(b(x)Dy) tanh(hDy) sech(th)) p(x)

+0(&?).
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Similarly, using equation (4.7) in [6], we obtain the asymptotic expansion of B[b]u(X)p(x) as

BlbJu(X)p(x)

- - (5.2.49)
—u(X)Bo|b]p(x) — eDxu(X) <Bo [b](x) sinh (b(x)Dx) By [b]) p(x) + O(2).

* Step 3. Combining the results from step 1 and step 2 to obtain the expansion of G[b]u(X)p(x).

We notice that from ( 5.2.48)), the expansion of A[b|u(X)p(x) is also a modulated periodic function.
Hence, we can combine (5.2.48)) and ( 5.2.49) to calculate B[b]A[b]u(X)p(x) as

BIb]A[b]u(X)p(x)
—u(X) (BO [b] sinh(b(x)D,) sech(th)) p(x)
— eDxu(X) (Bo[blb(x) cosh(b(x)D,) sech(hD) ) p(x) (5.2.50)
+eDyu(X) <BO [b] sinh(b(x)D;) tanh(hDy) sech(th)> p(x)
— eDyu(X) (Bo[bJb(x)sinh(b(x)D.) Bo[b]sinh(b(x)Dy) sech(hD.) ) p(x) + O(e?).
Then we obtain
DL[pJu(X)p(x)
— (Dx + eDx) B[bJA[b]u(X) p(x)
=~ u(X) (D:Bo[B] sinh(b(x)Dy) sech(hDy) ) p(x)
+eDxu(X) ( DBo[blb(x) cosh(b(x)Dy) sech(hD) ) p(x) (52.51)
— eDxu(X) (DuBo[b] sinh(b(x)D,) tanh(hD) sech(hDy) ) p(x)
+eDxu(X) (DB bJB(x) sinh(B(x)Dy)Bo[b] sinh(b(x)D) sech(hD,) ) p(x)
— eDyu(X) (Bo[b]sinh(b(x)Dy) sech(hD.) ) p(x) + O(&?).
Finally, adding and completes the proof.
O

In conclusion, depending on the function on which G[b] acts, the expressions of G0 [b], G()[b]
and G [b] in the expansion of G[b]f(x, 8;€) in powers of € are different.
« When f(x,0:€) = u(ex) ¢,(x,0), we apply the expressions of G(V[b],GV[b] and G?)[b]
obtained in (5.2.2)-(5.2.4).

« When f(x;€) = @(ex), we apply the expressions of G(O[b], GV [b] and G [b] obtained in (ﬂ
5.2.39)-(5.2.41).

« When f(x;€) = u(ex) p(x), we apply the expressions of G(°)[b] and G(V)[b] obtained in (ﬂ
[5.2.45) and (5.2.46).



Chapter 6

Construction of Nonlinear Modulated
Solutions: Case of Variable Bottom

6.1 Analysis at Order &2

When expanding the water wave equations (2.2.9) in powers of €, we obtain a system similar to (
, but with G replaced by G(*) [b]. The linearized system is obtained at leading order

o —GO9p (1)
(g ) []> (g(u> —0, 6.1.1)

which admits a solution of the form

Q, ‘
n' = : g(e) u (X, T) elsn(x’t’e)‘//n(xae) tc.c.,

(6.1.2)
EM =y (X, T) 10y, (x,0) +c.c.+ (X, T).

The amplitude u and mean potential ¢ are slowly modulated in space and time.
At higher order O(€™), the expansion of ( 2.2.9) in powers of € leads to an inhomogeneous

linear system
o —GOB\ (nm B Ulm 613
e o Jlem )= ym | (6.13)

To guarantee that (6.1.3) is solvable, we need to remove the secular terms on the right-hand side of
(6.1.3), which implies the following two solvability conditions:

e SHU (m) does not contain any ’constant term’, where the ’constant term’ refers to a term that

is independent of x and ¢, though it may depend on the slow variables X and T'.

* (S2) Denoting the coefficients of ¢y, (x,0) terms in U™ and V(™ as P("™) and Q")

respectively, they satisfy
i€, (6)

8

P 4

oM = . (6.1.4)

45
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6.1.1 Solvability Conditions

Notation 6.1. For clarity, we will use the following abbreviations when there is no confusion:
On=0u(x,0), uy =u1(X,T), = @(X,T) and S, = Sy(x,t,0) = Ox — Q,(0)t.
Similar to the flat bottom problem, U and V(2 can be computed as

U®=-nih 4 (G(l)[b]g(l) + D IDED — GO GO) [b]gu)),
2) M Loeanz U oye)? 6.1.5)
Vi =-& _E(é‘ ) +§(G [p1EM)".
To write down the solvability condition (S2), we need to compute P(?) and Q) using li
Proposition 6.1. At order O(€?), the solvability condition (S2) yields the following equation
urr +Q,(0)urx =0. (6.1.6)

This expresses that the wavepacket travels at group velocity Q. ().

Before proving Proposition 6.1} it is worth noting that d; (¢’®*y;, (x, 0)) recurs frequently in our

computations. For convenience, we introduce the following notation Zg.

Notation 6.2. For any 27 periodic function p(x), Ly is defined by

lo(p(x)) :iﬂp(x)+%z(x). (6.1.7)
Then (e, (x,6)) can be conveniently computed as
O (€ (x,0)) = & (10, (x,0) + Oy (x,6)) = €' Lo (W (x,0)). (6.1.8)
It is obvious that
lo(p(x)) = g (p(x)), (6.1.9)

where the overline represents the complex conjugate of the corresponding term.

Moreover, for any two 21 periodic functions p(x) and q(x), we have (using integration by parts)

(Lo (p(x)),q(x)) = —(p(x), Lo (q(x))). (6.1.10)

Similarly, we can define {,q for 27 periodic functions by

lro(p(x)) =2i0p(x) + ——(x), (6.1.11)

which also satisfies (6.1.9) and (6.1.10) for 26.
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Proof. Proof of Proposition [6.1]
For clarity, we divide the proof into 3 steps.
Step 1. We calculate each term of U?) and V(?) appearing in ( 6.1.5).

* From the expresswns of 17 ) and 5 in |D we compute —n} in U éT and
(éx ) in V(?) as follows.

iV = —IQ’:;G) urr €Sy, +c.c., (6.1.12)
_eW) oSy e — or, (6.1.13)
1 1
_5(5)50)2 = —Suf e (Lo () +c.c.— |ur|* o (wi) > (6.1.14)
« Recalling D, = —id,, we calculate in U®

pnWp, W) _80.(6) u%eZiS"al(x,G)—l-c.c.—M|u1|2a2(x,9), (6.1.15)

where
al(x,O) =lhg (l[/nge(l[/n)) (6.1.16)

and

o (x,0) == 0 (W Lo (W) — VLo (W) (6.1.17)

Both a;(x,0) and 0p(x,0) are 27 periodic functions of x. In particular, 0, (x,0) is purely

imaginary.
« Using G\"[b] defined in ( 5.2.3) and G')'[b] defined in ( 5.2.40), we compute G [b)E() in
U® as

GUPBIED = GIV[b] (w1 €51 y) + c.c.+ Gy bl

. (6.1.18)
= —jupyx e (89G[b,Dx + G]Wn) +c.c.+ @x (axBo[b]b(x)).

* Using G}O) [b] defined in |i and Gg?) [b] defined in ( 5.2.39), we compute
GOBIED = G\ [b) (w1 &5 w) + ..+ GV b = Ay(0) uy €5y +c.c.. (6.1.19)
Then in V®) we have

(G(O)[b]gg(l))z %AZ(Q) 2 ZISan+CC +A2( )|u1|2|%]2, (6.1.20)
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Using (6.1.19) and G” [b] defined in ( 5.2.6) (replacing 6 in ( 5.2.6) by 26), we find in U'?

—GOBIN GO BIED = —GO ) (D (AL(0) w1 €Sy, +c.c.))
i2,(0)

=G bl(

i2,(0)
g

An(0)ui Sy +c.c.) 6.1.21)

An(8)ui e*1 (G[b, Dy +20)y;) +c.c..

Combining all the terms computed above, U? and V2 have the forms

U =UP(x,0:X,T) S + U (x,0:X,T) &S + c.c. + U (x,0:X,T),

v = Vl(z) (x,0;X,T) e + Vz(z) (x,0;X,T)e*Sn 4-c.c.+ VO(Z) (x,0;X,T), (©122)
where
v .= iQ,;(O) wir Y — irx (9o Glb, Dy + 0],
U@ .= —ig';(e) 2 (01 (x,0) + An(0)(Glb, Dy + 26]y2)), (6.1.23)
0 5= =220 a5, 0) + g (Bt
and

V1(2) = —u1T Yy,

1
v = St (AX(0) v — (Lo (y))?), (6.1.24)
Vi = w1 P (A2(0) |y 2 — 1o () [2) — @1

All Ui(z) and Vi(z) (j=0,1,2) are 27 periodic functions of x and are independent of variable . Hence,
Ul(z) ¢S and V1(2) ¢’ are the @-periodic components of U (2) and V@), respectively. U2(2) e?Sn and
Vz(z) %5 are the 20-periodic components of U2 and V(2. The periodic components, Uéz) and Vom,

are real.
Step 2. We examine the solvability condition (S2).

From Chapter we know that {y(x, 0)}x>0 is an orthonormal basis for periodic functions.
Hence, the coefficient P?) of ey, (x,0) in U?) is given by

PO = (U y,(x,0))

1Q,(0 .
o g( )ulT_m]X (399G, Dy + 0], (x,0), W, (x,0)) (6.1.25)

iQ, (0
:—l ( )ulr—iA;(G)ulx.

When decomposing the periodic function dgG[b, Dy + 0]y, (x,0) in terms of {y(x,0)}i>0, the

coefficient A,(0) of y;,(x, 0) is given by (5.2.11)) in Lemmal5.1]
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In addition, the coefficient Q(z) inv®@ is
0 = —uyr. (6.1.26)

Thus, the solvability condition (S2) can be expressed as

2iQ, (6
LN (6 ury — 250) o (6.1.27)
8
From the dispersion relation (5.1.3)), we have
Q,(0
A(8) =2Q!(0) nl ). (6.1.28)
8

Substituting A;,(0) into (6.1.27) yields ( 6.1.6).

Step 3. We examine the solvability condition (S1).

In U@, the term independent of x and ¢ is only contained in Uéz). It is given by the zero-mode

of the periodic function U, (2), which we can compute as
2n Q. (0 2 2
Uéz)dx: _80.(6) |u1|2/ o (x,0)dx+ @x JxBo[b]b(x)dx
0 8 0 0
i€2,(6) 2 2 (6.1.29)

o (Bolblb()

= == (Wl (i) — Vilo (i)

=0,

because (Wnlo (Wn) — Wnlo(Wy)) and By[b]b(x) are both 27 periodic functions. Therefore, the solv-
ability condition (S1) is satisfied naturally, and does not provide us any additional equation.

O]

6.1.2 Approximation of Solution at O(¢?)

To find the solvability conditions at next order, we need to solve the inhomogeneous linear system

li for m = 2 and precisely calculate n @), & @),
We begin by decomposing the different components of U(?) and V() obtained in ( 6.1.22) using
various orthonormal bases: { Wy (x,0) }r>0, { Wk(x,20) }i>0 and { Wi (x,0) }x>o. This is shown in the

next lemma.

Notation 6.3. For clarity, we will omit the variables x in eigenfunctions and only indicate the

variable 0 to avoid confusion:

Vi = Wi(x, 0), wi(20) = yi(x,20) and yi(0) = yi(x,0).
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Lemma 6.1. U® and V® can be reformulated as

iQ,(0 . ; ) 0 is
U® =— (l ( )ulT—f—lA;,(e)ulX)esnwn_ Z i (An(6) —A(6))( av; W) urx 7" Y c.c.
=
- lQn(e)pk(Q)u%eziS”l//k@Q)+c.c.
>0 &8
1 iQ,,(0
£ Y0 (= 2O 0 0). i 0) P+ (2B, ¥ 0)) ) wi0) + e
=02 8
(6.1.30)
and
v®@ :—ulreis”lll +c.c.
+Z ~qi(0) u7 ey (20) + c.c.
k>0
) ) (6.1.31)
+Z 0) [Wul” — €0 (W) >, Wi(0)) [u1 |* Wi (0) + c.c.
=02
1
_EK’I(O)WIF_(P%
where we introduce
pk(e) = <O£1 (X, 9) +An(9)Ak(29)W3? Wk(ze»a (6132)
qk(0) 1= (A2(0)w? — (Lo(wn))’. wi(26)). (6.1.33)
and
K1(6) == ||€o (W) ||* — AZ(6). (6.1.34)

We recall that o (x,0) and 0 (x, ) are defined in ((6.1.16) and (| 6.1.17) respectively.

Proof. From (6.1.22), U® and V® consist of 0-periodic, 20-periodic (including their complex
conjugates), and (real) periodic components:

U = U e U S tec+ U (6.1.35)
v = Vlm &S+ VZ(Z) S L cc. 4 Vo(z). o

From Chapter[3.2] we know { i (x, 0) }i>0, { wi(x,20) }i>0 and {yi(x,0) }x>o are different orthonor-
mal bases for periodic functions. Hence, we can decompose periodic functions Ui(z) and Vi(z)

(i=0,1,2) in terms of these orthonormal bases.

Specifically, we decompose U 1(2) in (6.1.23) and Vl(z) in (6.1.24) in terms of the basis { Wi (x, 0) }x>0
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as follows:

U =Y 0w w

>0
iQ,(0) (6.1.36)
=—( urr +iA,(0) uix ) Y — Z i(dgG[b,Dyx + Oy, Wi) urx Wi,
k#n
and
v = Y V) Wi = —uir Y. (6.1.37)
>0

We recall that the coefficient of v, is P2), which has been computed in ( 6.1.25).

In addition, using ( 5.2.12) in Lemma we can replace (dgG[b,Dy + 0]y, ) in U1(2) by
oY,
(A(8) — Au(8)) (285 v

The choice of the basis {yi(x,0)}r>0 to decompose Ul(z) and V1(2) is motivated by two facts:

one is that Ul(z)eisn , Vl(z)e’S" are O-periodic functions; another is that ¢ (x,0) = e’%*y; (x, 0) satisfies

the spectral problems of G[b] with 6-periodic boundary condition, that is

G[b] (eiexl//k(x, 6)) = Ax(0) (eiexl//k(x, 9)),

, | (6.1.38)
819(x+27r)wk(x+2n.76) — elexwk(x’e)_

Later, we can use ( 6.1.38) to compute the actions of G[b] on U* e and V”¢’S based on the

decomposition in terms of { yi(x, 0) }r>o0.

Similarly, we decompose U2(2) and Vz(z) in terms of the basis { Yy (x,20) };>0 as follows:

U = Y (U, wi(20)) i (20)

=0 iQ,(6) (6.1.39)
- <(X1(X,9)+An(9)Ak(29) W37Wk(29>>u%Wk(29)7

k>0

Vi = Y (v yi(20)) i (20)
1 ) (6.1.40)
=) §<Aﬁ(9)lﬂ3 — (Lo(wn))", wic(20)) 17 Wi (26).

When computing (G[b, D, +26]y2, i (26)) in U2(2)’ we use GEO) [b] defined in |b (replac-

ing 0 in (5.2.2) by 26) and we know G|b, D, +26] is symmetric for the L2-inner product, as shown
in Lemma[5.2] Hence, we have

(G[b, Dy +20]W2, wi(20)) = (w2, G[b, Dy +20]w;(20)) = Ar(20) (w2, wi(26)).  (6.1.41)

Finally, we decompose Uéz) in (6.1.23) and VO(Z) in (6.1.24) in terms of the basis { Y (x,0) }x>o0.
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When k£ = 0, we have

l//o(x,O):\/IZTT and  Ag(0) = 0. 6.1.42)

Therefor, the coefficients of yy(x,0) are related to the zero-mode of Uéz) and VO(2>. In (6.1.29), we

have proven that the zero-mode of Uéz) is 0.

Because Uéz) and VO(Z) are real, we can decompose them as

1
Uy = ¥ U wil0)) wil0) +-cc.

k20 o ) (6.1.43)
l n
=¥ 5 (P 0 (x,0), w(0)) s+ (2uBolblb(x), v 0)) 9 ) w(0) + e
k>0
1
v =Y GV v (0)) wi(0) + .
k>0
1
= 5 (AL (O)]yal* = [Co (w) 2, yi(0)) | [* yic(0) + c.c. (6.1.44)
k>0
1
- 7(H€e(%)llz—Ai(G))Iullz—<PT-
Combining all the above decomposition completes the proof.
O

Next, we use the method of undetermined coefficients to solve system 1} and find n® and
E@) as follows.

Proposition 6.2. The system ((6.1.3) at order m =2 is solved in the form

@ = Y are™ yi(x,0) + ) cre® Sy (x,20) + Y exwi(x,0) +c.c.+ 1,

= k=0 k=0 (6.1.45)
=Y b y(x,0) + Y die® i (x,20) + Y fiwi(x,0) +c.c.,
= k>0 k>0

where coefficients ay, by, cy,dy, ek, fr and 1 are functions depending on large-scale variables X and

T, and possibly on parameter 6.

1
a,(0,X,T) = gulT(X ,T)+

b(X,T) =u(X,T),

(6.1.46)
a(0.X.T) =Q"g“’)<f;’;”< 0), V(6. 0))ux(X.T)  fork#n,
v,
b(0,X,T) =—i( 9(x79),l//k(x,9)>u1X(X,T) fork #n.
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c(0.X,T) =k (0)ul(X,T),  di(6,X,T)=di(8)ui(X,T),
Fe(8.X,T) =£i(0) s (X, T)*+ frox (X, T),  ex(8,X.T) = ex(0) |ur (X, T)[%, (6.1.47)

_ 1,1

1(6,X,T) = g(T"‘( Nt (X, T + or(X,T)).

A new arbitrary function uy(X,T) of the slow variables is introduced into the solution at order
O(e2). In addition, the explicit formulas of coefficients ¢(6),d(0), fi(0), fi. and é(0) are pro-
vided in (6.1.57) and (6.1.61).

Proof. We are looking for the solution, n ) and ‘g’ , to the inhomogeneous system

am(z) _ G<o> [b]gm _y®@,

6.1.48

According to Lemma we assume that 1) and &) have the forms given in with
undetermined coefficients ay, by, ¢, dy, ek, fx, and 7). These coefficients depend on the slow variables
X and 7, but they remain independent of x and 7. To determine these coefficients, we substitute (|
[6.1.45) into @]) and then identify the coefficients of different terms on two sides of (6.1.48).

Substituting 1) and &(? into the left-hand side of ( 6.1.48), we obtain

an® —cOpE®
— (i€4(8)an +An(0)by) ey, — Z (i9,(0)ax + Ar(0)by) Sy

k>0, .
20 (6.1.49)
=Y (2iQu(0)ck + Ac(20)d)) ey (20) — Y A(0) fi wi(0) +c.c.
k>0 k>0

and

gn® +9,£?) = (gan —iQ,(0)by) €™y, + Y (sax —i€4(6)bx) Sy

k>0,
k#n (6.1.50)
+ Z (gck — 2iQn(9)dk) @2i5n vi(20) + Z ger Wi (0) +c.c.+g7.
k>0 k>0

In the above computation, we use (replacing 6 with 26 and 0, respectively) to compute
GO [b]e? Sy (20) and GO [b)y (0).

On the other hand, U®) and V(%) on the right-hand side of are provided in and
(6.1.31]), respectively. By identifying the coefficients of various terms on two sides of (6.1.48), we

derive the following equations, which can be solved to find all undetermined coefficients.

1. Coefficients of ™"y, (x,0):
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Identifying the coefficients of ™"y, (x, 8) results in the equations

1Q,(0
10, (8)an — An(0)bn = — 2O AT (8)uny,
8 (6.1.51)
8an — iQn(G)bn = —umr,
which can be solved as
A, (0) iQ,(6)
ap = —uirT + uix + us,
g Q,(0) g (6.1.52)

b, = uy.
Here, uy = u»(X,T) is an arbitrary smooth function that depends on X and 7.

2. Coefficients of ¢’y (x, 0) for k # n:

Identifying the coefficients of ¢’y (x, 8) for any k > 0 except n leads to the equations

ay,
—iQ,(0)ar — A (0)by = —i A (8) — A (O s W),
1Q,(8)ax — Ai(8)bi = —itrx (An(6) — Ax(6)) (=, Vi) 6.1.5%)
gay — iQn(G)bk = 0,
which can be solved as
Q,(0) dy,
ag = (%,Wkﬂlx,
g() (6.1.54)
b= —i{ S0 ) uix
k 00 ) .
3. Coefficients of e?5"y;(x,20):
Identifying the coefficients of 25"y (x,20) for any k > 0 leads to the equations
. iQ,(0
—21Qn(9)ck—l\k(29)dk= — ( )pk(e)u%,
{ (6.1.55)
ger —2iQ,(0)dy = Eqk(e) ul,

where py(6) and ¢, (0) are defined in ( 6.1.32)) and ( 6.1.33)). Then the solution to (6.1.553)) is

Ck = é7((9)1’!17

(6.1.56)
di = di(0) ui,
with
(0) = 1 4A4(0)pi(6) — Ak(26)gx(6)
BP0 4A,(0) — Ax(26) ’ 6.1.57)
0(6) = iQ,(60) q(6) — pi(6) o
‘ g 4Ai(6)—Ai(26)



CHAPTER 6. CONSTRUCTION OF NONLINEAR MODULATED SOLUTIONS: CASE OF VARIABLE BOTTOMS55

In Appendix |Al we show that the denominator (4A,(8) — Ax(26)) may vanish for certain
values of n and 6. We exclude them in the present analysis.

4. Coefficients of y;(x,0):

Identifying the coefficients of y(x,0) for k > 0 results in the following equations

iQ, (0 1
70)i =~ 1 x.0). 1 (0) [+ (2uBolb o). i 0))
. g (6.1.58)
gex = 5 (Aa(0)|wal* = 0o (wi) I, yi(0)) e |,
and identifying the coefficients of yp(x,0) = %ﬂ gives
_ 1 )
gTIZ—EK](@)’u]’ —OQr. (6.1.59)
Solving above equations, we find
fe= Fi(0) [ur]> + fic ox,
e = ex(0) |uy|?, (6.1.60)
_ 1,1
n= —g(ﬁ’(l(e) Juy > + ¢T),
where we denote
s o lQ‘n(e)
o 1
o=~ 57 (OBl W (0), (6.161)
- 1
e(0) =5 (AR(O) | wal® — o () %, wi(0)).

Since A(0) # 0 when k # 0, all fi( 0) and f; are well-defined.
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6.2 Analysis at Order ¢: Solvability Condition (S2)
Atorder €3, U®) and VO in can be computed as
U® =_— 77;2) + (G(l) b]E@ + DD, E? — GO GO) [b]§(2)>

+ G [b]’é(l) +Dxn(2>Dx§(1) el [b]n(z)G(O) [b]é(l) +Dxn(1)DX§(1)

e [b]n(l)G(l) [b]é(” +Dxn(1)Dx€(1) —GM [b]n(l)G(O) [b]é(l)

_ % <G(0) B](nW2D2EW 4+ D2 ()26 1M — 26O [p]n VGO [p]n VGO [b]g;(l))] ’

VO =g - eVl - gNe 1 nNg GO plg
+(GOBlEW) <G<o> )@ + GOPBIED + D UDED — GO BV GO [b]gm)'
(6.2.1)

The formulas of U®) and V) in are similar to those in from Chapter (after
substituting G(O), G and G? into ).

Now we examine the solvability conditions (S1) and (S2) at order 0(83), which lead to the NLS
equation. Because U®) and V) consist of numerous terms, for the clarity of computation, we label
different terms in U ) as Ui(3) and in V) as Vj(3):

uf i=-nf?, Ul =6Pple", Ul i=6plE®,

U = DxnVDg " 6V MG b, (62.2)

Furthermore, we denote Pi(3)

of €Sy, (x,6) in V7.

as the coefficients of ey, (x,0) in Ul-(3), and Ql(}) as the coefficients

(3 iQn(e)

By computing and combining all P;

) and 01, we obtain P®) + 0® in condition (S2),
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leading us to the following proposition.

Proposition 6.3. At order O(€?), the solvability condition (S2) for reads as

2i(M2T +Q;(9) ugx) —I—QZ(B) Uixx = xl(O)u1|u1|2 —

in(e) (k1(0) or +12(0) @x )ur,  (6.2.4)

where x1(0) is given in (| 6.1.34),

KZ(G) = Qn(e) <2i<€6(lljn)7 V’n> - ( Z 2/\:(0) (axBo[b]b(X), Wk(0)> <Wk(0)aia2(xv 9)> —I—C.C.)),
0 (6.2.5)
and o (6 |
71(8) := é )(An(e)rg(e)+An(e)r4(9)+2/\g(e)r5(e)+2r6(e)). (6.2.6)

Coefficients r3,r4,rs5 and rg are defined in (6.2.27), (6.2.33), (6.2.44) and ([ 6.2.54)), respectively.
Furthermore, coefficients k1(0), k2(0) and x1(0) are all real.

iQ,(0
To simplify the computation of P©®) + me, we will group Ul.(S) and Vj(3) by their charac-

teristics, and divide the entire proof into 6 steps for clarity.
¢ Step 1: Combination of terms U1(3), 2(3), 3(3) and V1(3).

AllU 1(3), 2(3) , 3(3) and V1(3) are the linear terms in U() and V(3), which contribute to the coefficients

of linear terms in the NLS equation.

Lemma 6.2. The linear terms U 1(3) , Uz(S), U3(3) and V1(3) contribute

iQ,(6)
g

Q,(0 . / "
0P = _ g( )(2,(M2T+Qn(9)uzx)+Qn(6)u1XX> (6.2.7)

i=1

o PO) 4!

Proof. Firstly, we compute coefficients P1(3), P2(3), P3(3) and Q?).

1. From the expressions of n(z) and 5(2) in ( 6.1.45), we have in U 1(3) and V](3)

1 A (0 1Q,(0
P1(3) = —Qur = —— 7T — x(6) UIXT — (6) ur,

g Q,(0) (6.2.8)
Q(13) = —bnr = —unt.

2. Using €M) in |b and G\”[b] defined in 1} the €y, term in US> comes from

G [b) (w1 y) = 5 Dxxuy €1 99eG[b, Dy + 0],
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Applying Lemma([5.3] we have

1
P2(3) = — FJUIxx <869G[ban+ G]Wm Wn>
% Ju v v (6.2.9)
= — SO uixx —unxx ((Glb. D+ 0] 52 521 = A, (0| 567

3. Using €@ in (6.1.45) and GEI) [b] defined in , the ey, term in Uy, ) comes from

Gy (] (bn ey, + Y bye wk)
k#n

=— ibyx €°"0gG[b,Dx+ 0]y, — i Y byx €I Glb, Dy + 6]y
k#n

Then the coefficient of ¢y, is

PB’(3) = —ib,x <89G[b,Dx + 9] Y, Wn) —i Z ka <89G[b7Dx + 6] Vi, ‘l’n) (6210)
k#n

We substitute b, and by, from (6.1.46)) into (6.2.10)), and then use (3.2.T1)) to rewrite

P = — i, (8) usx — uixx Z S0 W) (9eGIb, Dy + Oy, wi)
k#n

5 (6.2.11)
—iAy(0) uzx —uixx (deGlb, D+ 6]( Y ( ;gz V) Vi) W) -
k#n
O . :
When decomposing 3¢ D terms of the basis { Wk (x, 0) }x>0, we have
oy, oy, v,
S0 g Y=L (g Vi Vi (6.2.12)

k#n
Substituting (6.2.12) into (6.2.11)) and using (5.2.11) again, we obtain

. Yy I,
PP :—m;(muzx—ulxx(@ec[b Di+ 6] 50 i) — N,(0) (50 ,q/n>) (6.2.13)

Applying Lemmal5.4] we observe that the second term in (6.2.13) is canceled with the second
term in (6.2.9), which implies

1
PP 4 PP = —5 A (O)ixx — A (8) uxx. (6.2.14)
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Therefore, combining (6.2.8) and (6.2.14) gives

3 .
Q,(0
y P Ll ( )Q?)
i:ll /f/ . 1 Vo (6 (6.2.15)
:ulTTQ:lieiulXTzAZ(e)MlXX i€ )MZT*iA:l(Q)uzx.

By differentiating the dispersion relation (5.1.3) twice, we find

K(6) = 20,(0)0(6) and NJ(6) = (0,(6)2%(6) + 97 (6)). (62.16)

Substituting (6.2.16) into (6.2.15) and also using ((6.1.6), we can simplify the terms in (6.2.15)) as

follows:
1 1 A (0
— EAZ(Q)MIXX - §M1TT — Q’:l((e))ulxr
Qn(e) " 1 !/ Q/ (9) !/
- _ - n 6.2.17
p (gn(e)ulxﬁ 5.00) (w17 + Q4 (O)urx) , + S.6) (uir +Qn(9)u1X)X) (6.2.17)
Q,(0
=— ( Q) (0)uixx,
8
and
2i0,(0) . —2iQ,, ,
- urr — iAoy = (uzr + Quox ), (6.2.18)

which completes the proof of Lemma[6.2]
O

Remark 1. Different from the linear terms in Lemma identifying the 'Sy, terms in the nonlin-

ear Ui(3) and Vj(3) is more challenging. The strategy is considering all combinations that yield e,

because operators D and G[b)] preserve €',

3)

Specifically, we first find all combinations in U;™ or Vj(3) that contain ¢, and these combi-
nations provide us 0-periodic functions. Next, we multiply these 0-periodic functions by e~ to
obtain periodic functions, which can be decomposed in terms of the basis { Wy (x, 0) }x. Then the co-
efficients Pi(3) or QE.S) can be computed as the inner product of the periodic functions with y,(x, ).

I will explain this computational process through an example later.

* Step 2: Combination of terms U§3), U6(3), V2(3) and V5(3).
Lemma 6.3. The terms U5(3), U6(3), V2(3) and V5(3) contribute coefficient

i€©,(0) 2iQ,(0)
g

P5(3) +P(E3) n (Qf) +Q§3)) =—r(0) ui Qx, (6.2.19)
i2,(0)

8

to PO + Q(3), where

r1(8) = (Lo (Wn), Wn)- (6.2.20)



CHAPTER 6. CONSTRUCTION OF NONLINEAR MODULATED SOLUTIONS: CASE OF VARIABLE BOTTOM60

Proof. We compute each coefficient as follows.

1. The ey, term in US(3> comes from a combination of the first term (%ule’sﬂ V) in n

and the third term ¢ in &) given in Ii that is,

iQ,(0) iQ,(6)

ey, ) Dx (@) — Ggo) bl (——

j 1
Dy w1 y,) Gl 1b](9).
Remark 2. As the first example of nonlinear term, here we present the detailed computation

process, which will be omitted in the future. For the 0-periodic function

iQ,(0) i,(0)

D ¢S y,) Dx (9) — GL [b] meS )Gy b](9),

we first multiple e to get a periodic function, and then we can take the inner product with

W, to compute the coefficient P5(3) of eSny, term in U5(3).'

—i iQ,(0) i i,(0)
<€ San(g()Mle Sn llfn)Dx((P), l[/n> — <€ S"GEO) [b] (g()ule S Wn)GEP[bK(P)a Wn)

_iQ,(0) iQ,(6)
B g

(e Dy (w157 ) (—ix ), ) — (e G By (9, G [B](9)), vi)

—i i i€, (6 —iSy i
(e S"Dx(ulcpxes"wn),wn>—g()ul<e 5151 Glb, Dy + 0] (W Gy [b](0)), i)

e iQ,(6
. )1 g e 0 (), yi) — g( )

1i0,(6) iQ’;(e)u1<WnG§Il)[b]((p),An(9)an>

w1 (yuGyy [b](9), Glb, Dy + 6] ys,)

—~

=(—i
iQ(

- P u1 x (Lo (Wn), W) —

w1 Px (Lo (Wn), W) —
iQ,(6)

N

An(0)u1(Gly 1B, |y ).

Since G}}) [b]@ will be eliminated later, there is no need to substitute (| 5.2.40) here.

Therefore, the coefficient P5(3) is

iQ,(6)

iQ,(6
P§3) — p ul(px<£9(q/n)v ‘I’n> - ( )

8

A(O)ur (G bl ). (6221)

2. U6(3) does not contain any term of the form ¢’ y,, which implies P6(3) =0.

3. Using the first term (¢’ y,) and the third term @ in (D, the ¢Sy, term in V2(3) comes

from the combination

- (ax(uleisn Wn)) (‘PX)y

which has the coefficient
0% = —u1px (Lo (W), W) (6.2.22)
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4. Using the first term (u;e™"y;,) and the third term ¢ in EM | the eSny, term in VS(S) comes

from the combination
(G [blire™ 1) (Gl b)g).
Using G;O) [b] defined in , we compute the coefficient Q?) as
O = Au(0)u1 (VG1y 1D10, Yi) = An(0)ur (Gl 1],y

In summary, combining all the computations above yields

iQ,(8)

n 2iQ,(6
P B0 g4 gf)) = - 20

w1 @x (Lo (W), W) (6.2.23)
O
e Step 3: Term Uf).
Notation 6.4. For convenience, we introduce the following notations:

Yk(0) := <€26(Wn£9(Wn))7Wk(26)>a
1(8) = (Lo (v))*, i (26)), (6.2.24)
Yk (0) := (W, w(26)).

Then we can rewrite pi(0) in (6.1.32) and q;(0) in (6.1.33) as

Pi(0) = Yik + An(0)Ar(20) 3k,

(6.2.25)
ak(6) = A5 (8) Vs — Pox-
1Q,(0
Lemma 6.4. Uf) contributes the following coefficient to P®) + : g( )Q(3).
1
P4£3> = —g(Kl(G)ul(pT—r3(9)u1|u1|2), (6.2.26)
where K is defined in and
r3(8) =—[|A7(6)|wul* — |Co (va) *|I?
(6.2.27)

+1 y 47 (0)pr(0) — Ak(26)qk(0)

2 4A,(0) — Au(26) (k= An(0)75k) -

k>0

Proof. From the expressions of (2 in (6.1.45) and (") in ( 6.1.2), we find two combinations in

U f) that contain e’ y;, terms.
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1. One combination is

Z cke l//k 29 (bt] eiSn l[/n) — G(O) [b] ( Z Ckezis” I//k(ze)) G(O) [b] (u1 eiSn l[/n) R

k>0 k>0

which contributes coefficient

(i) = —u1 Y cx{lo (Wi(20) o (W), W) — w1 A;(0) Y cr(wi(20) Vi, i) (6.2.28)
(>0 (=0

to Pf).
Remark 3. Here we explain the computation of (Co (W(20)Co(W)), W) as follows:

(Lo (wi(20)0o (vn)), W) = — (Wi (20) Lo (W), Lo (W) = — (Wi (20), (Lo (¥))?) = T,

where we use and in the above computation.

Substituting ¢ in (6.1.47)), (i) can be expressed as

upu 2 n — - L
LR A (mem) e

()=

If we also substitute pi(0) and gx(6) in (6.2.25), (i) can be expressed in terms of Y as

o ufm]? 1 7 AA3 s 2
() =", ;We)Ak(ze)(zmnwmm 4A3(0)Yia Tk + Ac(26) i) 620
— A2(O)AL(20) 1T + 3AL(O) A(20) Tk — 3A(0) A(20) [ ).
2. Another combination is
Dx(Zekl//k(O)+c.c.+‘r_]) (ules” Zekllfk —l—c.c.—}—ﬁ)G(O)[](ule’S”y/),

k>0 k>0

which contributes coefficient

=ui (Y exy(0) +c.c.+ 7, 1o (W) P) =1 AZ(0)( Y exyi(0) +c.c.+ 7, [wul?),

k>0 k>0
(6.2.31)
to Pf’).

Substituting e; and 7 given in ( 6.1.47)), we obtain

1 1
(if) = g Jut 11AZ(0) | — 1€ (w) P[> — gulflJT(We(llfn)H2 —A(6)).  (6232)
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In summary,

A gl L e U

1
—gullullzlll\ﬁ(@)lvfnlt\59(%)|2H2 (6.2.33)

—;w(uze(wnw—A,%w)).

O]
* Step 4: Combination of terms U7(3), V6(3) and VS(S) .
Lemma 6.5. The terms U7(3), V6(3) and V8(3) contribute the coefficient
PO 4 iQ’(;(Q) (0% + 0y = 4(9)91(29)An(9)u1|u1|2, (6.2.34)
10 P9+ 22000, e
ra(0) = (=207 vl +2i0 (YW, — Va Vi) + V¥, + VWi ¥l (6.2.35)

In Lemma we use ' to denote d; for convenience, although it is not rigorous. Thus Y, = d,y,
and Y| = Oy Wy

Proof. 1. Substituting n(!) and () in li into U (3), we find two different combinations in

. 2Q5(6
U7(3) that contain ey, terms. One combination involves selecting (#\ul I*|w,|?) from
g
()2 and (u;eSny,) from EM):
1 207(6) i 1 0 293(6) i
=5 G2 Py ) 8 (o) = 3D Py ) 6] (v,
This 6-periodic function contributes coefficient (i) to P7(3), where
N
)= 220 0) (v (o) + to tallwaPui) i) ) . (6236
T : iQ,(6) 5 o 2 1))2 11 eiSnyr,
Another combination involves selecting (———u?e*"y, ) from (V)2 and (e’ ) from
IJUR
1 -Q2(6 ; — 1 5,028 ; —
_EG(O) [b] (g2()u%e2 A ll/,f)Df (uletS,, %) _ 2D§(g2()u%e2 S lp,f)G(O) [b] (ulezsn llfn)-
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The coefficient of ey, in above 8-periodic function is

Q%(6
() = = i 0 0) (AT (o) + lolballwaPui) wi)). (6:230)
Therefore, ,
Q- (6
P = (i) + (if) = 'jg(z ) An (Ot 21922 (), v (6:2.38)

Remark 4. We provide some details about the computation in (| 6.2.38).

Using (6.1.10), we compute

(w05 (W), W) + (Lo (Lo (Wl W), W) — ( 5 (W), W) — <€9(£9(|1//n|21//n)),1//,,>

(o oy Py). i)~ éwnwn,ee(wn»
=

=(|yal* 3 (W), ) +

=(| Wl 05 (), i) + 1V P, B (9)) — = (v Py B ()

SUARAARE

\S)

2. Turning to V(3), we identify 3 combinations that include ey, term, which are as follows:

(G(O) [b] (ure vy, )) ( (iQ’jg(e)

(G(o) 6] (11 %)> (DX(iQ;(O)meis,, %)Dx(‘uleisn%)).

ureSny, ) Dy (ure™ llfn)) ,

Calculating their coefficients of ¢/>*y, leads to

1Q,(0 .
o) =" ( )An(9)u1!ul!2<Wn526(llfnfe(llfn)),ll’n)

An(0)ur ur (Y (Falo (W) W) (6.2.39)

An(8)ur s [P (W (W (Lo W), W)

3. Because Vg(3> has a similar structure with V6(3), the ey, terms in V8(3) are also provided by



CHAPTER 6. CONSTRUCTION OF NONLINEAR MODULATED SOLUTIONS: CASE OF VARIABLE BOTTOM65

three combinations.
( iQ,(0)

(iQn(G)

g
(

”leis" Wn)/(uleisn Wn)/G(O) [b] (uleiS,, lI/n) )

ure*y,) ' (ureiSnys,) ‘GO (urery,),
i€, (6)

uj e l//n)/(ul e Wn)/G(O) [b] (m) )

which contribute to coefficient

1Q,(0

o) _ ! g( ) An(O)u0 1210 (i) P, i)
1Q,(0

—i—l ( )/\n(e)ul’u1’2<’€9(ll/n)’2qln7ll’n>

+ iQ"(Q)An(G)m 1 [*((Lo (W) * W, W)

- injg(e)An(G)m Jur 2 {(Co () W, W)

In summary, U7(3), V6(3) and V8(3) contribute the following coefficient

+

iQ,(0
P g( L0 +0f)

_0X(0)

p An(e)ul|M1|2(<|1/fn|2€%(llfn),1//n>+<W€ze(%€e(%)),%>

— (Wa(Walo (W), W) + (W (W (Lo i)', W)
— ((Co(v)) V) ).

Using the definition of {g in (6.1.7)), we can rewrite (6.2.41) as

Q3(6)

¢ Step 5: Combination of terms U8(3) and V7(3).

iQ
Lemma 6.6. U§3) and V7(3) contribute the following coefficient to P®) + !

202(6)

i2,(6
R+ ()Q§3)=r5(9) A (0)u [y .

8 8

e An(8)ur |ty (=267 yul* +2i0 (W, — Wi Wi) + (W) + v W) [yl?).

(6.2.40)

(6.2.41)

(6.2.42)

O]

(6.2.43)
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Recalling s defined in (6.2.24)), we have

rs(0) =Y Ax(20)|ysl*.

k>0

(6.2.44)

Proof. 1. Substituting n(l) and é(l) in li into U, (3), there are 3 combinations that contains

¢Sy, terms. The first combination is

GO ) S yi) GO 6] () GO (),

where the coefficient of 'y, in it is

Q3(6)

(i) = ';2 i |ur P A3 (8) (W (G[b, Dy + 26151, ).

The second combination is

7
GO (B
H(g

with the coefficient

Q;(6)

(if) = g(z it 1 PA2(6) (v (Gl D+ O]y ). ).

The last combination is given as

Q
GO p) (5
I~

. iQ,
ule’S" %) G 5] (l?ulelsn

with the coefficient

Q3(6)

(i) = —';,72%1 11 PA7(8) (W (G, D+ 0] [ yu*). i)

We notice that (i) + (iii) = 0, then we conclude that

2
ROBRY (0)

e ;2 ut|ur[PA7(8) (W (x, 8)(G[b, Dx +26] 7 (x,6)), Y (x,6)).

ure*y,) GO [p] (if:nul eSny,) GO (urery,),

vi) GO 6] (a1 ),

(6.2.45)

(6.2.46)

(6.2.47)

(6.2.48)

2. Turing to V7(3), it has similar structure to U8(3). Hence, a similar calculation shows that the
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; .03 .
¢Sy, terms in V7( ) are contained in

—_— lQn 9 i 1,
. iQ,(0 . i
= (GOl e ) ) (GBI e y) GO ] (e ) ).
. lQn 2] i TS
= (GOl e ) (681 e ) 6O ] (e ) ).
Then the coefficient Qg7) is calculated as
iQ,(0 _
0 =~ B0 i EA2(0) (9 G100, +20)42). v
iQ,(0
10l )m |u1 [P A5 (0) (W (GIb, Dy + O] W), W)
igg( o) (6.2.49)
_ ; uy |t |2A2(0) (W (G[b, Dy + 0] | W), W)
T lQr:g(e) u |u1 |2A121(9) <W(G[b7Dx + 29] WI%)? l//n>

In summary, we have

Q,(0 202(0
P! g( )Q§3): gz( )ul|u1|2A§(9)<G[b,Dx+2e]w,%(x,e),q/,’f(x,e». (6.2.50)

We can decompose the periodic function w2 (x, 8) in terms of basis {w;(x,20)}.

Yy (x,0) =Y (v (0), wi(20)) i (26). (6.2.51)
k

Substituting (6.2.51) into (6.2.50) and using (5.2.13) (with 6 in (5.2.13) replaced by 26), we
compute (6.2.50) as

i, (0 202(6
P 2 g 2BO), e 0) D A0 (W 0 e 20) (6252
k
Substituting 3, defined in (6.2.24) completes the proof. O

» Step 6: Combination of terms U9(3), US), 3(3) and V4(3).

Q,
Lemma 6.7. U9(3), Ul(g), 3(3) and V4(3) contribute the following coefficient to PO+ i€2,(6) Q(3)-
g
B+ 20100 +0) = ro0) 2 - 0) 2 gr, 6259

8
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where

r6(0) =~ ¥ r a7 —x (a6 (M (OVAK20 )t + i) — ;#;)A:@uaz(x, 0), yx(0))
(6.2.54)

and

- Z [616(x), Wi (0)) (Wi (0), ica (x, 8)) +c.c.. (6.2.55)
k;éO

We recall that o is defined in (6.1.17), pi,qx are defined in (6.2.25), and Yy (for i=1,2,3) are
defined in :

Proof. 1. From the expressions of () in ( 6.1.45) and n") in li we find there are two

combinations in U9(3), which contain ey, terms. The first combination is

Dy( ure™ Di( Y fiwi(0)+c.c.),
k40
which contributes coefficient
) iQ,(0
(i) = — ( )ul Y (o (v 0c(fiwic(0) +c.c.)), win). (6.2.56)
k£0
Another combination is
Dx(lQn(e) MlelS” Wn Zd eZlS,,
with coefficient
. iQ,(0)__ .
(i) = W Y di(lo (Wnlao (Wi(26))), ). (6.2.57)
k
Therefore,
iQ,(0 .
A == 2 ¥ a(0) e 2 (to v V))
_ k20 (6.2.58)
i (

")ul;dk@e(wze(wk(ze))),wn>.

2. Because U9(3) and U 1(3) have similar structure, with D, is replaced by G [b], the €57y, terms

. 3 . .
in Ul(O) are contained in

—~ G0 (] (iQ';)(e)ulelSn ‘// G0 [b] ( ; v (0) + c.c.)
k#0

w8y, ) GO B] (Y die®Sry(26)
k
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with the coefficient

iQ
Py —— (6) (0)ur Y Ac(0)(fewic(0) +c.c,|wul?)
8 k70

+%Anw)mzdkm(zm<m<ze>,wn>.
k

(6.2.59)

3. Turning to V(3), from the expressions of 5(2) in ( 6.1.45) and 5(1) in || we find there are

two combinations contain 'Sy, terms:

— 0, (1) 9 (Y fewic(0) +c.c.) — Oy (ureSnyr) 0 (Y die®™ i (26))
k0 %

with coefficient

0 =1 Y (fewr(0) + c.c, 3 (ulo (W) —ulzdk (Co ()20 (Wi(20)), W) (6.2.60)
k0

4. Since V4(3) has similar structure to V3(3) , we can easily find the two combinations contain

eSny, are

(G(O)[ ](ulezsn%))( [b](kal[lk(O)+c.c.)),

k0

(GOl (urerya) ) (GO 1] (X ke i (26)) )
k
and the corresponding coefficient is

QS) =u1An(0) Y Ac(0){(fiwi (0 )+ c.c., | Wl?)
k20

(6.2.61)
‘|‘1'TlAn(9)deAk(29)<WWk(29)al//n>'
k
(3) 1,03) 1,03 (3) : : : i,(60)
In summary, Uy, U,,,’, V57 and V™ contribute the following coefficient to P3—|—TQ3.
iQ,
PV +P) + g( €00 () 1 o)
21Q 0
O)is (6) L i 20) (Wi (26). i
6.2.62)
219 ?] (
)Y a0 (26). v fo (i)
k
1Q,(0
+l ( )l/tl Z(fkwk(0)+c.c.,a2(x,0)>,

k0
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where o is defined in (6.1.17)).
Substituting dj and fj in (6.1.47), we can compute and simplify it to

iQ,(6
BB ; Y00+ o)
292 +(8) — pi(0 o
i P A R Gy (MO 20 + )
( (6.2.63)
uy |y [* Z (i (x,0), wie(0))[*
k;éo
+}%W) Z—i*@wam (0)) (i 0}, ica(x,0)) +
22 MI(PXk#OAk(O) b0 X), Yk Vi(V), 10 (x, c.c.,
where o defined in is purely imaginary. O

Now we proceed to prove Proposition [6.3|by combining all the previously established lemmas.

Proof. Proof of Proposition [6.3]
iQ,(0
In order to to get P; + i€ )Q3, we add all the coefficients obatined in Lemma - and
g
Q.(6)
8

then the solvability condition (S2) (i.e. P;+ :

03 = 0) reads

Q,(0) 2iQ,(6)

Q! (6)u (uar + Quzx)

Q.(0) .. 1
—)(2zr1(9)+r7(9))u1(px—gKl(Q)ul(pT (6.2.64)

—_
SN
—~
>
~—

220(0) 2(6) 4 r6(0) 222 Y 2

+(rxm+mwf22AA®+“w> g’

oQ

After multiplying (— ) to (6.2.64)), we obtain

g
Q,(6)

2i(uor + 2, (0)uax ) + Q0 (0)urxx = x1(0)ur |us|* — (o x + K197), (6.2.65)

uj
Q,(6)

where k(0) and k»(0) are introduced in (6.1.34) and (6.2.5)). k;(0) is obviously real by definition.
K»(0) is also real because both (¢ (), ¥,) and o are purely imaginary.

The coefficient of the nonlinear term uy|u; |* is

r3(0) + A (0)r4(0) +2A5(0)rs(6) +2r6(0)), (6.2.66)

which is also real. This is proved in Appendix O
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6.3 Analysis at Order £: Solvability Condition (S1)

Now we examine the solvability condition (S1) at order €*. We begin with a lemma that will be

useful later.
Lemma 6.8. For orthonormal basis {yi(x,0) } x>0 for periodic functions, we have

1. When k # 0 and 60 =0, we have

2r
Wi(x,0)dx = 0. (6.3.1)

2. For any 27 periodic function f(x), we have

OM GO [b] f(x)dx = 0. (6.3.2)

Proof. 1. When 6 =0 and k # 0, we know W (x,0) and yy(x,0) = \/% are orthonormal. There-

fore,

/0 7 i (x,0)dx = V27 (i (x,0), wo (x,0)) = 0. (6.3.3)

2. As we know Ag(0) = 0, for any 27 periodic function f(x), we have
2n
GOblf(x)dx = V27 (G b]f (x), o (x,0))
0
= V27 (f,G bl x,0)) 34

= V2A0(0)(f, Yo (x,0)) = 0.
O

Computing the “constant terms” (terms that are independent of x and ) in U®) from 1'
gives the following equation.

Proposition 6.4. At order €3, the solvability condition (S1) of implies

(6
it + (hp + P2) oxx — (l 7(r )Fl(e) —p1(6)) |1z =0, (6.3.5)
where we define
1 21
hyi=h—s [ Bolblb(x)dx. (6.3.6)
; - 2n
p1(8) = z’ﬁkg 7(6) /O Bo[blAo[b] i (x, 0)dx + c.c., 6.3.7)
and ) o
Py 1= é Y i | BolblAo[blyi(x.0)dx +-c.c.. (6.3.8)

k>0
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The operators Bylb| and Ao|b| are defined in Proposition with operator D replaced by Dy in

multiple scale regime:

Bo[b]Ao[b]wi(x,0) = Bo[b] sinh (b(x)Dy) sech(hDy) Wi (x,0). (6.3.9)

We recall that i, f¢(0), fi, and r(8) are defined in (6.1.60), (6.1.61)), and (6.2.20) respectively.

It is worth noting that /;, defined in ( 6.3.6) is a modified depth that also appears in the analysis
of the effect of a periodic bottom in the KdV limit (see [|6], page 854).

Proof. Recalling Ui(3) defined in l) to find the “constant terms” in U®), we need to compute
3)

the “constant term” in each U;™.

We observe that the variable ¢ appears exclusively in either e or %5+ at this order. Therefore,

terms independent of  must be those that do not contain e’" or €25, To find the “constant term”,

we only need to compute the zero-mode of z-independent term in Ul-(3) .
Our computation reveals that only U 1(3), 2(3), 3(3) and Ué3) contain non-zero ~constant terms”,

while the rest Ul-(3) contribute nothing. The four non-zero “constant terms” are computed as follows:

1. Using the expression of n(z) in ( 6.1.45)), we observe that the “constant term” in U1(3) is

—1r. (6.3.10)

2. Using the expression of £(1) in li we find the ¢-independent term in U2(3) is Gﬁ) [b]o.

Using Gﬁ) [b] defined in ( 5.2.41), the “constant term” is given by the the zero-mode of
G\?[b]@, which is

1 2

27 Jo Gy7 [blgdx
2
- %{ h— Bo|[b]b(x) + DxBo[b]b(x) sinh(b(x)Dy)Bo [b]b(x)dx 6.3.11)
0
1 2«
=—¢xx (h “3x s Bo[b]b(x)dx) = —hyQxx.

Because Bo[b]b(x) sinh(bh(x)D,)By[b]b(x) is a periodic function of x,

02” D.Bo[b]B(x) sinh(B(x)D.)Bo[Blb(x)dx = 0. 6.3.12)

3. Using the expression of &(?) in (6.1.45), we find the -independent term in U3(3) is

GYBIY fiwi(x,0) +c.c.),

k>0
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which contains the ”constant term”

1(Z‘,/MG(”[b]fl//(x 0)dx+c.c.) (6.3.13)
2ﬂk>00 111 k Yk\Asy D,

Using G;}I) [b] defined in ( 5.2.46), we obtain
2 (1) ) 2
GIII [b]fkl//k(x, O)dx :lka Bo[b}AO [b] lllk(x,O)dx
0 o (6.3.14)
=i(fe(0)|u1[% + feoxx) A Bo[b]Ao[b] wi(x,0)dx

Hence, the ”constant term” in U3(3) can be represented as

1 21 (1)
E(Z/ G [b]fkllfk(x,o)dx—i-c.c.)
>070
i

s g 2
:§k>0 (fk(9)|ul |§( +fk(pXX)/0 BO[b]AO[b]IVk(xyO)dX—i-C.c, (6.3.15)

=P1\M1\§ + P2Pxx,

where p;(6) and p»(0) are defined in ( 6.3.7) and ( 6.3.8)), respectively.

4. In U6(3), the ¢-independent terms arise from the following two combinations of the terms in
nW and EM):

iQ,(0) iQ

"g(e) 1y €iSn Wn)G(O) [b] (uleis” Wn)

Dx( Mleis"llfn)Dx(uleiS"ll/n) *G(l)[b](

iQ,(0 ; — iQ,(0 ; —_—
+Dx(g()u1e $1y) D (1remy) — GO ] (200 1 351y, ) 6O ] ()
(6.3.16)
Then the ”constant term” is given as
iQ,(6
2O o () v 63.17)

Remark 5. When computing ((6.3.17), we have

2 ; . 1 X .
B I P A BN PN e P

2
1 iQ,(0 21 o
:Tl ( )‘Ml‘g( Eg(ll/n)lljn_ll/nge(wn)dx
n 0
1 iQ,(0
T2 : )‘”1@(@9(%)71#0—<wn,£9(1,/n)>)

IAIUARS

i0,(0)
oo
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Because (Lo(Wy), W) is purely imaginary, so we have

<€9(Wn)v Wn> - <V’nv£6(‘l’n)> = 2<€6(‘Vn)7 V’n>-

In addition, we compute

L /0 e [b] (%) G p] (u1eis" ll/n) dx

2 g

| o iQ.(0) | |
_1 ) z 51y ) GO 5

M/O G [b]( e l[/n>G [b](ule q/,,)dx
_iQ,(0) e (1) p— (1 20— _
=Sn M) [ 6 [b]<|u1| %%)dx—c; [b](\ul\ %y/,,)dx_o

In total, combining all “constant terms” find in U 1(3), U2(3), U3(3) and U6(3) yields 1i Using
Lemma it is easy to check that the “constant terms” in Ul-(S) are all zero for i =4,5,7,8,9,10.
We do not present the details here.

6.4 Derivation of NLS Equation

We introduce u := u; + €us to combine (6.1.6) (at order £2) and (6.2.4) (at order €°) to obtain the
following equation up to order €

2i(ur +Q5,(0)ux) + €, (0)uxx = 8(%1 (0)|ul® — (r2(0)@x + K (G)q)T))u. (6.4.1)

1
Q,(6)

On the other hand, the dynamics of 7] and ¢ are governed by equation (6.3.5)) and the following

one. | |
i = _g(ﬁm(e)\ul\%r or). (6.4.2)

Substituting (6.4.2)) into (6.3.5)) to eliminate 7, we obtain (up to leading order)

orr — (1 02) pxx = ~ (22911 (0) — g1 (0)) i — 5 (6) - (6.43)
Using (6.1.6), we can simplify as
orr —8(hp+p2) xx = 13(6) lulx, (6.4.4)
where
ry(0) 1= 20 (0) 1 gpi () + 2 6). (6.4.5)

r1(0), p1(0) and k;(6) are defined in (6.2.20), (6.3.7) and (6.1.34).

We introduce gt = X — Q/,(6)T and the longer time T = €t to use a reference frame moving at
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the group velocity Q},(0). Then (6.4.1) and (6.4.4) lead to (up to leading order)

iug +QU(0) uyy = x1(0) |ul*u+14(0) ugy (6.4.6)
and
((92(9))2 fg(hh+pz)) Pup = K3(0) |ul}, (6.4.7)
where |
k4(0) := 0.(6) (2,(0)K1(8) — k2(8)). (6.4.8)

For wave number (n+ 6) such that (9;(9))2 —g(hy+p2) =0, is singular and a different
scaling needs to be considered [2]] (see also Chapter 11.1 in [24]]). We exclude this situation in our
work.

Substituting into (6.4.6), we derive the cubic NLS equation for the modulation of a

solution with wave number (n+ 0) to the water wave problem over a periodically variable bottom.

2iur+Q(0) upy + xp(0)|ul*u =0, (6.4.9)
where
2(0) = —x1(0) — x2(0) (6.4.10)
and
12(0) = FO)K(6) 64.11)

(€,(6))* —g(hy+p2)”
In Appendix [B} we check that the coefficient y;,(60) of nonlinear term in the NLS equation is real.



Chapter 7

Perturbation Analysis for Small Bottom

Variations

7.1 Approximation of Bloch-Floquet Eigenvalues and Eigenfunctions

7.1.1 Perturbation of Simple Eigenvalues

Recalling from Chapter the Bloch-Floquet spectral problem of G[b]g = e~ '9*G[b]e!®* with peri-

odic boundary condition is

G[b]g ‘I’n(% 9) = A”(e) ‘I/n(% 6)7
Vn(x+27,0) = y,(x,0).

(7.1.1)

To perform a perturbative calculation of eignevalue A,(6) and eigenfunction y,(x, 6), we express
the periodic bathymetry as
b(x) = vB (x), (7.1.2)

and we assume that 3 (x) has the Fourier expansion

B(x) =Y Bre™ (7.1.3)

keZ

with Fourier coefficients 8. For clarity of computation, ¥ is assumed to be small and independent

of the nonlinearity parameter €.

By applying Proposition [3.1]and Proposition [3.3] we conclude that

G[b] = G[0] 4+ DL[yB] = Dtanh(hD) + yDL,[B] + ¥*DL>[B] + O(y*), (7.1.4)

76
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where

DL,[B] = —Dsech(hD) B Dsech(hD),

(7.1.5)
DL,[] = —Dsech(hD) B Dtanh(hD) B Dsech(hD).
Notation 7.1. For convenience, we introduce the following notations:
gn(0) = (n+06)tanh (h(n+0)) and s,(0) = (n+0)sech(h(n+0)). (7.1.6)

In the case of a flat bottom 8 = 0, the eigenvalues and normalized eigenfunctions are easily

computed as

A2(0) = (n+ ) tanh(h(n+0)) = g.(6),
T 0y (7.1.7)
n b \/ﬂ

e
Here, the superscript (¥) indicates the flat bottom B(x) = 0. (A,,,) denote the eigenvalues and

normalized eigenfunctions without relabeling. Later, we will relabel them in order of increasing
magnitude of A,(0), as explained in Chapter[3.2] to obtain (A, ).
When 6 is not too close to 0 and j:%, An(6) is simple eigenvalue and can be approximated as

follows.

Proposition 7.1. In the case of a periodic bottom B # 0, the eigenvalue A,(0) and eigenfunction
W (x,0) of have the expansions in y around B = 0 as follows:

2(8) = g4(6) + 74V (8) + A

. (7.1.8)
%(X,G) = 06,5 )emx+')/2k7én o )elkx—i—}/ Zk#n (xlgz)elkx+... ,
where
2 (6) =0,
10 = 2@ LIBPara0)+ LI P ol ), 719
NG T e T e P 0 (6) —84(6) )
k;én
and
) _ g0 Bionsn(0)si(0)
ak Oy gk(9) (9) 5 (7 1 10)
0 (O _ | 1
% 22(0) —ga(0 )(léﬁk 1Bignsi(6) 1&,&{ 1Br—ns7 ( )g1(9)—gn(9)>

I#n

(0)

Coefficient o, ' is a constant used to normalize the eigenfunction W,(x,0).

Proof. We assume that the expansions of A,(0) and W, (x,8) in powers of y have the forms de-
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scribed in ( 7.1.8)). Then we substitute G[b] from (7.1.4) and (A, ¥,) from (7.1.8) into ( 7.1.1). By
rearranging and collecting terms according to the orders of y, we get at O(7y)

( —tOxG[O 19x Z ak elkar (e—tiDLl [B]eiex) ar(lo)einx

k#n
‘ A (7.1.11)
=2,(0) Y. o+ 2, (0) ™,
k#n
and at O(y?)
—i6x t@x 2 zkx —i6x i0xY o, (0) Jinx —i6x i0x (1) ikx
(e7"*G[0]e"™) ¥ o DL, [Ble'™) oy €™ + (e "**DLi[B]e") ) o e
k#n k#n
:gn Zak €lkx+)b )() )mx‘F)LI)Z
k#n k#n
(7.1.12)
At O(y), we compute the two terms in the left-hand side of (7.1.11) as
( 716xG zex Z a zkx Z ak g th (7113)
k#n k#n
and
(efiexDLl [ﬁ]eiex) ar(lo)einx :( _ efiexDseCh( )ﬁDSGCh(hD) ti) (O)einx
:( lexDS@Ch ZB eth an Sn(6>ei(n+9)x
k€Z
:( —e_iexDsech(hD)) Z Eka,ﬁo)s,,(e)e"(”"*@)x
keZ
efiex Z B;car(l())sn(G)Sn+k(9)ei(n+k+9)x (7.1.14)
k€Z
== Y a5 (0)s5,14(0)e 4"
keZ
_an sl’l Z Bp }’lsp lpx7
PEZL

where we use DL;[f] in (7.1.5) and 8 in (7.1.3) in the above calculation. Hence, the left-hand side
of (7.1.11) can be expressed as

Za,gl)gk(e)eikx Otn s,, ZBP nSp(6 )e'P*, (7.1.15)
k#n PEL

Identifying ( 7.1.15) with the right-hand side of ( 7.1.11), the coefficient of " satisfies

~

—ais2(0)po = 14" (0) ", (7.1.16)
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as well as the coefficient of ¢*** (for k # n) satisfies

Vg (0) — 0l 5,(8)5(0)Ben = gn(0) 0t (7.1.17)

Under the assumption f02 " B(x)dx = 0, we require [/3;) = 0. Hence, (| 7.1.16) is solved as
AV (6) =o0. (7.1.18)
Moreover, we solve (7.1.17) to get

(1) (0 Bensa(8)5(8)
o =0y — . (7.1.19)
CT ak(0) —£(6)
At O(y?), we compute three terms on the left-hand side of ( 7.1.12)) in a manner analogous to
our approach at the order 7, yielding

( —lGxG tex Z (X th Z ak g zkx (7120)
k#n k#n
(eiiexDLz[ﬁ]e"ex)a,so)ei"x = —a,EO)sn(e) Z Bpfnka\kgn+k(6)sp(6)eipx7 (7.1.21)
p.keZ
and

(O DLBE") ¥ of e =~ T B ol su(O)sg(0)e.  (.0.22)

k;én kaEZv

k#n

Therefore, the left-hand side of (7.1.12)) can be expressed as

Y g (0)% — 0n”5,(8) ¥ By iBrgnix(8)5p(0)e™ — ¥ Byrersi(8)sy(6)e
k#n p.kEZ k}?iz
(7.1.23)

Identifying the coefficients of ¢ on both sides of ( 7.1.12) leads to

~0"52(0) Y. B iBigni1(6) —5.(0) ¥ B st V5i(0) = 2,7 (0) o). (7.1.24)
keZ kn

By substituting 06,51) from (7.1.19), we solve (| 7.1.24])) as
5i(6)

27(0) = =52(0) ( X 1B 2uia(8) + ¥ 1B k|2—gn(m)'

(7.1.25)
kel k#n ( )

Similarly, identifying the coefficients of ¢’** (for k # n) on both sides of ( 7.1.12) implies that

0 61(8) = 5,(0) ¥ Bn1Bigns1(0)5:(8) — ¥ Bt V5:(0)5:(8) = gu(6)e”, (7.1.26)
I€Z I#n
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which implies that

o = ¥ 5n(6)sx(6)

(X B tBisnc(6)+ X B ihr 15 (6) g

8(60) —8n(0) \ 5 & m). (7.1.27)

In above computation, Oc,(lo) can be an arbitrary constant; however, we choose its value such that

the eigenfunction Y, (x, 6) is normalized. O

In summary, we observe that

~ o S2
2(8) = 8a(6) — 75,(6) (kezz|ﬁk|2gn+k<e> +x |ﬁnk|zm
k#n

) +0(y)), (7.1.28)

and A,,(0) contributes zero at O(y).
As explained in Chapter we reorder A, (60) appropriately in order of increasing magnitude
and relabel them by A, (0) as follows:

A2 (0) =A_,(0), Vou(x,0) = y_,(x,0),  for —3<6<0;

N (7.1.29)
AZH(G) = 2’”(9)7 WZn(x79) = Wn(xve)a for0 <6 < %;

and
A2u_1(0) = 2A,(0), ae1(x,0) = Y, (x,0), for —1 <0 <0;
2n-1(0) = 2,(0) Van—1(x,0) = Yy(x,0) or —5 (7.130)

A2n71(9) = l7n(9)7 V/anl(xae) = {I—/t;l(xv 9), for0 <6 < %

7.1.2 Approximation of the Spectral Gaps

Another perturbative calculation is provided in [5]. W Craig et al. compute the two eigenvalues
Aon—1(0) and Ay, (0) perturbatively and thus give conditions for the opening of the nth spectral gap
created near O = 0 in the presence of a periodic bottom b(x) = yB(x). Starting by briefly recalling
their calculation near 6 = 0, we extend their work and present a similar result around 8 = %
Case 1: Around 6 = 0.
When b(x) = 0, the eigenvalue is double at 6 = 0. We know

A 0) = A (0) = ntanh(hn) (7.131)
(0) (

with corresponding eigenfunctions y,,” | (x,0) = e~ and 11/22) (x,0) = e respectively, as shown

in (3.2.13)) and (3.2.14).

To calculate the two eigenvalues Ay,—1(6) and Ay, (6) near 6 = 0 in the presence of a periodic

bottom b(x), we restrict our calculation to the subspace spanned by {e~"* "}, neglecting the
contribution of the other modes. In addition, we simplify the operator DL[b] in G[b] by replacing it

by its first term DL, [b] of the Taylor expansion in b(x).
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We examine the action of e~ '%*(G[0] + YDL;[B])e"®* on periodic function a,e™ + ar_ e ™,
and consider the following spectrum problem

e_iex(G[O]—l-’)/DLl[ﬁ])eiex( mx+a € mx) :A(Q)( mx+a € mx). (7.1.32)

Substituting the Fourier expansion of B(x) in ( 7.1.3) and DL;[f] in ( 7.1.5), we obtain a matrix

equation
( __a(®) —yﬁznsnw)sn(—e)) <a> _A®) ( o ) o133)
_Yﬁznsn(e)sﬂ(_e) gfn(e) Oy o_p

Here, the eigenvalues A(0) are explicitly computed as

A(9):%<gn( )+ 8&n(— i\/gn gn( ))%4#[@]%&(9)&(—9)), (7.1.34)

where the different signs lead to two eigenvalues Az,—1(0) < Az,(60):

Aor1(6) =5 (1(0) +80(~6) —/ (2u(6) —gn<—e>>2+4y2@\2s%<6>s,%<—e>),

" (7.1.35)
3 —
A2 (0) :i(gn( +gn(— +\/ gn —gn(— )) +472’B2n‘25r21(6)sr21(_6))'
Especially, at 8 = 0, we have
Aza1(0) = gu(0) —7|Ban|s2(0
201(0) = 0) = ¥iBal53(0) o136

A2(0) = ga(0) +7|Banls2(0)

Therefore, if Bz\n # 0, the eigenvalues Ay, (0) and Ay, (0) split and the gap between them at 6 =0
is

A2(0) = Azu1(0) = 27|Banls2(0), (7.137)

which exponentially decays as n approaches infinity.

Case 2: Around 6 = %

As shown in (3.2.13) and (3.2.14)), we have double eigenvalues

1 1 1
A (5) = A (5) = a(3) (7.1.38)

with corresponding eigenfunctions l//égl_l(x, 6) = e {("*1)x and ‘//2(2) (x,8) = e™ respectively. Sim-

ilar to the case abound 0, we consider the following spectral problem

e—i@x(G[o} +yDL, [B])eiex(aneinx+ainile—i(n+l)x) _ A(@)((Xneinx—l- oA, e —i(n+1)x ) (7.1.39)
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Examining the action of e~%*(G[0] + yDL,[B])e®* on periodic function o™ + a_,_je "+
leads to

( __&(9) yﬁ/%:sn(e)s_n_](e))< % >:A(9)< o ) (7.1.40)
yBZn-&-lsn(e)S—n—](e) g_,,_l(e) O _p—1 O_p—q

The eigenvalues Ay, (0) < Ag,11(0) are explicitly computed as

800(0) = 2 (£4(0) + 8-11(8) —\/ (80(6) — g11(9))* +4P s PR(0)2,, 1 (6)).

2
1 2 —_—
Axn+1(8) = 5 (8n(9) +g-k-1(0)+ \/(8n(9) —-24-1(0)) +472!l32n+1|2S%(9)S2,,1,1(9)>-
(7.1.41)
When 6 = %, we have
1 1 1 1 1 1
gn(z)=(m+=)tanh(n+ =) =(—n—14 =)tanh(—n—14+ =) =g_,_1(=5),
2 2 2 2 2 2 (7.1.42)
1 1 1 1 1 1 o
Sn<§) = (l’l+ E)SeCh(l’l—‘r 5) = (—n— 1 + E)SeCh(—l’l— 1 =+ E) = _S_n_1(5)7
because xtanh(x) is even and xsech(x) is odd. Therefore, we conclude that
1y o, (] R 121
Aonti(3) = 8&n(3) +VBontilsi(3),
Au(z) = gnl(z) = NBonsilsa(z),
and the nonzero Fourier coefficients [E:l leads to a gap at 6 = %
1 1 1
/\2n+1(§) _AZH(E) :2?’|/32n+1|5n(§)- (7.1.43)

in the presence of a periodic bottom.

7.2 Effect of Bottom Topography on NLS Coefficients

We recall that the cubic NLS equation derived from the flat bottom problem in Chapter []is
Dig + 0" (k) uyy + x (k) |u*u = 0. (7.2.1)
Since (k) is determined by the dispersion relation

w(k) = /gktanh(hk), (7.2.2)

the coefficient @” (k) in (7.2.1) is negative for all k.
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The coefficient y (k) of the nonlinear term in ( 7.2.1) is defined as

x2(k) =— H (kh), (7.2.3)

with ¢ = tanh(hk) and

(40 +(1—0%)(0 + kh(1 ~ %))’

o ((o+kh(1 — 62))? — 4kho)

1
H(kh) = —%(—2044r 136% —12+9072) — (7.2.4)

A numerical evidence (see Figure shows that the function H(kh) is monotonically decreas-
ing, with values that are positive when kh < 1.363 and negative when ki > 1.363. The horizontal
asymptote of H(kh) is y = —4, as shown in Figure[7.1]

Plot of H(x) for x=hk > 0

10 . .
H(x)
- = y=-4
® Intersection with y = 0
5 . -
>

ok hk =1.363 i

_5 1 1 1 1
0 2 4 6 8 10

x=hk
Figure 7.1: Graph of H (kh)

Depending on the values of the coefficients @” (k) and H(kh), there are two types of the NLS
equation. If @” (k) H(kh) > 0, it is referred to as the focusing case. Conversely, if @” (k) H(kh) < 0,
it is termed the defocusing case.

Furthermore, the modulational instability, also know as Benjamin-Feir instability, of a monochro-
matic wave depends on hk. For the deep water case (kh > 1.363), we have the focusing NLS equa-
tion and the solutions are modulationally unstable. For the shallow water case (kh < 1.363), we

have the defocusing NLS equation and the solutions are modulationally stable.
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Unlike @ (k) < 0 in the flat bottom problem, we show that the presence of the bottom b(x)
could result in a change in the sign of Q]/(6) by providing a specific example. Specifically, we
choose a depth & = 1 and a bottom b(x) = yB(x) with y=0.1 and 3(x) = cosx+ cos2x. The Fourier
expansion of this (x) is

2
B(x) = cosx+ cos2x = k:Z_Z %eikx. (7.2.5)
As [?1 = [?2 = % # 0, the first gap occurs at 8 = i%, and the second gap occurs at 8 = 0. Both
of these gaps are of order O(y). Substituting all these parameters into the different formulas of
A,(8) obtained in (7.1.8), (7.1.35) and ( 7.1.41), we can create a graph of ©,(8) = \/gA,(6) for
0<n<4
Specifically, around 8 = 0 and %, we employ the eigenvalues provided in (1 7.1 .35[) and (] 7.1 .41[)

respectively. These eigenvalues are obtained from the perturbation of double eigenvalues near 6 =0
and % However, for 6 far away from 0 and %, we use the eigenvalues in , which are obtained
from the perturbation of simple eigenvalues.

From the Figure we can see the concavity of Q;(6) changes around % and the concavity of
Q,(0) changes around 0 because of the presence of a periodic bottom b(x). This is different with

case in the flat bottom problem that @” (k) is always negative.

0.5 b

Figure 7.2: Graph of Q,(0)



Chapter 8

Conclusion and Future Work

In this thesis, we performed a modulational analysis of the two-dimensional water wave problem in
the presence of a periodic bottom. We express the solution of the water wave problem in the form
of slowly modulated Bloch-Floquet waves and derive the cubic NLS equation (6.4.9) that governs

the dynamics of the amplitude of wavepackets.

Furthermore, to investigate the effect of the periodic bottom on the NLS equation, we perform
perturbative calculations to the Bloch-Floquet eigenvalues A,(6) and eigenfunctions y,(x,0). We
find that the coefficient Q//(0) of linear term in may change the sign near 8 = 0, % Due to
the presence of the periodic bottom, the double eigenvalues A, (0) may split, creating a spectral gap
—%,O, % For values of n and 6 near such gaps, we observe from Figure that Q,(6)
changes the concavity, indicating that Q//(6) changes to positive for these values of n and 6.

near 60 =

However, because of the complexity of the formula giving the coefficient of nonlinear term in
(6.4.9), we are unable to explicitly calculate how it is modified due to the presence of a variable
bottom. The presence of the bottom could have the effect of changing the sign of the linear and
nonlinear terms in the NLS equation, making it focusing or defocusing. In particular, in the focusing

case, the Benjamin-Feir instability may occur.

In this thesis, we construct an approximate solution of the water wave problem in the form

na!’P — gn(l) +82n(2) +g3n(3) 4 ,

(8.1)
Earp — gE() 4 g28(2) L g3EB) 4.,

with explicit expressions for n(1), (1) () and @), Inspired by the works of [[12] and [26], another
potential work in the future is to estimate how well these constructed approximate solutions satisfy

the water wave problem.

In a first step towards a justification of the validity of this approximation, we propose the fol-

lowing analysis. Denoting the original water wave system as

w(n,§) =0, (8.2)

&5
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one computes W (nP, EP) and estimate it in Sobolev norms. The goal is to find that for some
appropriate s and p, an estimate of the form |[W(nP, EPP)||ws» = O(€?) for some g > 2 holds.
In the case of infinite depth, Totz and Wu proved a stronger result. They compare the leading order
of the constructed approximate solution to an exact solution of the water wave problem, namely
establishing an estimate of the form ||(n,&) —e(n"), EM)||gs over time t = O(g~2), corresponding
to a carefully selected initial condition close to a modulated wavepacket.



Appendix A

Evaluation of the coefficient
(4A,(0) — Ar(20))

We examine whether the denominator 4A,,(0) — Ax(26) = 0 that appear in the expressions of ¢y
and dy in (6.1.56) may vanish. In such cases, the analysis breaks down and a new scaling may be
required. We exclude these cases in our work. However, it is crucial to ensure that for some selected
(n,0),4A,(0) # A (20) for any k.

Recalling the perturbation calculation we conducted in Chapter [7] the effect of small

b(x) = yB(x) on the simple eigenvalues is:
Ad(8) = A (8) +O(P). (A1)

Therefore, if we check 4A,(10)(9) # A,EO)(ZG) for some values of (n,0) when b(x) = 0, then by
continuity, 4A,,(0) # Ax(26) remains true for small enough 7.

When b(x) = 0, the eigenvalues AL (0) are reordered by their magnitude as follows (see Figure

3.1):

A (O) =g u(0), W) (x,0)=e™,  for —1<0<0; a2

A(Z(r)z)(e) = gn(0), WQ(S)(X, 0) = e, for0< 6 < i )
and

AL (0)=ga(0),  yh,(x,0)=e™,  for —1<6<0; s

A (0) =g .(0), Y (x,0)=e ™, for0<O <L,

where g,(0) = (n+ 0)tanh(h(n+0)).
Without loss of generality, we can choose 7 =1, 6 € (0,1/2) and n to be an even number, that

is, n = 2n’ for some n’. Then the eigenvalue
A (0) = g,(8) = (' + §)tanh(r' + ). (A4)

For A,go) (20), there are two cases could happen:

87
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1. kiseven (i.e. k =2k').

AY(20) = gu(26) = (K +26) tanh(K' + 26).
For relatively large n (for example, n > 4), tanh(n’ 4+ 0) = 1. Therefore,

4AY (0) — AV (20) = 4(n' + 0) tanh(n' + 6) — (K + 26) tanh(K' +20)
~4(n'+0)— (K +26)
= (4n' — k') +260.

It is non-zero if 26 # 0 and 1, which means 8 # 0 and %
2. kisodd (i.e. k =2k +1).
AV (20) = g_1(20) = (K —20) tanh (K’ —26).
For relatively large n, we have

4A (6) — AV (26) = 4(n' + 0) tanh(n' + 6) — (K — 26) tanh(K' —26)
~4(n +0)— (K —20)
= (4n' — k') +66.

It is non-zero if 66 # 0, 1,2, which means 6 # 0, 1 and 3.
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(AS)

(A.6)

(A7)

(A.8)

Therefore, if we choose an even number  and 6 not close to 0,1/6,1/3 and 1/2, we have 4AY) (6)—
A(20) # 0. For instance, we choose 6 € (2/9,5/18), which is the middle third from the interval

(1/6,1/3).

Here, we focus solely on the case that n is even and 6 is positive. However, it is worth noting that

the analysis leads to the same conclusion when 7 is odd. Additionally, if 6 is negative, 8 should be

situated away from 0, —1/6, —1/3, and —1/2 because eigenvalues A, are symmetric with respect

to 0.



Appendix B

Checking y,(0) in (6.4.10) is Real

We examine the coefficient ), of the nonlinear term in the NLS equation ((6.4.9), and show it is

real. From ( 6.4.10), we know ), = — ()1 + x2). We check %, is real by checking both x; and y»
are real.

Firstly, the coefficient y; is defined as

x1(0) =

Qn(6)< 1

(A (e)rs(e)+An(9)r4(e)+2A§(9)r5(9)+2r6(9)), (B.1)

where r3,r4,r5 and rg are given in (6.2.27), (6.2.33), (6.2.44) and (6.2.54), respectively. Substi-

tuting them into ;(6), we have

—~

21(0)

Q.(6)

=y (IO oI+ 5 T S

AL(0)2,(0)
o

_.|_

~20% 2+ 200 (i, — VW) + Vvl + Vi val))

+2/\5@W(2Ak(29)mk\2)

k>0

2Q,(0) qi(0) — pi(6) o
. (_2]22()4Ai(9)_A’;(29)(An<e>Ak<29>m+ylk)+%

1

* Ax(0)

[(aa(x,0), yx(0)) )

For clarity, we separate all terms in y;(6) into 3 parts:

&9
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1. We examine all terms in ) (0) that involve (4A,(0) — Ax(20)):

X11(6) _292(6) 1§)4An(9) 1Ak(26) (‘An(e)/\k(ze)%k—}’lk‘z

+ An(0)Ak(20) (Yak Tk + Vo v3k) — (VikPok + Tk Yok)
—203(0)A(20) ).
which is a real value.
2. We examine the term in x;(6) that involves Az (0):

20,(6)

0) = o (x,0), W (0))]?,
212(60) = — ,#OAk(O)‘( 2(x,6), ¥i(0)))] (B.3)
which is real.
3. The remaining terms in x(0):
Q,(0
1(6) =~ S L IN @i~ o) PP
8% (B.4)

A, (0)Q,(0 o o -
+M<*292’Wn|2+219(wnl/41*l//n‘//;g)+‘VnW;;/+WnW;z/a|‘//n‘2>a

which is real.

Therefore, x1(0) = x11(0) + x12(0) + x13(0) is real.
Next, we check y»(0) is real. We have

-~ K3(60)K4(6)
20 = (070)2 s+ p2) ®
with 0 Q' ()
K3(0) = — ri(0)+gpi1(0)+ 7 K1(0). (B.6)
and .
:<4(e)—Qn(e)(gg(e)xl(e)—m(e)). (B.7)

From ( 6.2.20), we can check r{(6) is purely imaginary. p;(0) and p,(6) defined in (6.3.7) and (
6.3.8) are real because terms come with their complex conjugates. ki () in (6.1.34) and x»(0) in (
6.2.5)) are real. Combining all these implies that ), (0) is real.
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