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Abstract

The first part of the thesis is related to the Tracy-Widom distribution. We give a
stochastic comparison and ordering of the Tracy-Widom distribution with parameter
B. In particular, we show that as § grows, the Tracy-Widom random variables get
smaller modulo a multiplicative coefficient.

The second part of the thesis is related to the directed landscape. The directed
landscape, £, is a random 'metric’ on R? that arises as the rescaled limit of last
passage percolation. We show that the level sets of last passage percolation converge
to the level sets of the directed landscape in the Euclidean Hausdorff metric. We also
describe the fractal nature of the level sets of the directed landscape. In particular,
we prove that the level sets of £(0,0;0,¢) have Hausdorff dimension of 2/3 with
positive probability. We prove this by finding matching upper and lower bounds. We
provide an upper bound for the Hausdorff dimension in the usual way: by counting
the number of squares that cover the level set. In the case of the lower bound,
we provide sufficient conditions on the one and two-point density of any stochastic
process to obtain a lower bound of the Hausdorff dimension of its level sets. This
theorem generalizes for stochastic processes whose densities are not proved to exist.
In that case, the conditions are on the one and two-point probability of being & close
to the level set. Then, we prove that the directed landscape satisfies the conditions
on the two-point probability mentioned above. We conclude that 2/3 is also the lower

bound of the level set of £(0,0;0,¢) with positive probability.
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Chapter 1

Introduction

This thesis contains my exploration of two questions in the area of probability. One
question is related to understanding better Tracy-Widom [ distributions and the
other question concerns studying the level sets of the directed landscape. Both ques-
tions are related to models that belong to the Kardar-Parisi-Zhang (KPZ) universality
class.

Universality refers to the phenomenon where probabilistic models with different
characteristics produce the same limiting behaviour under rescaling. A classical ex-
ample of universality is the Brownian motion. Consider a simple random walk, where
a particle takes steps of fixed size in random directions at discrete time intervals. If
we rescale appropriately the size of the steps as the number of steps increase, the
trajectory of the random walk converges to a continuous path described by Brownian
motion. This occurs regardless of the particular distribution of each step.

The KPZ universality class is supposed to represent the rescaled limit of a class of
interface growth processes, where the growth rate at each point depends on the local
slope of the interface. In particular, these growth interfaces present height fluctuation
exponents of 1/3 and spatial correlation exponents of 2/3. Although there has not
been a general universal result in the case of KPZ yet as there is for Brownian motion,
the limiting behaviour of certain models expected to be in this universality class is
well known and present the exponent behaviour explained above. One such case is
Last Passage Percolation (LPP). This model will be related to both questions that
we answer in this thesis. In the rest of the thesis, we will define LPP and its rescaled

limit, the directed landscape and we will state the theorems that we obtained.
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1.1 Last passage percolation

Last passage percolation is a model where one considers a grid, for example Z?, with
random weights assigned to each vertex or edge. The goal is to find the maximum
weight path from a starting point to an endpoint. The weight of each path is the sum
of the weights of all of the vertices or edges along the way. Naturally if we do not
add additional restrictions to the paths, every path has infinite weight so we usually
ask that the paths be upwards and rightwards on the lattice. The weight of the
maximally weighted path between two points, the passage time, can be considered
a distance between the points and the maximal path turns into the geodesic in the
LPP ’directed metric’.

In a sequence of papers, J. Baik, P. Deift, K. Johansson and E. Rains ( [2], [21],
[1], [3] and [5]) define several versions of a last passage percolation model on the Z?
lattice and take the rescaled limit of those models. They assign weights to each vertex
of the lattice and they run random weighted walks on the square [0, N]?. They study
the paths with the largest weight from (0,0) to (N, N) and find that, in the rescaled
limit, those paths converge to the Tracy-Widom distribution. They also apply certain
symmetries to the lattice and obtain last passage paths that follow those symmetries
and, rescaled, converge to Tracy-Widom distributions with different parameters (1,
2 or 4). In those papers, they imply that there is an interpolation of those last
passage paths that provides an interpolation of the limits. In Chapter 2, we answer
the question: can we stochastically order the Tracy-Widom [ distributions not only
for parameters § = 1,2 or 4 but for a general parameter 5 > 07 In short, we prove
and generalize the interpolation that was previously only implied. The motivation
and statement of the result can be found in Subsection 1.2.

If instead of looking at the passage time from (0, 0) to (IV, V) we look at the passage
time from (0, 0) to any point (z,y) € N? we will still find that the rescaled limit follows
a Tracy-Widom distribution. In fact, LPP is shift invariant so the same result would
be obtained as the rescaled limit of the weight of the longest path between any two
points as long as we keep the order. What would happen if we take the rescaled limit
of the whole Z? and the directed metric induced by LPP on it? This question was
answered in [16]. The limiting 'directed metric’ on R? is called the directed landscape.
The question that this thesis solves related to this topic is: what can be said about
the level sets of the directed landscape metric? In Chapter 3, we prove that the level
sets of the LPP metric converge to the level sets of the directed landscape metric
with respect to the Euclidean Hausdorff metric. In Chapters 4, 5 and 6, we prove

that the Hausdorff dimension of the level sets of the directed landscape from (0, 0) to
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(0,t) with ¢ > 0, is % In Section 1.3, we define the directed landscape properly and

state the results.

1.2 [ Tracy-Widom distributions

In [1], Baik and Rains obtained the asymptotic fluctuations of the models mentioned
above that we will now define. To each site (i,7) € Z? we assign a random variable
w(i, 7). The random variables at each site are independent and identically distributed.
We will denote a general up/right path as 7 : (¢,5) / (k,l), indicating its initial and
final position. The weight or length of each path is the sum of the weights of the
sites it visits. The goal is to describe the asymptotic length of the longest up/right
path. We will apply three symmetries Tiy : Z? — Z? onto the lattice. The identity
symmetry will be named 7, the symmetry along the y = = diagonal will be called
Ti» and the symmetry along the other diagonal, y = —z will be called Tx.

Then, the length of the longest up/right path on a square with side length N can
be described as GT#(N) = SUDsp g D0 jjen W(TE (4, 7). We always take a square of
size N but taking into account that the ”diagonals” of the lattice have to coincide with
the diagonals of the square, the initial and final points p and ¢ might be different for
each symmetry. However, the points p and ¢ always represent the lower left and upper
right points in the square (but we can not always take the square [0, N| x [0, N]).

In this context, Baik and Rains proved that for each z € R,

, GT8(N) — aN)
i 2 (TG < 0) = )

where the constants a and b depend on the distribution of the weights w(7, j) and
for each symmetry [ = [,/ or NN, the function Fj(z) is the cumulative distribution
function of the Tracy-Widom 2, 4 and 1 respectively, as originally defined in [29] and
[30] by Tracy and Widom. We will name the random variable associated to F as LE.

We can compare LM and LY by defining the last passage model as above on the
square [0, N| x [0, N] and in the case of T; we symmetrize the half plane above the
diagonal onto the lower half plane. This coupling gives us a simple comparison of LU
and L¥: in the case of the [] symmetry, we are taking the maximum of the up/right
paths that stay in the upper half triangle while in the case of [ ] the maximum is taken
on all the up/right paths from the lower left corner to the upper right corner of the
square. See Figure 1.1a below for an example. Since the weights in the upper half
triangle are the same in both models, GU is larger than G¥ almost surely. Therefore,
Ji=byy=)
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w(2,1) w(2,1) N

w(1,1)|w(1,2) w(1,1)|w(1,2) AN

(a) (b)

Figure 1.1: The pictures show the couplings and examples of possible last passage paths; the yellow
region represents the points of the lattice that have been identified in the coupling and w(i,j) are
the weights. In the left picture (picture (b)), the green path represents an optimal path in the point-
to-point last passage model in [0,3]%, (N). The blue path is a last passage path in the point-to-line
model from (1,1) to (6,6); that is why it is symmetrized along the dotted diagonal. On the right
picture (picture (a)), the green path represents an optimal path in the point-to-point in the half
space case ([Z). The blue path is a last passage path from (1,1) to (6,6).

Similarly, we can compare L5 with LN. In this case, we define the last passage
model in the square [—N,0] x [0, N]. The model is shift invariant in the lattice
and this square will allow us to couple both random variables. The symmetry 7
acts by copying the triangle below the y = —z diagonal onto the upper triangle
symmetrically. We can see that every up/right path from the lower left corner of the
square to the upper right corner of the square in the symmetrized lattice consists
of two symmetric paths: the path form the lower left corner to the diagonal is then
repeated symmetrically in the upper triangle. Therefore, the weight of the longest
path is exactly twice the weight of the longest path from the lower left corner to the
diagonal. See Figure 1.1b above for an example. This path to the diagonal could be
larger than the path from the lower left corner to the center of the square because
the center of the square is in the diagonal, assuming that N is even. The weight of
this new path is equal to GH(N/2) so

1 N
5GE'(N) > GH (5)
almost surely. After substracting the mean, rescaling and taking the limit, we obtain

that
I8 < 02370,
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As mentioned before, the random variables Lg are distributed according to the
Tracy-Widom distributions as defined for the first time in [30] and [29]. These distri-
butions are well known and have continuous and positive probability densities that
can be expressed in terms of solutions of a differential equation. Moreover, Lg is
the rescaled limit of the largest eigenvalue of a Gaussian random matrix. In [20] |
Ramirez, Rider and Virag, propose a tridiagonal random matrix that depends on a
parameter  and whose spectrum distribution, called the S-ensemble, coincides with
the Gaussian Ensembles (GO/U/SE) in the cases where 5 is 1, 2 or 4. In that sense,
they generalize the Tracy-Widom with parameter g by taking the rescaled limit of
the largest eigenvalue. We call those random variables as TWj3. This new definition
differs slightly from the original one for the cases where 5 is 1, 2 or 4. An explana-
tion on the way the scaling differs in the two definitions can be found in the work of
Bloemendal and Virdg [9]. This slight difference means that, Lg L Tw, Ly < Tw,
and Ly £ 223TW,.

From the coupling, we see a pattern in these stochastic comparisons:
4 o3 4 23
TWy = 2°°TWy  and  TWy = 29°TWj.

We will prove that this generalizes for the Tracy-Widom [ random variables defined
originally, by Ramirez, Rider and Virag in [20].

The main result in this part is the following:

d
Theorem 1. Let ' > >0 and o > 0, then TW3 = oTWp if and only if

N 1/3 N\ 2/3
@) <o

The proof of this theorem relies on the fact that there are two equivalent definitions
of the notion of stochastic ordering. We say that the random variable X stochastically
dominate the random variable Y, X = Y if P(X < t) < P(Y < ¢) for all ¢ € R.
Alternatively, if on the same probability space we can define random variables X’
and Y’ such that X’ ~ X, Y’ ~ Y and such that X’ > Y’ almost surely, then X i Y.
We use each of these definitions to prove a direction of the if and only if argument in
Theorem 1.

Chapter 2, will be devoted to the proper definition of the TW p-distributions,
the heuristics of the result and the proper proof of this theorem. This part of the
thesis is based on [26]. This work has already had some applications; see [6] where
a similar stochastic comparison result is established for the largest eigenvalue of the

finite matrices.
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Rescaled eigenvalues
5 10 15 20 25 30

Beta

Figure 1.2: The first four rescaled eigenvalues ()‘(B);#”w of a 10x10 matrix distributed accord-

ing to the B-ensemble plotted as functions of 3. The colour gradient represents the order of the
eigenvalues; the lighter the shade, the smaller the eigenvalue. The functions are decreasing.

1.3 Directed landscape

We will now consider the metric defined by LPP. To do that, we need to be more
precise with the definition of last passage percolation. Consider the LPP model on Z?
where at each site (7, ), we assign a random independent exponential weight w(3, j)
of mean 1. Let j, 7€ Z? be two vectors such that p; < ¢; and py < ¢o. We define the
passage time G54 to be the maximum sum of weights of all up-right paths from p to
q. Indeed,

If p'and ¢ are not well ordered, meaning that there is no up-right path between them,

then G547 = —o0. Consider the function

F(p:q) = Gpg— 2(q1 — p1) — 2(q2 — p2) — w(p).

The function F defines a ’directed metric’ on Z* U {—0}. A directed metric on a set
S is a function d such that d(x,z) = 0 for all = € S and such that the reverse triangle
inequality is true:

d(xz,z) = d(z,y) + d(y, 2)

for all z,y,z € S.
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The directed landscape is a directed metric on R2. So far, we have defined the
directed metric defined by LPP on Z2. As it is done in [16], we can extend this

directed metric to R? as follows. Let 7 : R? — Z2 be the following function

(=], ) x¢Z,yeL;
r(r,y) = <
OV eezyez
(=], ly])  x¢Z,y¢Z.

Then, for all (z,y;w, z) € R* such that 2 < w and y < z, the function
F(z,y;w,2) = Glalfyl)rw,z) — 2(w —2) = 2(z —y) — w(z,y)1(z,y € Z)
is an extension to the reals. Let
Ry = {(z,s;9,t) e R : s < t}.
Now, let IC,, : R‘% — R be the rescaled version of F':
Kn(z,s:9,t) = 27430 V3 F (ns + 253032, ns;nt + 2°°n?3y, nt).

Notice that the rescaling follows 1:2:3 KPZ scaling.

We can now state the convergence result:

Theorem 2 (Dauvergne, Virdg [16]). There exists a directed metric L on R? and a
coupling of IC,, and L for all n such that for any compact K < R},
sup(K,, — L) — 0

K n—0o0

almost surely.

The limiting metric £ is the directed landscape.

We move on to the topic of the geometry of the level sets of the directed landscape.
The comparison between the role of the Brownian motion as the universal limit of
random walks and the directed landscape in the KPZ universality class also guided
our questions. The study of the level sets of the Brownian motion was well developed,
what can be said about the level sets of the directed landscape? The first result, shows
that the level sets of LPP converge in the Euclidean Hausdorff metric to the level sets

of the directed landscape.

Theorem 3. Let dy be the Euclidean Hausdorff metric on R x (0,00). Let h € R be
a real number and let K = [a,b] x [¢,d] with a < b and 0 < ¢ < d be a compact set
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on R2. Then,

lim dg (K, (0,0;-,-) " (h) n K, £(0,0;-,-) *(h) nK) =0

n—0oo
almost surely.

More details about this theorem and its proof can be found on Chapter 3.

The next question naturally arises when we further consider the comparison with
Brownian motion. We know that the level sets of the Brownian motion have Hausdorff
dimension 1/2 (see for example [25], Chapter 4), the question is what is the Hausdorff
dimension of the level sets of the directed landscape in the temporal direction? Our

theorem provides the answer.

Theorem 4. Let dimy be the Hausdorff dimension of a set. Let h € R. Then,
dimp (£7(0,0;0,-)(h)) = %

with positive probability.

More details about this theorem can be found on Chapter 4. The proof of this
theorem relies on three other theorems that we proved: Theorem 5, 6 and 7. We state
and discuss these results in the remainder of this section.

As usual, the Hausdorff dimension in Theorem 4 is proved by finding an upper
bound and a lower bound to the Hausdorff density. The first theorem is in fact an

upper bound for the Hausdorff dimension.

Theorem 5. For each h € R, let Z}, be the set
Zp = {te(0,0):L£(0,0;0,t) = h}.

Then, for any h € R,

[GVRI )

dlmH(Zh) <
almost surely.

More details about this result and its proof can be found in Chapter 4.

A second theorem provides a general template to obtain a lower bound for the
Hausdorff dimension of stochastic processes. It is based on the energy method de-
scribed for example in [25]. The theorem essentially says that if certain conditions on
the one and two-point distributions of the stochastic process at the point h are met,
then there is a lower bound to the Hausdorff dimension on the h-level set. However,
the one or two-point distributions of the process need not be known (or even more

their existence might not be proven) to apply this theorem.
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Theorem 6. Let B(t) be a stochastic process on R. Let h be a real number. Assume
that there exists an €y, positive constants cp, c;, and ¢; and an exponent 0 < < 1
such that for all t,s € [1,2],

P(B(t)e (h—e,h+¢€)) <cp2e (1.1)
P(B(t) e (h—e,h+¢€)) = ¢, 2¢ (1.2)
P(B(t)e (h—e,h+¢e),B(s)e (h—eh+e)) < chde?|t —s| (1.3)

for all € < eq9. Then, we get a lower bound for the Hausdorff dimension of the level

sets:

dy(B~'(h)n[1,2]) =1~ 8
with positive probability p, where

oy (B —38+2)
" 8¢ '

The positive probability mentioned in the theorem goes to 0 when A goes to infinity;,
essentially because the level set might have a positive probability of being empty if
|h| is too large. This is the same positive probability mentioned in Theorem 4. More
details about this theorem can be found on Chapter 5.

The final theorem proves the bound on the two-point density of £(0,0;0,¢) that

is needed to use Theorem 6.

Theorem 7. Let 0 < e <1, he R and 0 < s < t. Then, there exists an absolute

constant ¢ such that
P(£(0,0;0,5) € (h —e,h +¢),L£(0,0;0,t) € (h—e,h+¢)) <c|t —s| V3% (1.4)

The proof of this result relies heavily on the fact that the directed landscape is
locally Gaussian. In the reminder we explain the key point of the proof of Theorem
7. A deeper explanation of this result and its proof can be found in Chapter 6.

There has been a lot of recent developments in the study of the fractal properties
of the directed landscape mostly focused on fractacl properties of the geodesics. In
particular, Ganguly and Zhang proved in [19] that the Hausdorff dimension of the
level sets of the geodesics of the directed landscape in the temporal direction is 1/3
through building the geodesic local time. For more on this topic, see for example:
[12], [13], [7], [3]. For a survey on these topics see [15].

To be able to understand the two-point distribution of £(0, 0; z, s) we have heavily

relied on the fact that the parabolic Airy line ensemble is locally Brownian. The
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parabolic Airy line ensemble is a sequence of ordered random functions 4; > 2, > .. ..
For more information about it see Section 3.2. The first line of the parabolic Airy
ensemble is distributed like the directed landscape for a fixed time. More precisely,
for each fixed s,t € R such that s < t,

Lz, s;y,t) 4 (t— 3)1/3911 <—(ty— 8;/?’).
Therefore, the property of the parabolic Airy ensemble being locally Brownian trans-
lates to the directed landscape.

This property, first introduced by Corwin and Hammond in [11] as the Brownian
Gibbs property, states that inside any region K = {1,...,k} x [a,b] conditionally on
all values 2;(z) for (i,t) ¢ K the parabolic Airy line ensemble on K is distributed
according to a sequence of k independent Brownian bridges from (a,2;(a)) to (b, 2;(b))
conditioned to not intersecting. This absolute continuity property is very strong and
has been widely used to prove results related to the Airy process, the Airy line
ensemble and other objects in the KPZ world, in particular it was crucial to the
definition of the directed landscape itself ([15]). In this work we have used a similar
result that provides more precision on the Radon-Nikodym derivative of the parabolic
Airy line ensemble against the Wiener measure.

In [14], a similar result is introduced by Dauvergne. Now, inside any region K =
{1,...,k} x |a,b] conditionally on all values 2;(z) for (i,t) ¢ K the parabolic Airy
line ensemble on K is distributed according to a sequence of k£ independent Brownian
bridges conditioned to not intersecting. Moreover, this time, the Radon-Nikodym
derivative is bounded by a function that only depends on the length of the interval
[a,b] and it also provides tail bound estimates for the boundary conditions. The
drawback of this newer result is that the boundary is not longer the Airy process
itself. However, it is a related process with tail bounds of the same order. We state

the result that we will use later on:

Theorem 8 (Dauvergne, in [11]). For any Ty = 1, there exists an absolute constant
¢ > 0 such that

o (1)) < (020,

with B a diffusion parameter two Brownian bridge on [0,To] from 0 to 0 and L an

affine linear function which is independent of B. Moreover, there exist To— dependent
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constants dy,dy > 0 such that for all m > 0, we have that

IP’(L(O) v L(Ty) > m> < exp <—§mg + dlmi) (1.5)
IP’(L(O) A L(Ty) < _m) < 2exp (—dym?) (1.6)
1 2 3 5
IP><|L(O) — L(Ty)| > m) < exp (—me —gm? + d1m4> . (1.7)

The results stated in this subsection have been a collaboration with Lemonte Alie-

Lamarche, unless otherwise stated.



Chapter 2

Stochastic comparison of 5-GUE

distributions

2.1 Stochastic Airy operator and Tracy-Widom beta random

variables

For any 3 > 0, consider the probability distribution

1 n 2
IP)ﬁ()\la )\27 v 7/\TL) = ?eiﬁszI )\k/4 H |/\] - )\Z|67

7<t

where \y = Xy = --- > \,. When 8 = 1,2 and 4, this gives the joint distribution
of the eigenvalues of Gaussian orthogonal, unitary and symplectic ensembles respec-
tively, or G(O/U/S)E, of random matrix theory. In [20] (and more generally in [23]),
Krishnapur, Ramirez, Rider and Virag obtain the point process limit of the spectral
edge of the general f-ensemble. In fact, the eigenvalues of the -ensemble converge

in distribution to the eigenvalues of a stochastic operator called the Stochastic Airy

Operator (SAO):
2
Hg := —d—+x+ib; (2.1)

da? VB
where ' is the white noise. The operator is defined on the Hilbert space L*, the space

of continuous functions f such that f(0) = 0 and

Joo(f,(x))Q + (1 +2)f*(z)dz < 0.

0

12
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The SAO acts on functions as a quadratic form in the following way: we decompose

the Brownian motion in two terms b = b + (b — b) where b(z) is the average,

_ z+1
b(x) = J bydy.

For every function f e L*,

< f,Hgf >

4 fo(f’(g;))2 + zf*(x)dx + \% (LOO Fx)b.dr — 2 LOO f'(x) f(x)(by — bgg)d:p) .

0

The integrals are well defined and finite, see [20]. The definition looks more involved
than it needs to be and that is because the last two integrals could be replaced, using
integration by parts, with \_/—% SSO f(z)f'(x)bydz if this were a finite integral. If the

function f is compactly supported, then this simpler definition of the quadratic form

works.
In [10], Bloemendal provides an alternative definition of the Stochastic Airy op-
erator, Hs as a generalized Sturm-Liouville operator. Additionally, in [24] Minami

proves that Hg is a self-adjoint operator with probability one and has purely discrete
spectrum.
To define the eigenvalues and eigenfunctions of Hg, we use their variational char-

acterization. Then, the smallest eigenvalue, Ay, is defined as
Ao :=inf{< f,Hgf >: fe L* || fll, = 1}. (2.2)

The infimum of the formula (2.2) is attained at an eigenfunction fy with corresponding
eigenvalue Ay. Functions of compact support are dense in L* (since functions in L*
have the boundary condition f(0) = 0) and the quadratic form < -, Hg-- >: (L*)? > R

is continuous as proved in [20] so we can take Ay to be
Ao =inf{< f,Haf >: f e L*,||f|l, = 1, f compactly supported}. (2.3)
The rest of the eigenvalues are defined recursively as

Ay = inf{< 1, Hﬁf > fe L7, ”fHQ =111 fo,-.. 7f/€—1}

and the infimum is attained at an eigenfunction f,. A proof that this variational
characterization actually defines eigenvalues and that these eigenvalues are strictly
ordered Ag < A; < Ay < ... can be found in [20], Corollary 2.6, Lemma 2.7 and

Proposition 3.5.
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Functions of compact support are also L*-dense in the orthogonal complement
of an eigenspace. In fact, if a function f in L* is orthogonal to fy,..., fr_1 we can
choose a function g that is € close to f in L*. Then, the function § = g—Zf:_Ol@, foti
is a function in L* orthogonal to the eigenfunctions f;. Since the function f is also

orthogonal to the eigenfunctions, we can rewrite f as f = f — Zi:ol {g, fi)fi- Then,

Hf‘@”m« = Hf—g— Z(<f7 fi) =<9, fi)) fi

k-1

<If = gllpe + DI Fo> =g fidl < (k +1)e
=0

L*

using Cauchy-Schwarz inequality and the fact that ||f||, < ||f]|,«. The continuity of

the quadratic form in L* means that we can restrict the definition to

A =inf{< f,Hgf > feL* ||fl,=1,f L fo,..., fe—1, f compactly supported}.
(2.4)
More details on this random operator and its eigenvalues can be found in [20].
Then, (from [20]) Ag < Ay < -+ < Aj_1 are the k lowest elements of the set of

eigenvalues of the operator Hg and the vector

(n1/6(2\f_)\l))l:17...,k

converges in distribution to (Ag, Aq,...Ag_1) as n — oo.
The rescaled limit of the largest eigenvalue of the [-ensembles mentioned ear-
lier is distributed according the Tracy-Widom [, so we define the Tracy-Widom [

distribution as the distribution of —Ag. In fact,
d
TWs = —Ag

There is a deterministic operator associated with the SAO which is the Airy Op-

erator
d2
A=——+2.
dax?

We can think of the Airy operator as the SAO with parameter § = oo.
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2.2 Stochastic comparison of 5-GUE distributions

d
Theorem 9. Let ' > >0 and a > 0, then TW3 = oTWp if and only if

(5) == (5)"

Proof. The goal is to stochastically compare the eigenvalues of the SAO3z. Recall that
the parameter 8 only appears in the operator (2.1) as part of the coefficient of the
random term, so the coupling used to obtain the comparison will consist of keeping
the same source of randomness for all /3.

There is a natural partial order on the space of self adjoint operators, the Loewner
order: we say that two operators A and B are ordered A > B if the operator A — B
is positive definite. We would like to establish an order on {Hg}g>1.

Assume that ' > f > 0 and (5’ /ﬂ)l/3 <a<(f /ﬁ)Q/3 Then, we will show that

we can couple Hg and Hpg such that aHg — Hp is positive definite and aHz > H 3-

We start by making the following remark. Let b be a standard Brownian and
s > 0. Then, the stochastic process b(z) = s"/2b(z/s) is also distributed as a standard
Brownian motion by the Brownian scaling. Then

. 2 .
Hg =02 +x+ —=b,

VB

has the same distribution as Hg. In particular, if Af is the kth eigenvalue of Hg and
/~\§ is the kth eigenvalue of H 3, then Af 4 /~\£ .

Recall the variational definition of the eigenvalues of SAOg (2.3) and (2.4). Let
f(x) e L* || f|ll, = 1 be a test function and s > 0. Then, g(z) = \/igf(x/s) is also a
suitable test function since g € L* and ||g||, = 1. We will compare < f, Hgf > with
< g,Hgg >.

By making the change of variables y = sx we get
o0 o0 1 y 2 o0
[[wera=s[ () w-2] vw’a
0 0 \°% $ 0

f epote = [y (\%f(%))Qdy - [t
[ st @iae = vs [ (2) s (4) by =5 [ st s

Therefore, we have that the spectrum of H 3 is the same as the same as the spectrum
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of the operator

Recall that the spectrum of H 3 is equal in distribution to the spectrum of Hg.
Let s = o‘;—,ﬁ Then,

s 04462 2 6, Y
H,BZ_ 32 ay+0z26y+ \/Fby‘

Notice that the random term of this operator is the same as the random term of the

operator af{g. We can couple Hj and aHg by using the same Brownian motion in

each operator. By subtracting both operators, we get that

OéHﬁ’ — Hg) = — (Oé _ 065452) a; + (Oé — Oggiﬁ) Yy

Notice that the Airy operator is positive definite since

<Aff>f @) (@) + o dx—f (@) + 12 (@)dz > 0.

In fact, if we take the deterministic operator A, = —ad? + bx, we know that Agp 18

positive definite if and only if both a and b are positive. Then, we need that
4 52
5/2
/
Oé = /62
g

N\ 1/3 I\ 2/3
(5) <<

Notice that this is the hypothesis condition.
d
We conclude that aHg > Hj. Let AZ’E be the kth eigenvalue of Hj. Since the
positive definite partial order implies an ordering of the eigenvalues, we have that
ah? S AP LA,
! 1/3 !
We have proved that if (%) < a< <ﬁ> then TWp > ozTWB/. (Here, the

B
inequality reverses because the —Ag is distributed according to TWp).

which happens if and only if

Notice that this proof gives a comparison of the whole spectrum of the Stochastic
Airy Process and not only on the smallest eigenvalue which is distributed according

to the Tracy-Widom distribution. In fact, if, as before, Aﬁ A’8 ... are the eigenvalues
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of Hg in increasing order,
LY
alp = Ay,

1/3 2/3

for any k, given that (%) < a< (%
In the opposite direction, we can look at the tails of the T'Wj distribution and get
from there a possible range of as. From Ramirez, Rider, Virdg [20] we get that for

a — o,
P(TWgs > a) = exp < Ba®?(1 + 0(1)))

i 31+ 0(1)))

ODINJ

P(TWs < —a) = exp( 24

d
If aTWg < TWp, then P(aTWy > a) < P(TWj3 > a) which means that for a large

enough
exp (——/B’W(l i 0(1))) < exp (-%@cﬁ/m + 0(1)))

or

exp (—§a3/2<ﬁ'/a3/2 A+ o<1>>) <1

N 2/3
so ('/a®? — B = 0 or equivalently, a < (%) . Doing a similar calculation with

M\ /3
the left-hand tail, gives us that (%) < «a which is the same range that we found
through the other method. This concludes the proof.
O



Chapter 3

Convergence of the level sets of
LPP

This chapter will be devoted to proving the that the h-level sets of the "metric”
defined in the Last Passage Percolation model converges in the Euclidean Hausdorff

metric to the h-level sets of the directed landscape on compacts.

3.1 LPP converges to directed landscape

Recall from Section 1.3, that LPP converges to the directed landscape in the Euclidean
Hausdorff metric.
Theorem 10 (Dauvergne, Virag [16]). There exists a directed metric £ on R? and a

coupling of K,, and L for all n such that for any compact K < R3,

sup(K,, — L) — 0
K

n—0oo
almost surely.

The Hausdorff distance is the standard way to define distance between subsets of a
metric space. In this case, the underlying metric space is R x (0, c0) with the Euclidean
distance. The definition of the Hausdorff distance that we use in this section is the

following: for each pair of non-empty subsets A, B < R x (0, o),
dy(A,B) =inf{0 > 0: A< (B)s and B < (A)s}

where (A)s = (J{z e R x (0,0) : ||z — z|| < d}.
€A
Let h € R. The proof also relies on the fact that the directed lansdcape has no

local extrema with value h on any rectangle on R x (0,00). We say that a function

18
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f has a local maximum (or minimum) with value h on a compact K if there exist
a point x € K and an open set B < R x (0,00) such that f(y) < f(x) = h (or
fly) = f(x) =h)forallye Bn K.

3.2 Properties of the directed landscape

The proof requires some properties of the directed landscape. These properties are
called to use several times in this thesis but we will write them down on this section.
Recall from the introduction, that we defined the directed landscape L : R‘Tl - R

(z,859,1) — L(z,59,1)

as the rescaled limit of the directed metric defined by exponential LPP. We make
a point here to note that we call the second coordinate (s,¢ in this case) as time
and the first coordinate (z,y) as space. The directed landscape was first obtained as
the rescaled limit of Brownian last passage percolation by Dauvergne, Ortmann and
Virdg in [15]. Since exponential LPP is a discrete model, it is not clear if the directed
landscape L : R‘Tl — R is continuous. Fortunately, there is a great description of the
modulus of continuity of the directed landscape; it turns out that £ grows almost as

t13 in time and as /2

in space.

Theorem 11 (Dauvergne, Ortmann, Virdg, [15]). Let K(z, s;y,t) = L(z,s;y,t) +
(z—y)*
(t=s)
n=2and0<0<1 and

be the stationary version of the directed landscape for each (x,s;y,t) € ]R‘Tl. Let

K2 = [-n,n]*n {(a:,s;y,t) eRy:t—s5> 5}.
For two points u; = (x;, ;3 yi, ), 1 = 1,2, let

§=&(u,u) = [[(22,92) — (21, 91) ||, 7 = 7w, u2) = [|(s2,2) — (s1,81)][ -
Then, there exists a random constant Cs such that

K (uz) — K(ur)| < Ces (V3 10g3 (771 + 1) + €2 1og" 2 (671 + 1)),

for every uy,uy € K2 such that 0 < 7 < §%/n® and 0 < . Moreover, there exist

universal positive constants ¢ and d such that for all M > 0, we have that
P(Cgs > M) < en!0§ 0= dM*?

Remark: Notice that even though the modulus of continuity is expressed for the
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case when & > 0, it is clear that if £ = 0 and 0 < 7 < §%/n? then there exists a

constant Cgs such that
K (uz) — K(ug)| < CKng/?’ log??(r71 +1)). (3.1)
In fact, let € > 0. We define u§ := us + (¢,¢,¢,¢). Then,
[K(uz) = K(un)] < [K(uz) = K(uz)| + [K(uz) = K(u)]-
By Theorem 11, there exists a random constant Cs such that

K (u2) =K (u3)|

<Cpes ((u5, u2) " log? (7 (w5, u2) ™ + 1) + &(ug, un) ' log!* (€ (ug, up) ™' + 1))
| (u3) =K (ur)|

<Cks (T(u5, up) 2 log® (T(u5, ur) 7t + 1) + £(u5, ug)? log? (€(u5, up) ™t + 1)).

Notice that this is true for all € > 0. Recall that the constant C'xs does not depend on
the points u; and uy but only on the compact set K°. It is clear that 7(u§, us) — 0,

€(u§,ug) — 0 and 7(uj, u1) — 7 when € — 0. Moreover,
lim 2P log?(z7t +1) =0 and lim 2 log?(z7 + 1) = 0.
Then,
K(ug) — K(wq)| < lim K (uz) — K(u§)] + [K(ug) — K(wr)| < Crar*log”3 (77 + 1).

So we can state a temporal modulus of continuity as follows:

Theorem 12 (Dauvergne, Ortmann, Virag, [15]). Letn > 2 and 0 <0 < 1 and
K =[6,n].
Then, there exists a random constant C'gs such that
1£(0,0;0,) — £(0,0;0, )| < Cgs (|t — s[> log3(|t — s|7* + 1),

for every s,t € K2 such that 0 < |t — s| < §%/n®. Moreover, there exist universal

positive constants ¢ and d such that for all M > 0, we have that
P(Crs > M) < cn10§=Se—aM?

The marginals, or one-point distribution of the landscape are well known. They
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are related to the first line of the parabolic airy line ensemble, 2(;. The parabolic
Airy line ensemble is a sequence of ordered random functions 2A; > Ay > A3 > ...
The ensemble is called parabolic because each line is centered around a negative
parabola. The related ensemble {2(;(t) + #*},cy is stationary. The stationary Airy
ensemble was first constructed in [27] through a determinantal formula. The first
line of the stationary ensemble 21, () + t* is sometimes called the Airy process. This
process arises naturally as a rescaled limit in the context of the KPZ universality
environment. The marginals of the parabolic Airy line ensemble are well known. In
particular, for any ¢ € R,

Ay (1) + 2 L TW,. (3.2)

We state some properties that will be useful.

Proposition 13 (Dauvergne, Ortmann, Virag, [15]). The directed landscape is a

random function L : R‘T" — R that satisfies the following properties.
1. (Continuity) The function L(x,s;y,t) is continuous (see Theorem 11).

2. (Marginals) For each s,t € R fized such that s < t,

L(0,s59,1) = (t —5)"°2 <ﬁ)

as a function of y.

3. (Independent increments) For any disjoint time intervals {(s;, t;) i =1,...,k},

the random functions

are independent.

4. (Metric composition law) Almost surely, for any s <r <t and x,y € R we have
that
L(x,s;y,t) = suﬂgﬁ(x, s;z,r)+ L(z, 159, t).
zE
The metric composition law in particular will be very significant in the proof of
Theorem 7. Notice that the two terms in the supremum above are independent.
When thinking about the two-point distribution density of £ it will be convenient to
think that the distance from time 0 to time ¢ goes through time s at some point z
and the metric composition law provides that result. Also, the metric composition
law implies a reverse triangle inequality for the directed landscape.

Lastly, we will state some symmetry properties of the directed landscape.
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Lemma 14 (Dauvergne, Ortmann, Virdg, [15]). Let L be the directed landscape. Let
r,ce R and q > 0.

1. (Time stationarity)

Lz, sy, 1) L Lz, s+ry,t+7r)
2. (Spatial stationarity)

L(x,s;y,t) 4 L(x+c, sy +ct)
3. (Flip symmetry)

Lz, s;y,t) L L(—y, —t; —z,—5)
4. (Skew stationarity)

L(x,s;y,t) 4 L(z+cs,s;y+ctit)+(t—s) " (z—y—clt—s)°—(z—y)?)

5. (Rescaling)
L(x,s;9,1) L qL(g 2, ¢ %s;47 2y, ¢ 1)

3.3 Strategy of the proof

For ease of reading, we rewrite the statement of the theorem.

Theorem 15. Let dy be the Fuclidean Hausdorff metric on R x (0,00). Let h € R
be a real number and let K = [a,b] x [¢,d]| with a < b and 0 < ¢ < d be a compact set
on R2. Then,

lim dg (K, (0,0;-,-) (k) n K, £(0,0;-,-) *(h) n K) =0

n—0o0

almost surely.
The strategy of the proof is the following:

1. We will prove a general, deterministic result for the convergence of h-level sets
when a sequence of functions converges uniformly on compacts. The only re-
quirement for this convergence is that the limiting function, f, doesn’t have

local extrema for any point &, such that f(Z) = h. See Subsection 3.4.1.

2. We need to prove that the directed landscape doesn’t have local extrema on the

h-level set. To do that we will use the fact that, for fixed times the landscape
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is equal in distribution to the top line of the parabolic Airy line ensemble and
that the parabolic Airy line ensemble is locally Brownian. This will allow us to
express £(0,0,y,t) as the sum of a Brownian bridge and an independent random

variable. See Subsection 3.4.2.

3. We will show that we can express a Brownian bridge B as the sum of a Gaussian
X and an independent stochastic process. Then, £(0,0,y,t) = X+ D(y, t) where

D is a random function independent of X. See Proposition 17.

4. We will prove that any random function of the form X + D(y,t) has no atoms
with probability 1.

3.4 Convergence of level sets of LPP to directed landscape

In this section we will prove Theorem 3.

3.4.1 Convergence of level sets when a sequence of functions converges
We start by proving a deterministic version of our theorem.

Lemma 16. Let K = [a,b] x [¢,d] with a < b and 0 < ¢ < d be a compact set
on R and h € R be a real number. Let g, : K — R be a sequence of continuous
functions that converges to a function g : K — R uniformly. Suppose that g has no
local extrema with value h on K. Then g, '(h) n K converges to g~*(h) n K with
respect to the (Euclidean) Hausdorff metric.

Proof. Let K = [a,b] x [¢,d] with a < b and 0 < ¢ < d be a compact set on R?. We
need to prove that

lim dg(g,'(h) " K,g7'(h) n K) = 0.

n—aoo

Recall that for any pair of sets A, B € K,
dy(A,B) =inf{6 >0: A< (B)s and B < (A)s}

where (A); = J{z e K : ||z — z|| < }.
TEA
We claim that there exist d; > 0 and ng € N, such that that g7!'(h) n K <

(g1 (h)) N K)s for all 6 < &y and n = ny. Take any x € g'(h) n K. Since z cannot
be a local maxima or minima of g on K, there must exist two sequences, (x;); and

(y;); in K such that
9(z;) < gla) = h < g(y;)
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such that for all j € N,

| =
| =

lo; —ell <= and  fly; —xff < < (3-3)

<
<

Since we also assumed that g, converges to g uniformly, for each € > 0, there exists

a natural number N;(¢) such that for n > N;(e),

|gn(w) — g(w)| <&

for any w € K. For each j € N, we take V;(j) such that for all n > N;(j),

|gn(w) — g(w)| < g(z) — g(;)

for any w € K. Then, evaluating at the point z;, we get

gn(T5) — g(x5) < g(x) — g(75).

This proves that for all n = Ny(j), gn(z;) < g(z) = h. Similarly, there must exist
an integer Ny = Ny(j) such that for n > Ny, h < g,(y;). So for n = N = N(j) :=
max{Ny, No}, we will have that

gn(z;) —h <0 < gu(y;) — h.

For each n = N(j), by the Intermediate Value Theorem, there is a point x,, in the
segment that starts at «; and ends at y; such that g,(x,) = h. Since K is a rectangle
and z;,y; € K, the point z,, is in K too. By (3.3), we know that ||z; — z|| < Jl and

ly; =zl < § so
3
[ = 2| < flan =25l + llz; = 2ll < Hlyy =250l + 2y =2l < =

This means that x, € B(z,3/j) n g, (h) for n > N(j). So for each j € N, x €
(g1 (h) N K)3); for all n = N(j).

We now show the reverse inclusion: that for each j € N,
gu' (W) " K < (g7 (h) N K)sy;

for n sufficiently large. Fix 7 € N and suppose that this is not true. Then there
exists a sequence of points on the h-level set, z,, € g;kl(h) N K such that for any
zeg(h) N K, |2, —a|> 2.

Fix any one such = € g~ !'(h) n K. By the compactness of K, {z,, } must have a
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convergent subsequence which we will without loss of generality take to be {z,, } itself
with a limit 2. We claim that z € g~ (k). To see this, observe that by the triangle

inequality,

19(2) = bl < 19(2) = g (2)] + 190, (2) = Gnic (20| + i (2n,) = Al

The third summand is 0 by definition of z,,. The first summand tends to 0 as k — o0
by uniform convergence of g, to g. The second summand goes to zero as k — o by
continuity of g,, for each k, and so we see that |g(z) — h| must be 0 as the upper
bound becomes arbitrarily small as k& — oo. This means that g(z) = h as claimed,
and this is a contradiction. We chose z,, so that |z — z,, | > % for any x € g~1(0) but
|z — 2, | < % eventually by definition of z.

We conclude that for all j € N, there exists M, such that

g, (0)n K = (g7'(0) n K)3/; and g~ (0) n K < (g, (0) N K)3;
for all n = M. This proves that

lim dy (g, ' (h) n K,g7'(h) n K) = 0.

n—o0

3.4.2 Proof of Theorem 3

By Lemma 16, to prove Theorem 3 we need to show that for any compact set K =
[a,b] x [¢,d] with a < b and 0 < ¢ < d, the directed landscape £(0,0;y,t) : K — R
has no extrema on the h-level set with probability 1. To prove that, we will use the
fact that for fixed times, the directed landscape is locally Brownian to express L as
the sum of an absolutely continuous random variable and an independent random
function. Then, we will prove that any stochastic process expressed in that way has

probability 0 of having an extrema on the h-level set over any rectangle.

Proof of Theorem 3. Let h € R. By Lemma 16, it is enough to prove that for any
compact K = [a,b] x [¢,d] with a < b and 0 < ¢ < d,

IP( sup £(0,0;y,t) = h) =0 (3.4)
(y,t)eK
and
P((y}tr)ngﬁ(0,0;y,t) - h) ~ 0. (3.5)

Notice that Lemma 16, requires that there is no local extrema on a compact on the
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h-level set and we are only proving that there is no absolute maximum or minimum
on the h-level set. This is not a problem because the probabilities (3.4) and (3.4) are
0 for any rectangle, not only the rectangle on the statement of Theorem 3.

We begin by observing that for any y € R and 0 < s < ¢, we can use the metric

composition property of the directed landscape from Proposition 13 to express

£(0,0;y,t) = sup L(0,0;z,s) + L(z, s3y,1).
zeR
Here, £(0,0;z,s) and L(x, s;y,t) are independent. Moreover, we know that for fixed
s, by Proposition 13
4 .
E(Ov 07 K S) = 81/32{1 <827)7

where 2l; is the top line of the parabolic Airy ensemble. For any function f, we
will denote f)(x) = sY3f(Z5). Then, by this equality in distribution and the
independence previously mentioned, we know that

£(0,0;y, 1) < sup 52, (zi/g,) + L(x,539,t) = sup AL (@) + L(w, 539, 1)
TeR S zeR

where 2(; and £ are independent.

In turn, we can translate the probabilities (3.4) and (3.5) as

P(( sup sip A (@) + L(w,/2y,) = 1) (3.6)
Yy,t)e x
and
P((yigﬁ}( sulg 27 (1) + L(x,¢/2,y,t) = h) (3.7)
) xe

respectively since K = [a,b] x [¢,d] and ¢/2 < t for all t € K. We would like to use
the absolute continuity of 2(; with respect to a Brownian bridge on a compact (see
Theorem 8) but we are looking at the supremum of 2(; over the whole line. First, we
need to break the supremum over R into smaller pieces. It is clear that there exists
a random number N € N such that

sup A7) (2) + L(z, S3yt) = sup AT (@) + Lz, 51, 1).
zeR 2 z€[~N,N] 2
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Then,

IP’( sup sup27% (2)+L (z, ¢
(y,t)eK zeR 2

:IP( { sup  sup ngc/z)(:z) + L’(x, g;y,t) = h})

(y,t)eK xze[—n,n]

VAN
~
A~

sup  sup ngc/2)($) + L(z, g;y,t) = h)

(y,t)eK xze[—n,n]

and

]P’(( inf sup%lc/2)(x)+£(x,f;y,t)= )

YEK zeR 2

:P(U{( inf  sup Q[(C/2 (z) + L(z, g;y,t) = h})

neny CWEK ze[—n )

<Z (mf sup Ql(c/2( )+[,(:L‘,g;y,t)=h>.

ren CWAEK ze[—n )

The result will follow from proving that for each n € N,

IP’( sup  sup AV (z )+ L(z, ,y, t) = h) =0 (3.8)
(y,t)GK "EG[*TL,TL]
and
/2) _ _

To study these random variables, we are finally going to use the fact that the Airy
line ensemble is locally Brownian. By the stationarity of the stationary Airy process,

we have the equality in distribution

r’ (7’—|—a—1)2>
o re[lb—at1]

CROPICEE

The more natural thing would be to shift the parabolic Airy process to the origin but
it will become clear later why we need a margin far from 0.
Then, we can rewrite equations (3.8) and (3.9) as
. 222 2(x —n—1)?
IP’( sup  sup 915/2)(33)+i—w+£(x—n—12,y,)=h>:O
(

y,t)EK xe[1,2n+1] c c

and

2
P((mf sup 916/2()+———+£(:c—n—1,2,y,t) h)zO.

Y:t)EK 2e[1,2n+1] c c
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By Theorem 8 for any interval [0, 7] with 7" > 1, there exist a standard Brownian
bridge B and an independent random linear shift L and an absolute constant ¢; > 0
such that for any subset S of C([0,T],R),

P2 (z) € S) < e T’ P(B(2z) + L(x) € S).

We will use this result. Notice that the natural interval to apply this result to is the
interval [c¥3/22/3 2130 + c¥3/22/3]. However, to make sure that the interval has
length larger than 1 and give us a little margin, we will use a slightly larger interval.
Then, on the interval [0, 2Y3nc*? + ¢¥3] =: [0, Ty], we get that
. 22 2z —mn—1)2
]P( sup  sup %5/2)(:1:)+i—erE(x—n—l,f;y,t)zh)

(y,t)eK z€[1,2n+1] C Is 2
<60104/3(1+21/3n)2p< Sup sup B(C/Q) (2I> + L(C/2) (ZL’) v g(l‘, " t) _ h) '
(y,t)eK z€[1,2n+1]

(3.10)

M + L(z —n—1,%y,t). Here we have used again

where g(x,y,t) = —I—% -
that 2; and £ and therefore 2, and g are independent in the expression above.

We will now prove that one can ’pull out’ a random variable from a Brownian
bridge. Meaning, that for any Brownian bridge, B, one can write B as the sum of
a random variable and an independent stochastic process. This proposition will also
be applied in Section 6.3 to find the Hausdorff dimension of the level sets.

Proposition 17. Leta e R, T > 0, and let (B(7))re[a,a+1] be a Brownian bridge with

1

arbitrary start and end values. Then for any d € (0,3), we may write

(B(7))refarsrar(—sy1] = N + (B(r) = N)refatsT,a+(1—5)T]
where N ~ N (0, %5T) and is independent of the process (B(r) — N)re[atsT,a+(1-5)T]-

Proof. By subtracting a deterministic linear function, we may assume that B(a) =
B(a + T) = 0 without loss of generality. Define

B(a+6T)+ B(a+ (1—-6)T)
2

N =
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and let r € [a + 0T, a + (1 — 0)T]. We then compute that

Cov(N. B(r)) = Cor( P ey 4 (PO UZIT) g

_ 1((a+T)—=r)((a+T)—a) N 1((a+T)=(a+(1=0)T))(r —a)

2 T 2 T
_1((a+T)—r)éT N 10T (r — a)
2 T 2 T

1
— O,

2(5

We also see immediately that

Var(N) = iVar(B(a L 8T)) + }lvar(B(a L (1—8T) + % Cov(B(a + 0T), Bla + (1 — 8)T))
L= OTET) 1670 =8T 1((a+T)—(a+ (1= 0T)((a+0T) ~a)

4 T 4 T 2 T
1 1 1

= —(6T — 6°T) + = (6T — 6°T) + =6°T

7 )+ 5 )+ 3

1
= —0T.
2

Therefore, for each r € [a + 6T, a + (1 — §)T'] we have that
Cov(N, B(r) — N)) = Cov(N, B(r)) — Var(N) = 0.

Thus the process (B(7) — N)re[a+oT,a+(1—s)r] is uncorrelated with N, and hence the
two are independent as claimed. O

Recall that Ty = ¢*3(1 4 23n). Let & be a positive real number such that § <
min{1/2, (¢/2)*?}. Going back to the proof of the convergence of the level sets, by
Proposition 17, we know that there exists a random variable X ~ N(0, %5T0) such
that

B(2z) = X + (B(2z) — X)

for any x € [0Tp, (1 — §)Tp] such that X and (B(2x) — X), are independent. Then,
we can rewrite probability (3.10) as

IP’( sup  sup B(c/z)(Qx) + L(c/z)(x) + g(x,y,t) = h>
(y,t)eK z€[1,2n+1]
c

- <(_)1/3X—|— sup  sup f(z,y,t) = h)

2 (y,0)eK ze[1,2n+1]
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where f is the random function defined as
.— Ble/2) C\1/3 (c/2)
fz,y,1) = B(22) = (5) "X + L (@) + g(,9,1)

and X is independent of the stochastic function (f(x,y,t))n 2n+1]xk-

To conclude we need to prove that any random variable expressed as

e\ 1/3
7 = <—> X+ sup sup f(z,y,t)
2 (y,t)eK ze[1,2n+1]

has no atoms on the h-level set. In fact, let hx be the density of (g)l/ °X and

YK,n .= Sup sup f($7yvt)7
(y,t)eK z€[1,2n+1]

then the cumulative distribution function of Z, F; is

Fr(w) = f Fy, . (w— 2)hx(z)dz

R

where Fy, . is the camulative distribution function of the random variable Y ,,. Since
hx is C', we know that the convolution of Fy, , and hx is also C'. This proves that
Fy is differentiable with continuous derivative and that Z is an absolutely continuous

random variable. Then,

P((E)I/SX + sup sup f(z,y,t) = h) =P(Z=h)=0.

2 (y,)eK ze[1,2n+1]

We have proved that

IP( sup  sup A7V (z) +£(x,g;y,t) = h) =0
(

y,t)eK z€[—n,n]

for all n € N. Therefore,

P((sup L(0,0;y,t) = h> < Z]P’((sup sup ngc/2)(x) + £(:L',g;y,t) = h) = 0.

y,t)eK neN y,t)eK ze[—n,n]

In exactly the same way, one can prove that

P( inf £(0,0;y,t) = h) —0.

(y,t)eK

This concludes the proof. O]



Chapter 4

Hausdorff dimension of the level

sets of the directed landscape

This chapter contains the proof of two results. In the first section, we will assume
that Theorems 5, 6 and 7 are true. Under that assumption, the proof of the Hausdorff
dimension of the level sets of the directed landscape, Theorem 4, is simple. In the
second section, we will prove the upper bound on the Hausdorff dimension of the level
sets of the directed landscape, Theorem 5. The proof of Theorems 6 and 7 can be
found on Chapters 5 and 6 respectively.

4.1 The Hausdorff dimension

In this section we will introduce the Hausdorff dimension and relate it to the directed
landscape. More details on the specific techniques used to calculate the Hausdorff
dimension of the level sets of the directed landscape can be found on 4.3.1 and in
Chapter 5.

The Hausdorff dimension is a measure of the ’size’ of a mathematical object that
extends the traditional integer dimension notion (a point has dimension 0, a line has
dimension 1, etc.) to allow to give a measure to the complexity of self-similar objects
that present a lot of 'roughness’. It is the natural notion of dimension for fractals.

Let X be a metric space. For any a > 0 and subset U < X, the a-dimensional
Hausdorff measure of U is defined as

(lsi\zr(l) inf{Z(diam U;)* : {U;} is a covering of U with 0 < diam(U;) < 5}. (4.1)

i

31
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The Hausdorff dimension of U is
dimy (U) = inf{a > 0 : @ — dimensional Hausdorff measure of U is zero}.

Typically, to find the Hausdorff dimension of a set, one would obtain matching upper
and lower bounds.

The idea is a sophisticated version of the following reasoning: take the square
[0, 1]%. Split it smaller squares {S;} of size 5. We need n? squares S; to cover [0, 1]°.
Intuitively, that exponent is the dimension. In fractal objects, the coverings need to
include sets of different sizes to cover the whole object at all scalings.

Similarly to the scaling properties of the Brownian motion, the scaling properties
of the directed landscape (see Lemma 14) mean that it is a fractal object. Therefore,
its level sets are too.

The intuition behind the specific number % is the scaling of the directed landscape.

By Lemma 14, for any ¢ > 0,
. 4 1/3 .0 —1/3
£(0,0;0,t) = ¢/°L(0,0;0,q7 /).

This means that the number of zeroes on [0, €] scales like £2/3 heuristically.

The Hausdorff dimension of the level sets of £(0,0; z,t) is g and can be found using
the same strategy. This work was done by Lemonte Alie-Lamarche in collaboration
with me.

The Hausdorff dimension has a property that we will use a couple of times: it is

stable under countable unions. In fact, if X = | J,.y Xi, then

dimg (X) = supdimy (X;).
1eN

From now on, the set N does not contain the number 0.

4.2 Hausdorff dimension of the level sets of the directed land-
scape

For ease of readability, we will rewrite the statement of the result from the introduc-

tion.

Theorem 18. Let dimy be the Hausdorff dimension of a set. Let h € R. Then,

dimy (£-1(0,0:0,-)(h)) — g

with positive probability.
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Remark. The positive probability is the one obtained in Theorem 6 for the stochastic
process £(0,0;0,t) on t € (0,00) and 3 = 3.

Proof. By Theorem 5, we know that

dimy(£71(0,0;0,-)(R)) <

[GVRIN

almost surely.
By Theorem 6, we know that if there exists an €5 > 0 and positive constants ¢y, ¢,
and ¢; such that for any s,t € [1,2] with s < ¢ and for all € < gy the three following

"density’ bounds are true
P(L£(0,0;0,t) € (h —e,h+¢)) < c2e (4.2)

P(L£(0,0;0,t) e (h—e,h+¢)) = ¢,2¢ .
P(£(0,0;0,s) € (h—e,h+¢),L£(0,0;0,t) € (h—e,h +¢)) < Jde?|t — s|7V3, (4.4)

then o
dimy (£74(0,0:0,)(h) N [1,2]) 21— 5 =
with positive probability py, = %%7?
h

Take g = 1. Recall from Proposition 13 that for each ¢ fixed,
£(0,0;0,¢) £ 39, (0) £ 13X

where X is distributed according to the Tracy-Widom 2 distribution. Recall that the
Tracy-Widom 2 distribution, sometimes also called the GUE Tracy-Widom distribu-
tion, has a continuous positive density, frw,, on R (see for example, the survey [28]).
Then, we can take

¢, = max x and ¢, = min x
& [h—l,h+1]fTW2() h [h—l,h+1]fTW2()

that exist by continuity of the density and are positive because fry,(z) > 0 for all
x € R. These constants satisfy inequalities (4.2) and (4.3).

Inequality (4.4) is proved in Theorem 7.

We have proved that

dimg (£71(0,0;0,-)(h) N [1,2]) = (4.5)

[GVIN )

/2

with positive probability p, = %% By the countable stability of the Hausdorff
h
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dimension, we know that if a set Y = J, ., Y» is a countable union of subsets then

dimg (Y) = supdimg(Y;,).

neN

The directed landscape £(0,0;0,¢) is defined on (0,00) and can be expressed as a

countable union as follows:

£(0,0;0,)*(h) = | J £0,0:0,6)" n[n, n+1](h) | | £(0,0;0,¢)"* [Hl;](h)

neN keN

Using the countable stability of the Hausdorff dimension, we get that

dimg (£(0,0;0,¢)"*(h)) = dimg(L£71(0,0;0,-)(h) N [1,2])

which as we know by (4.5) is larger than Z with probability pj,. This concludes the

proof.
O

4.3 Upper bound on the Hausdorff dimension of level sets

This section will be devoted to proving Theorem 5. We restate it for readability

purposes.

Theorem 19. For each h € R, let Z;, be the set
Zp = {te(0,0): L£(0,0;0,t) = h}.

Then, for any h € R,

Wl N

almost surely.

4.3.1 Strategy for the upper bound

Before we prove this result we will explain briefly our reasoning. Suppose that we
need to find an upper bound for the Hausdorff dimension of a subset E of R". We
can split a compact region C' = R” that contains F in squares whose side has length
of 1/m. If we count the number of squares needed to cover E and we find it is of
order m? squares, then d is an upper bound because we would have found a covering
that upper bounds equation 4.1.

Of course, the level sets of the directed landscape are not deterministic. However,
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suppose that E is random and say we can show that for any square R of diameter r,
P(EnR#g)<r, (4.6)

possibly multiplied by a constant and logarithmic terms. Then, splitting the compact
C in approximately r~" squares of diameter r, the expected number needed to cover
FE is bounded by

# of squares x P(En R # &) <r“.

This would prove that the a-Hausdorff measure of F is 0 for every a > d.
Now the question is how to find the estimate in (4.6). The modulus of continuity
is of help with this in our case. Take a random function f : R — R that is a-Holder

continuous. Then, if f has a point on the h-level set at y € [a, b] then for any z € [a, b],

[f(2) = fW)l = [f(2) = hl < [z —y|* < (b—a)*.

Then,
P(Z A [a,a+ 2] # @) <P(f(a + )] < ). (47)

To bound the right hand side of the equation above, we can use a density bound on
f and we would obtain the desired estimate.
The modulus of continuity of the directed landscape is Theorem 11 and essentially

means that if K < {(s,t) €e R? : s < t} is a compact, then
1£(0,0;0,¢) — £(0,0;0, 5)| < Cr(t — ) log*?((t — s)"" + 1)

for all s,t € K close enough. Here, the constant C'is a random variable. This explains
2
g.
The proof is very similar to the proof of the same result but in the case of the

why the upper bound to the Hausdorff dimension is

Brownian motion (see [25]). The constant C'x adds a challenge since it is random
and so the simple argument expressed in equation (4.7) of using the density of the
random variable, in this case the one-point density of the directed landscape, won’t

work. But we know from Theorem 11, that Ck decays exponentially. In fact,
P(Cx > M) = O(e_MS/Z) as M — oo.

So we can use that either |£(0,0;0,t) — £(0,0;0,s)| < M(t —s)"/3log?3((t —s)~' +1)
or Cx > M. Both events have very little probability which makes the probability of
having an element of the 7 level set very small if K is small too. This argument
would work the same for other stochastic processes with a modulus of continuity that

have a random constant with fast decay.
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We move on to the proof of Theorem 5.

4.3.2 Proof of Theorem 5

Proof. We start by giving a heuristic idea about the (fractal) dimension of a set. Start
by splitting a compact region K in R™ that contains Zj into squares whose side has
length 1/m. If we count the number of squares needed to cover the set Zj and find
that we need O(m?) squares, then d is an upper bound of the dimension. So, we start
by estimating the number of boxes of small size that are needed to cover the set 7,
in a compact. Since Z;, < R, our boxes are closed intervals. To estimate this number

we will find an upper bound of
P(Zn [0, + £] # 2) (4.8)

for arbitrary a > 0 and ¢ > 0 small enough.
Let n € N. Consider the random function £(0,0;0,-) : [%, n] — R. The interval

[%, n] is the compact set that we mentioned above. At the end of the proof we will

argue, using the countable stability of the Hausdorff dimension, that dimy(Z,) < 2
and not just over this compact. For now and until the very end of the proof, n will

be fixed. Fix a > 0 and 0 < ¢ < n~°% such that
[a,a +¢€] < [l n]
) €]l = n’ .
Suppose that for some s € [a,a + €], we have that £(0,0;0,s) = h. Then,
1£(0,0;0,¢) — h| = |£(0,0;0,t) — £(0,0;0, )| (4.9)

for all ¢ € [a,a + ¢]. By applying Theorem 12 with § = X, we know that there exists

a random constant C),, that only depends on n, such that
1£(0,0;0,t) — h| < ComPlog?3 (771 + 1) (4.10)

for all ¢ € [a,a + £]. We will use this fact to bound probability (4.8). However, first
we will take a look at the right hand side of the inequality above with the hopes of
simplifying the expression.
Notice that for any 0 < v < %, we have that
1/31002/3(s=1 4 1
lim S8 4D

e—0t 51/3*’7
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Then, there exists ¢y > 0 such that
gl/3 log2/3(<€_1 +1) <P

for all e < g¢. In fact, if ¢ < min{eg,n "}, using equation (4.10) we get that for all

s,t € la,a+ €],
’E(O7O7Oat> - C(O, O, 07 S)| < On|t — 8‘1/3_'7 < Cn€1/3—'y‘

We can conclude that if ¢ > 0 is small enough and there exists s € [a, a + £] such
that £(0,0;0,s) = h, then

1£(0,0;0,a) — h| < Cpe'/3
for any 0 < v < 1/3. Translating this into probabilities, we get that
P(Zy, N [a,a + €] # &) < P(|£(0,0;0,a) — h| < Cpe'/377) (4.11)

for any 0 < v < 1/3. Recall that our first goal was to bound the term on the left
hand side of the inequality above. The only thing left to do is to understand the
distribution of £(0,0;0,a) and of C,,.

Recall from Proposition 13, that the one-point distribution of the directed land-

scape is related to the distribution of 2, in the following way:
£(0,0:0,a) £ a2, (0),

where 2;(0) is the top line of the parabolic Airy line ensemble 2 evaluated at 0. We
know that 24(0) is distributed according to Tracy-Widom 2 distribution, TW,. Let
frw, be the density of TW5 and A := || frw,||,. Then, we know that

P(|£(0,0;0,a) — x| < k) = P(|a*?A;(0) — z| < k)
= P(|2,(0) — za~ 3| < a”Y3k)
< 2a7BkN (4.12)

forall ze R, k > 0.
Of course, we don’t know the distribution of C,, but we know that it decays fast.
In fact, by Theorem 12, we know that there exist absolute positive constants ¢, d such
that
P(C, > M) < cn'0e= MY, (4.13)

Now we are ready, to bound equation (4.11). We are going to use the idea explained
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before: either C,, is small, in which case we can bound (4.11) using the uniform norm
of the Tracy-Widom 2 density or (), is large, in which case, we will use its fast decay
to bound (4.11). By the law of total probability and the fact that the probability

intersection of two events is smaller than the probability of each of them, we get that

P(\c(o,o;o,a) —h < Cnel/?””)
]P>(|/J(0,0;O, a) — h| < CLe*,C, < M) + IP(On > M). (4.14)

Using the bound (4.12), we get that

P(1£(0,0:0,0) = h| < C,e47, €, < M) <P(|£(0,0;0,a) — | < M)
<2a"Y3MEYI

Joining this last bound with (4.11), (4.13) and (4.14), we obtain that
IP’(Zh Nla,a+e] # @) < 207 YPMeYAT 4 eploem M (4.15)

for every a, M > 0, e sufficiently small and n € N.
Now we will focus on counting the number of small intervals in [%, n] needed to
cover the h-level set. We will split [%, n] in intervals of length % 5> With m large enough

to make 2%,1 < min{eg, n"%}. Notice that for all m € N,

1
n

1 S R B j]
_ c _ g - e
[n’n]_ j!l [n+ om ’n+2m

We define the (random) number of intervals of length 1/2™ needed to cover Z, N[+, n]

as
[n—12m

Nm = 2 {th % L=l % L’m ;é@}

_]:1 om

We are going to estimate this number, by finding a bound on its expectation.
Looking at E[N,,], we observe that

1 11
E[N,,] < IP(Z [ J—- 2 —] )
[ ] h N n+ om +2m 5’5@
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By (4.15), we can bound the terms in the sum above and we obtain that

[n—1]2m
E[N,,] < Z o3 M= m/3+mY 4 oy 16,—dMP/
j=1

= ’771 _ l] om <2n1/3M2—m/3+my + Cnlﬁe_dM3/2>
n

<M 4 opTgm e dM? (4.16)

for any M > 0. We will choose M wisely, so that % is summable on m. In that

way, we will have estimated the number of small intervals needed to cover the level
set and in fact it will be of the correct order.
Let M = (£)%% and n > 0. Let mq be large enough so that 27™ < min{eg, n=5}.

By the Monotone Convergence Theorem and the inequality on (4.16), we see that

% Ny, o E[N,]
E[ Z om(2/3+y+n) < Z om(2/3+~+n)

m=mg m=mo
2/32m(2/3+’y) 17 ome —m/3
3d 2/3 2 2m(2/3+'y+n) Z om(2/3+~+n)
m=mgo m=mgo
o ) m3 1
/309—mn 17
(3d 2/3 Z m7e2e +cn Z ( ) 2m('y+n)
m=mgo m=mgo

which is finite for all > 0 and v € (0,%). This implies that for any n > 0 and

3
v€(0,3),

M sup 5 sren — O

almost surely. This is true for all n € N.
We will now finish the proof. Recall that by the definition of the Hausdorff dimen-
sion

dimH(Zh N [%,n]) mf{a He <Zh N [— n]) = 0}

where the a-Hausdorfl measure is defined as

H“(Zh N [%,n]) = lim Hj (Zh N [% n])

6—0t

and
HE Z L = inf 3 B¢ B, Ey) E Z ! d|E;]| <6
5( hm[ﬁan])_ln {le’ Z‘ s L, Lo, Y3, ..., COVET hﬁ[a,n] an ’ Z‘\ }

Then, the union of each dyadic interval that intersects the level set is a covering of
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the h-level set by sets of diameter 2%” and such that the sum of the diameter of each

set to the power of % + v+ n is equal to % Then,

24y+n 1 Nm
o (Zn e [2on)) < oo

1) almost surely. In turn, this means that the a-Hausdorff

3
measure of the level set Z; on [%, n] can be bounded as

for every n > 0, v € (0
. 1 , N,

for all n > 0 and all v € (0, 1) almost surely. Then,

dimg (Zh N [%,n]) = inf{a: H* (Zh N [%,nD =0} < g +74n

almost surely. Taking n — 0 and v — 0, we get that
1 2
dimyr(Zi o [-on]) < 5
1M hr N [n n] 3
almost surely for all n € N.

Finally, using the countable stability of the Hausdorff dimension we get that

neN

o0
dimgy (7)) = dimg U (Zh N [%,n]) = supdimH(Zh N [%,n]) < ;
n=1



Chapter 5

Strategy for the lower bound of the

Hausdorff dimension of level sets

In this chapter we will give some conditions for the existence of a lower bound to the
Hausdorff dimension of the level sets of any stochastic process (B(t)); with positive
probability. The conditions are equivalent to density bounds for the one and two-
point distributions of the process. However, it does not require the proven existence

of the density.

5.1 Lower bound of the Hausdorff dimension

The goal is to find the lower bound of the Hausdorff dimension of the level sets of
a stochastic process. The real end goal is to have a template to find the Hausdorff
dimension of the level sets of the directed landscape £(0,0;0,¢). The proof is based
on a similar early proof of the Hausdorff dimension of the level sets of the Brownian
motion by Adler available in [I] (Theorem 8.4.2).

Let B(t) be a stochastic process. The goal is to prove a lower bound for the
Hausdorff dimension of B~*(h) n[1,2] of 1— 3 where 3 is the ”scale” of the stochastic
process. We will use the energy method. Suppose that we need to find a lower bound
for the set X < R"™. Suppose that there exists a measure u, supported on X and such
that 0 < pu(X) < 0. Let @ > 0. We define the a-energy of pu is

H (B yH

HI(X) = inf{Z(diam U;)® : {U;} is a covering of X with 0 < diam(U;) < 6}

i

We define

41
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Theorem 20 (Energy method, see for example [25], Theorem 4.27). Let o = 0 and

1 a measure supported on X, finite and non-zero. Then, for every e > 0,

n(X)?
du(w)dugy) ’
(o=pl<ey 7Y

HE(X) >

So if I,(n) < oo, then the a-dimensional Hausdorff measure of X is infinity so
dimy(X) = .

The measure p is sometimes called the Frostman measure. The idea is that if
I,(p) < oo, the measure p spreads the mass in such a way that at each point, it
compensates for zero in the denominator of order ||z —y||™”. This means that the
measure is spreading the mass at the right scaling or less.

If the set is random, as it is for us, it is enough to show that
El, (1) < o0

for a suitable random measure p on X.

In our case, we need to find a random measure y supported on the h-level set of

£(0,0;0, 1) such that
| [[ et < = (5.0

The measure p needs to be random because already its support is

for all @ = %

random. We will define p through a limit of finite measures.

5.2 Remarks about the statement

We begin by rewriting the statement for ease of readability.

Theorem 21. Let B(t) be a stochastic process on R. Let h be a real number. Assume

that there exists an €y, positive constants ¢y, ¢, and ¢; and an exponent 0 < f < 1
such that for all t,s € [1,2],

P(B(t)e (h—e,h+¢e)) < cp2e (5.2)
P(B(t)e (h—e,h+¢€)) = ¢,2e (5.3)
P(B(t)e (h—e,h+¢),B(s)e (h—e,h+¢)) <cJae?|t — 5| (5.4)

for all e < eg. Then, we get a lower bound for the Hausdorff dimension of the level
sets:
dy(B~'(h) n[L,2]) 21~ 8
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with positive probability py where

R =35+
8¢y,

Try to get these remarks numbered

Remark. The same argument works for any interval of length 1. The choice of the

interval [1,2] is to simplify the notation of the theorem.

Remark. Conditions (5.2) and (5.3) are immediate if the stochastic process B has a

continuous positive density on R. See Section 4.2 for an example of this.

Remark. The theorem can be easily used to prove that the Hausdorff dimension of

the h-level set of B has the same lower bound. In fact, since

B~ (h) = B~ (h) A [n,n +1],

neZ

then by the countable stability of the Hausdorff dimension,

dimg(B~(h)) = supdimy (B~ (h) n [n,n +1]) = dimg (B~ (h) n [1,2]) = 1 - 8.

neZ

Remark. Notice that naturally, lim;, 14 ¢}, = 0 so lim,_, 4o pr, = 0 too. In the proof,

the probability pj, is related the probability of the level set not being empty.

5.3 Proof of Theorem 4

This section contains the proof of Theorem 3. The idea is that we are going to find
a sequence of measures that is supported almost on the h-level set with finite energy
integral and such that: it is tight and therefore converges, the limit is supported on
the h-level set of B, the limit is not the zero measure and the limit has finite energy

integral. The limit is indeed, our Frostman measure.

Proof. We will split the proof in subsections.

5.3.1 Defining a sequence of measures i,

For any subset A  [1,2], we define the random measure of A as
1
ne(A) = goAE: (1 BH) € A x (h—,h+2)),

where \ is the Lebesgue measure on R. This would be the occupation time of the

stochastic process B(t) on the set A in an interval around h, which is the level set.
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Notice that we can rewrite the measure as an integral:

1

aA = 4
fine(A) 5

J L(B(#) € (h— e, h + 2))dt. (5.5)
A
5.3.2 Proof that ;) ., has a subsequence that converges in distribution as

n — o

A natural way to prove precompactness of a sequence of random measures is to prove
tightness of such sequence. In fact, we will use the following form of Prokhorov’s

Theorem (see for example [22], Lemma 14.15):

Theorem 22. Let iy, jio, ... be random measures on a locally compact simply con-
nected Hausdorff space S. Then the sequence (u,) is relatively compact in distribution
iff (un(A)) is tight in Ry for every A€ S.

In our case, S = [1,2] and u, = ppe. Take A a subset of [1,2]. To prove that
(pn(A)) is tight in Ry, it is enough to prove that the mean of (up, (A)) is uniformly
bounded. Given that (p5.(A)) is non-zero for all h and e, we just need to prove a
uniform upper bound for the expectation of y, . (A).

Using (5.5), we get that

1

Elpne(A)] = 2—E [J 1(B(t)e(h—e,h+ z—:))dt] .
€ A

By Fubini’s theorem, we exchange the order of integration and we get that the ex-

pectation above is equal to

1

— | P(B(t)e (h—e,h+¢))dt. (5.6)
2e Ju

The probability in the integrand can be bounded using (5.2) by ce where ¢ is a

constant so we end up with

E[uhﬁ(A)] < Chf dt < Ch,
A

where in the last inequality we used that A is a subset of [1,2]. This proves that
(une(A)) is tight and therefore that there exists a subsequence, (up, ¢, ), that converges
to a measure p in distribution. The measure py is our candidate to be the non-zero
measure supported in the level set that has finite energy. We will prove these claims

in the following subsections.
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5.3.3 Proof that the limiting measure is non-zero with positive probabil-
ity
By the Paley-Zygmund inequality we know that for a non-negative random variable

X,
2 B[XT?
E[X?]’

P(X > 0E[X]) > (1 - 0)

where 6 € [0, 1]. We want to prove that p, -([1,2]) is not zero with positive probability.
Clearly, pnc([1,2]) is non-negative. Notice that if we prove that E[us.([1,2])] = K
and E[u - ([1,2])?] < C where K and C are uniform constants then taking 6 positive
and 0 < K, we have that

Hh ? E[Uh,e([la 2])]2
P(une([1,2]) > 6n) = (1 - E[Mh,s([1>2])]> Elpnc([1,2])?]

0\ K?

We will now focus on the uniform bounds on the first and second moments of
pre([1,2]). We need a lower bound for the mean of p,.([1,2]). First, notice that, as
in (5.6)

Bl (1.2)] = - | PUB() < (= e.h+ ).

Using the bound (5.3) we obtain,
2
Elpne([1,2])] = c;LJ dt > ¢,
1
This proves that
Elpn([1,2])] = ¢, > 0.

For upper bound of the second moment, a similar calculation shows that:

Ejun - ([1,2])?] :4%2 H P(B(t) e (h—2,h+ ), B(s) € (h— &, h + £))dtds.
1,32

Notice that this expression is symmetric with respect to s and ¢ so we can assume
that s < ¢t and multiply by a factor of 2. Using the bound (5.4),

P(B(t)e (h—¢e,h+¢),B(s)e (h—e h+¢)) <Jde?|t —s|™”
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we get:

Elpne([1,2 4€2JJ 2(t — s) Pdtds.

Performing the change of variable t — s = u, we obtain

1 p2-—s 2 2 _ 5)1—5 2C”
Efun([1,2])?] < 20”] J u P duds = QCUJ (—ds =" <o,
[ILLhy ([ ])] h o Jo h ) 1_5 6 3B+2

where we have used that § < 1.
For each h € R, we use the Paley-Zygmund result from (5.7) with 6, = %, we

obtain that
R(B*—36+2)
8cj,

Pnc([1,2]) > ) = = pn

This proves that for all € < g,

P(une([1,2]) > 6n) = pa,

where 6, and p, depend on the level set h but not on €. Now, we need to prove that
this is also true for the limit. But using the properties of convergence in distribution,

we get

P(un([1,2]) = 6h) = limsup P(pne, ([1,2]) = 65) = limsup P(pne, ([1,2]) > 61) = pa.

n—o0 n—o0

The conclusion is that the limiting measure is non-negative with probability at least

Ph-

5.3.4 Proof that the limiting measure is supported on the level set

The purpose of this section is to establish that the limiting measure p; is indeed
supported on (a subset of ) the h—level set of the random process B(t) on the interval
[1,2]. To begin, take (Q2, F,[P) to be the underlying probability space on which B

and our measures ji5, . are defined, i.e.

B: (Q,f, 1@) — (C([1,2]), 0 (Tunss))
T <Q,}", IP) — (Mp.21, 0 (Tvague))

where o (7ynif)) is the sigma algebra generated by the topology of uniform conver-
gence, M g) is the space of finite (positive) measures on [1,2], and o(Tyague) is the
sigma algebra generated by the vague topology on M, 2. Note that M o is a Pol-
ish space and that C([1,2]) is a complete metric space under the sup-norm by the

Stone-Weierstrass theorem. This will be important momentarily.
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Next, let dy.gue be the metric generating the vague topology on M o) and define

a metric dpoq on the product of these two spaces by

dyrod - (M12 x C([1 2])) (ML2 x C([1,2])) — Ry (5.8)
((f, ), - \/ sague(1t, v+ (sup |/(2) = 9(a)))* (5.9)

Under this metric we can see immediately that the product space
(M[LQ] X C([]w 2])7 dprod)

is again a separable complete metric space. Let 7,.,q denote the topology generated
by the metric dyoq and o(7,.04) be the Borel sigma algebra generated by this topol-
ogy. In turn this means that any finite measure on the product space endowed with

0 (Tproa) Will automatically have compact support.

We will now focus our attention on the aforementioned convergent in law sequence of
random measures (e, (-))5_,. With the conventions in this subsection thus far, we

can view the pairs (up, (-), B(-)) as random elements

(o (). BO) : (UFP) = (Mg x C([1.2), 0 (o)) (5:10)

As such if for each n € Z- we define the probability measure

@n = Law((pne, (), B(+))) (5.11)

on (Mp21xC([1,2]),0(Tprea)) then the sequence of probability measures (@) has a
weak limit ), and each probability measure @), (including n = o) has separable
support. Thus we may use the Skorokhod Representation Theorem to construct a

new probability space <Q, F, I@’) and random elements

Va(): (7 B) = (Miyzy x C([1,20),0(7000)) (5.12)

for each n > 0 (including n = o) such that Y, — Y., P—almost surely and with

Law(Y,) = @, for each n. For each n € Z-( write

Ya(-) =t (e, (-), B () (5.13)
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and write
Yoo (-) =t (ua(-), B (). (5.14)

As the almost-sure convergence Y,, — Y, is with respect to the metric d,,,q, we have

by 5.8 that for P—almost every w € Q and as n — oo,

finz, (W) = pa(w) (5.15)
in the vague topology on M[; o) and that
B™(w) — B™)(w) (5.16)

with respect to the sup-norm on C([1,2]).

Now observe that each B™ (including n = o) is a copy of the random process
B on (Q, F, P), though they are not necessarily the same realization of B. We will
show that this is not an issue for our purposes. To that end, we make several more
elementary observations before addressing our original problem. First we establish
that for each finite n

SUPP fine,, (w) € (B™(w)) " ([h — e, b+ 24]) (5.17)

P—almost surely. Letting 7, and 7, be the usual projection maps on M o) x C([1,2]),
this follows immediately from the fact that

P(WI(YR)(WQ(Yn)_l([h_gm h+5n]c)) >0) = P(,U«h,en(B_l([h_gm h+5n]0)) >0)=0
(5.18)

by our original definition of y, ., in terms of B.

Next we fix § > 0 and recall that P—almost surely there exists N = N(4,w) such that
foralln > N, ¢, <§/2 and

sup [B™ (w)(t) — B®(w)(t)] < 6/2. (5.19)

z€[1,2]

As an immediate consequence of (5.19) and the fact that €, + §/2 < ¢ we have that
for all n > N

B™ ()" ([h = en, b + £n]) € B® (W) ([l — 6, h + 6]) (5.20)
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P—almost surely. In conjunction with (5.17), this means that
SUpp fin.e, (w) € B (w)"Y([h — 6, h + 8]) (5.21)
P—almost surely. With this we are now ready to establish that P—almost surely,
supp pn(w) € B&(w) Y[k — 6, h + §]) (5.22)
for any 6 > 0, i.e. that

supp pn(w) < B (w) " (h) (5.23)

as desired, which would allow us to take this concrete construction of p(-) in terms
of B™) as the definition of our Frostman measure. To prove that (5.22) is true, it

suffices to show that for any continuous
f:[1,2]—-R

vanishing on an arbitrary open neighbourhood of B®™)(w)~'([h — &, h + §]) that

L F (@) dpun(w) () = 0. (5.24)

By (5.15), we know that for any such function f,

2

Jl f(@)dpp(w)(z) = lim 1 f(x)diipe, (w)(z). (5.25)

n—0o0

By (5.20) and the hypothesis about the support of f we know that for n > N =
N(d,w) each integral on the righthand side above will be exactly 0. This in turn
establishes (5.22) for any fixed 6 > 0 and by letting § — 0, this finally proves that
(5.23) is true. Thus we have now obtained a legitimate well-defined construction of

our Frostman measure.

5.3.5 Proof that the energy integral is finite

As explained in (5.1), we need to prove that
1
mdﬂh(S)dﬂh(t) < O
[1,2]

almost surely. Notice that since this is a random integral, to prove that this integral
is finite, it is enough to show that its expectation is finite. First, we will prove that

the mean of the energy integral for s, is uniformly bounded. By the definition of
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Hh.e,

1
Jf Wdﬂh,a(s)dﬂh,a(t)
[1,2]?

4e? H |S*t|a B(s) e (h—e,h+e)1(B(t) € (h—e,h +¢))dsdt

By Fubini’s Theorem, the expression on the right hand side is equal to

122 ” s — t‘a B(s)e (h—e,h+¢),B(t) e (h—e,h+¢))dsdt.

As before, we can use the bound (5.4) on the two-point distribution, and get the

bound
dpg, - (8)dup, <2 —dtd
ﬂ| — g ine (5o 1 JJ |s—t|a+ﬂ >

By the change of variables ¢t — s = u, the right hand side of the expression above can

2 2—s 1
2c J J ——duds.
"o Jufer?

If a + 8 < 1, the integral above converges and we get

be rewritten as

1 2(2—s)lmoF
r _t’ad,uh,e(S)d,uh,e@) S| s (5.26)
1,2]2

The goal is to prove that

| ‘S_lt,aw)duh(t) g (5.27)

[1,2]?

almost surely. To do that, we will relate the sequence (whose mean we have just
proved that is uniformly bounded) with that integral.

Assume that
Phen (W) — pn (- w) (5.28)

in distribution (in the space of random measures) a.s. for w € Q) (the probability space

where the Brownian Motion(s) are defined). Let w € £ be such that the convergence
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on (5.28) occurs. Since the integral on the left hand side of (5.27) is a double integral,

we should prove that

Lhen X Hen (5, w) = pn X pip (-, w) (5.29)

in distribution on the space of measures on [1,2]?. Notice that for a fixed w, pp ., X
he, (,w) is a product measure so the convergence of the subsequence ., (-, w) in
distribution implies the convergence of the product measure as described in (5.29).

To relate the energy integral of the sequence to the energy integral of the limit we
will make use of Fatou’s Lemma. In particular, Fatou’s Lemma for weakly convergent
measures. From Theorem 2.4 in [17] we know that since ppc, X e, (-, w) converges
weakly to ppe, (-, w) and f(s,t) = |s —t|~* is a positive measurable function that
takes values in R U {+o0}, then

1
Jf (hm inf ————dpuy(s)duy(t) < liminf Jf P t’aduh e (8)dpine, (t).

L) (s,t) |87 — | n—0o0

1 _ 1
—(s,t) [s—t]e — Js—t]*° we have

JJ 5 t|ad,uh s)dpp(t) llyllllloglf JJ P t|adﬂhsn( 8)dpn z, (t).

Since liminf (o y)

Taking expectation on both sides we get

1 1
f j ————dun(s)dps(t) | <E |limin f f e (5) g, (8)
’S_t’a n—00 ’S_t|a en en
(1,2]? [1,2]?

Using the regular version of Fatou’s Lemma on the right hand expression, we obtain

n—o0

1 L 1
JJ —\s — t|aduh(s)duh(t) < liminf E Jf Wdﬂh,sn@)dﬂh,sn (t) | < oo,
1,2]2 1,2]2

where we have used the uniform bound found in (5.26). O



Chapter 6

Two-point ‘density’ bound for the
directed landscape in the temporal

direction

This section will be devoted to proving Theorem 7. This provides a bound for the
event that two point are very close to be on the h-level set of the directed landscape.
This the key condition (5.4) required by Theorem 6 to get a lower bound for the level

set. For ease of readability, we will rewrite the theorem here.

Theorem 23. Let 0 <e <1, he R and 0 < s < t. Then, there exists an absolute

constant ¢ such that

P(£(0,0;0,5) € (h —e,h +¢),£(0,0;0,t) € (h—e,h+¢)) <c|t — 5|73 (6.1)

6.1 Organization of the proof

Before embarking on a proof we will give a short explanation on how it will go.
Clearly, there is no formula for the distribution of the directed landscape but we
still need to find a specific bound on its density as seen on the statement of the
theorem above. Essentially, we will use the fact that, when time is fixed, the directed
landscape follows the distribution of the top line of a parabolic Airy line ensemble
which is the same as the distribution of the Airy process minus a parabola. The
Airy process does have a known two-point density, given by a Fredholm determinant.
However, these determinental formulas are hard to use. We will use another strategy.
We will use that the Airy process is locally Brownian. This means that the Airy
process on compacts is absolutely continuous with respect to a Brownian bridge that

only depends on the process at the boundary of the compact. Crucially, the Radon-

52
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Nikodym derivative only depends on the size of the compact. The structure of the
proof is as follows. In Subsection 6.2.1, we will use the metric composition law to
split the metric space derived from the directed landscape in two independent metric
spaces: whatever happens from time 0 to time s and whatever happens from time s

to time t. In fact,

£(0,0;0,t) =sup £(0,0; z,s) + L(z,s;0,1).

zeR

Moreover,

£(0,0;0,t) — £(0,0;0,s) = suﬂg L£(0,0;2,s) + L(z,s;0,t) — L(0,0;0,s).
z€
Understanding this random variable will be the key to our proof. To allow us to use
the absolute continuity with respect to the Brownian bridge of the Airy process as
explained earlier, we will break the space coordinate, represented by z in the equation
above, in small intervals. This will create two regimes, the density of the supremum
above when the supremum is achieved in an interval close to 0 or on an interval
far for 0. Heuristically, the supremum above can be seen, modulo a random linear
function, as the supremum of the sum of a parabolic Airy process, £(z, s;0,t), and a
Brownian motion, £(0,0; z, s)—£(0,0; 0, s), through the locally Brownian condition of
the landscape for fixed times. Naturally, since £(z, s;0,t) is distributed according to
a stationary Airy process minus a parabola centered at 0, the likelihood of achieving
the supremum in an interval close to 0 is larger. The strategy is to make the intervals
small enough to compensate for this larger probability. In Subsection 6.2.2 we use the
property of the directed landscape to be locally Brownian to express the two-point
distribution as the supremum of an expression that only involves well known stochastic
processes, and in subsection 6.2.3 we study the distribution of the supremum of the
sum of the parabolic Airy process and the Brownian motion when that supremum
occurs in intervals close to 0 rigorously. In Subsections 6.2.4 and 6.2.5, we will do the
same with the intervals far from the origin. The last section 6.3 contains the proof of

the absolute continuity lemmas used in the proof.

6.2 Proof of Theorem 7

This section contains the proof of Theorem 7.

Proof. We will split the proof in subsections.
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6.2.1 Setting the stage

The goal is to find a bound as in equation (6.1).
We begin by noticing that if both £(0,0;0,s) and £(0,0;0,t) are close to h then
they are also quite close to each other. Recall that s < t. Therefore, we have the

following inequality:

P(L£(0,0;0,s) € (h—¢e,h+¢€),L£(0,0;0,t) € (h—e,h +¢€))
< PP(£(0,0;0,s) € (h —e,h+¢),|L£(0,0;0,¢) — £(0,0;0,s)| < 2¢). (6.2)

Using the metric composition law of the directed landscape proved in Section 10 of
[15] (see Theorem 13), we have that

£(0,0;0,t) = sup £(0,0; z,s) + L(z,5;0,t).

zeR

Then, the right hand side of inequality (6.2) is equal to

P (E(O, 0;0,s) € (h—e,h+¢),|sup L(0,0; z,s) + L(z,s;0,t) — L(0,0;0, S)) < 25)
zeR (63)
The independent increments property of the directed landscape implies that £(0,0; z, s)
and L(z,s;0,t) are independent. Also, by temporal and spatial stationarity we have
that for all z € R,
L(z,5;0,t) 4 /3(0, 0;—z,t—s)

where the equality is in distribution and L is an independent copy of the directed

landscape. We conclude that the probability (6.3) above can be rewritten again as

P <|£(0,0; 0,5) = hl < e, |sup £(0,0; z,5) + £(0,0; ==, — 5) — £(0,0;0, S)‘ < 2
zeR
(6.4)
Notice that, by the definition of the landscape (see Theorem 13), we have the

following equality in distribution as a function of z € R:

L£(0,0:—z,t —s) L (t — s)32 (ﬁ) (6.5)

where 2(; is the parabolic Airy process (or the first line of the parabolic Airy line

ensemble). Also, we know that

£(0,0;-,s) L. 135, (—) : (6.6)

$2/3
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From now on we adopt the notation f() (z) = sY3f (ﬁ) Then, we can rewrite
probability (6.3) as

P (|2t58’<o> bl <, sup 2 (2) — 2 (0) + A (=)

zeR

< 25> . (6.7)

where 2; and 2 are independent parabolic Airy processes.

The strategy to prove the intended inequality is to divide the real line where the
supremum is taken in intervals; since the supremum must happen in an interval,
then we can bound the probability (6.7) by a countable sum of probabilities each one
refering to the supremum occurring in the interval. Then we will focus on that sum
being summable, the sum being uniformly bounded by a constant times 2|t — s|'/3
as in (6.1). By the previous discussion, the line will be split in intervals of length
(t — s)*3 =: 0% such that 35 € [i — 1/2,i + 1/2] for i € Z. This makes the
Airy process in (6.5) of order 1. From now on, we will use the convention that
[¢ +1/2] :=[i — 1/2,i + 1/2]. This gives us the following decomposition:

IP<|£(O, 0;0,5) — h| <&, £(0,0:0,¢) € (h—e,h + 5))

sup A (z) — AP (0) + ALV (—2)

—zelit1/2]

<P <|91§8>(0) —h| <e,

€7

< 25) . (6.8)

The behaviour of the supremum will have two regimes: one when ¢ is small and
another when i is large. This is because when i is smaller than 7o~ we can find an
interval of order 1 that contains both any z € [¢%/%i + ¢%/3/2] and 0. In that case, we
can use Theorem 8 to get an absolute continuity result simultaneously for ngs) (z) and
ngs)(O). Recall that QLY*S) is independent so a similar absolute continuity result will
be used to treat it as a Brownian bridge but independently than ngs). If ¢ is larger,
then 0 and the interval [0%3i + 02/3/2] will be far and we will have to use a slightly
different result also available in [11] by Dauvergne to prove that we can resample the
parabolic Airy process in disjoint intervals independently on each interval. This will
be done in Subsection 6.2.4. We will start by looking at the case when |i| < 02—7/3
Recall that o is bounded above but it can be 0 since it is the distance between s and
t to the power of 2/3.

In the next section, we will use the absolute continuity of the Airy process with

respect to the Brownian bridge from Theorem 8 to bound this probability

sup A (2) — AT (0) + AT (—2)

—eliz1/2]

P <|at§8><o> —hl <e,

< 25) (6.9)
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with a more manageable one.

6.2.2 Absolute continuity of the Airy process on a compact

Let |i| < 02—7/3 We now introduce a key lemma. This lemma will give us a key
decomposition of the rescaled Airy processes in (6.9) into a sum of a Gaussian random
variable and an independent random function on R with sufficiently nice tail bounds.
To obtain these bounds we will use the fact, proved in [14], that the parabolic Airy
process and in general the first k lines of the Airy line ensemble in a compact [0, ]
are absolutely continuous with respect to k£ independent Brownian bridges and that
the endpoints have comparable tail bounds to that of parabolic Airy process at a

particular point (see Theorem 8).

Lemma 24. Letae R and T > %. Let 0, be the function on R defined by
lo(r) = (r—a)*>—1*=—a(2r —a) = a* — 2ra
and let I, denote the interval
I, =la—T,a+1T]

Then there exists an absolute constant ¢ > 0, two T'—dependent constants c1,cy > 0,

and a random function (F(r))rer, such that
Law ((9{1 (r))m) < e Law < (@N + (.7—"(7") + ea(r))rd)) (6.10)

where N is a standard Gaussian independent of (f(r)) and for all m > 0,
rel,

3

P <sup | F(r)| = m) < e @, (6.11)

rel,

More generally, for any constant A > 0, let 919) be as in (6.6) and denote by I the
interval
W .= [aA% —TA3,a)d + TA%] .

Then as a consequence of (6.10), there exists a random A—dependent function (FW) (7)), e

and an independent standard Gaussian N such that

Lo <<ng» (7,)>Td(k)> < T Law ((Aé\/ﬁN + (;m)(r) + Aél“(m_g))>rdu>> ,
(6.12)
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and that for the same constants ¢; and co and all m > 0,

P (sup )\*%F(’\)(r)‘ > m) < cle’CQm%. (6.13)
relM
In particular, there exist random constants A and C' such that we may write
(.7:0\)((1/\% + 5))&;[5” 4 (W(25 +6TAS) + A"5AS + A%(J> s (6.14)
where W is a standard two-sided Brownian motion, and for all m > 0,
IP<|A\ > m) + IP’<|C| > m) < 2016_‘327”%. (6.15)

No claims are made about the independence or lack thereof amongst A, VW and C.

Remark. e The bound on the Radon-Nikodym derivative, e<T” is crucially not de-

pendent on anything but the length of the interval where we are resampling.

e The proof of this Lemma can be found in Section 6.3. We give now an idea about
it. Essentially, from Theorem 8, we know that the first line of the parabolic
Airy line ensemble is absolutely continuous with respect to a Brownian bridge
that only depends on the boundary conditions; this Brownian bridge can be
decomposed into a diffusion 2 Brownian bridge from 0 to 0 and a linear function
L. From B, we can ’take’ a Gaussian random variable N independent of B — N
from Proposition 17. The linear function L is the linear shift to the boundary
conditions. These boundary conditions are not equally distributed as the Airy
process but preserve the same tails as the Tracy-Widom distribution. Therefore,
we get that F is the sum of B— N and L and those random variables have either

Gaussian or Tracy-Widom type of tails so we will be able to work with them.

e The constants A and C are random variables that are linear combinations of N

and the endpoints of the linear function L which are the boundary conditions.

Recall that the notation A(*) and 2A®) is introduced in (6.6). For the sake of
readability we defer the proof of Lemma 24 for Section 6.3.

Let 1Y) = 023[—i— 1, —i+ 1] and I}Y = s2/3[—8572/3 857%/3]. In the second case,
the length of the interval depends on s; in fact, T = 8s~%3. However, since s > 1,
T < 8 so the constants ¢; and ¢y from the theorem above are absolute contants.
Notice that if z € [0%%i — 1, 6%/3i 4+ 1], then —z € 1'% and, since |i| < —5 and 0 < 1
we know that

2/3

|z|<|z+ia2/3]+|i02/3|<07+7< +7<8

N | —
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SO 2z € Iés). Now by invoking Lemma 24 twice, once on 5150)| () and again on ngs) 760
—q 0

we can upper bound the probability (6.9) by

—_

Pomﬁan—h¢<a

sup A (2) — AP (0) + 5{&"’(—2)‘ < 25)

—elit1/2]

< ec(§)3ec(832/3)3p<|4N + J,—_-(s)(O) . h‘ <e,

AN + 0BG, — 01/32'2‘ < 25> . (6.16)

where ¢y = 0,
o Bl_j(—2072%) = —i%6'3 + 2@'(—% + i01/3>

and

(FO2) = FO(0) + FO(=2)

o1/3

G; = sup + 2i(i — (6.17)

Y )
022/3 E[’L—%,’L-‘r§] g

Notice that the bound on the Radon-Nikodym derivative obtained from the abso-

lute continuity Lemma 24 is bounded

1,3 —2/3)3 1 3
ec(2) e0(85 ) < eC33 608 =: ¢

since s > 1 and c is an absolute constant. We can then write the probability in the
right hand side of (6.16) as

P<|4N+G—h| <e

N+G,— 2'2‘ < 25/01/3) (6.18)

where G = F®)(0). It is important to note that the random vector (G, G;) is inde-
pendent of the Gaussian random vector (4N, N).

We now introduce a lemma that will prove that the vector (4N, N) + (G, G;) has a
continuous density and give bounds to the Radon-Nikodym derivative of the random
vector with respect to the Lebesgue measure. The lemma is a version of Young’s

inequality.

Lemma 25. Let p and v be independent finite measures on R™. Let the random
vector p be absolutely continuous with respect to the Lebesque measure with Radon-
Nikodym derivative f,. Then, the measure pn + v is also absolutely continuous with

respect to the Lebesgue measure and

[ vl < | Fulloov (R),

where f., is the Radon—Nikodym derivative of the measure p » v with respect to the
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Lebesgue measure.

Proof. We begin by proving that p = v is absolutely continuous with respect to the
Lebesgue measure. We denote the Lebesgue measure as | - |. Take A a Lebesgue
measurable set such that |A| = 0. Then,

10+ v(A Humydu )du(y Hl‘” 2) fu(x)dady (y).

The Lebesgue measure is invariant under translation so |[A — y| = |A] = 0. This
implies that the inner integral in the right hand side expression above is 0.

We have proved that p = v « | - | so there exists an integrable function f,., on R"

such that
pevd) = | fpola)ds

for all Borel sets A in R™. To prove that the Radon-Nikodym derivative f,., is
bounded it suffices to show that

poxv(A) < [ fulor (R")]A] (6.19)

for all Borel sets A in R™. Let A be a Borel set in R™. Then, as before,

por(d) = [[ Lsfe) ula)dodvy)

We bound the function f, with its norm and get an upper bound on the right hand

side as follows:
J | dedodvts) = 15k [ 141006 = 1er @)1
-y
where again we have used the fact that the Lebesgue measure is invariant under

translation. N

To estimate probability (6.18), we will first bound the density p;(z,y) of the ran-
dom variable (G, G;) + (4N, N) at the value (z,y). Notice that by Lemma 25, the

density exists. We take a moment here to also observe that we can write (6.18) as

f pi(x + h,y + i*)dxdy. (6.20)
[—e,e] x[~2¢/a1/3 2¢/1/3]

The strategy here is to find a sequence of upper bounds a; such that

pi(r + h,y + %) < a;(y + %)
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for |i| <703 and

2 ai(y +1i%) <’

for an absolute constant ¢” which is independent of A and the bounds of summation
for 4. This in conjunction with (6.8), the bound (6.16), and its reformulation (6.18)

would give us that

P(L£(0,0;0,s) €(h —e,h+¢€);£(0,0;0,t) € (h —e,h +¢))

< Zpi,s

€7

=co Z J pi(z + h,y + i*)dxdy + Z Die

lij <703 li|>70~ 3
<co J " dxdy + 2 Die
[—e,e]x[—2¢/c1/3,2¢/51/3] ) 2
|i|>To™ 3
—4cyc” 1/3 + Z Pis (6.21)

where

sup A (2) — AP (0) + AL (—2)

€li+1/2]

=P (\m@(@ —h| <,

<25>.

This would thereby reduce our goal in (6.1) to understanding the remaining tail sum

z
-2/3

n (6.21). Let X be a random variable absolutely continuous with respect to the

Lebesgue measure. We denote

IF’(X €r,z + E))
P(X € dr) = lim
eN0 15

With the preceding strategy in mind, let y > 0 be arbitrary. By conditioning on
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the value of the second coordinate N + G;, we obtain the following description:

pi(x, ) :]P’<4N +Gedr,N+G; e dy> (6.22)
1
—£%€2P<4N+Ge[:ﬁx+e)N+Geyy+€>
1
—ll_{ngzIP’(élN—l-Ge[xa:—l-e)N—l-Geyy+€‘ y/2> > y/2)
+ P(4N+Ge[m+a)N+Ge[yy+g))N y/2>( > y/2).

(6.23)

Notice that the inequality above makes use of the fact that for any r > 0, the event
{N + G; € [y,y + )} occurring implies that either the event {N > y/2} or the event
{G; = y/2} must occur and the definition of P(X € dx) as a limit.

We will call the distribution above

IP’<4N+ Gedu,N+G,; e dv‘G y/2> flu,v)

and in general, we will denote the distribution function of any continuous random
vector (W, Z) at the point (u,v) as fiw,z)(u,v). Then,

~ yre |
]P<4N+G €lzr,z+¢e), N+G; € [y,y+€)‘Gi > y/2) = J f(u,v)dudv. (6.24)
T y

To bound the density f , we use Lemma 25.
By Lemma 25, we get that
fu,o) < | fw o)

= Hf(4N,N)+(G,Gi)|{Gi>y/2}(u,U)H

o0,R % [0,00) o0,Rx [0,00)

<

f(4N,N)|{Gi>y/2}<u>v) o B [0.00) P((G,G:) e R x [0,0)|G; = y/2)

1

00,R % [0,00) 871‘7

< f(4N,N)(u> v)

where in the last inequality we used that (NN, N ) and G; are independent. Then, we
can use the bound of the density that we just obtained on the integral (6.24) to get

2

]P’(4N L Gelr,x+e),N+Gielyy+ s)‘Gi > y/2> < i—ﬂ (6.25)
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Similarly, by Lemma 25,

f(4N,N)+(G,Gi)|{N>y/2} (u, v)
foan 5 (1:0)| P((G, i) € R x [0,0)| N > /2).

00,R x[0,00)

<

By a trivial bound to the probability on the right hand side of the equation above,
we get that

Fan, iy +(6.G 117 zy2 (1 0) < Hf (AN, W) T 2y/2) (s v>Hoo,R><[0,00) '

Notice that

~

1
fan,m))(5=y/2y (s V) —lli% §P<4N € [u,u+¢),N € [v,0+¢)|N

y/2>

| P<4Ne [u,u+e),Nelv,v+e), N y/2)

:E—I’% e2P(N = y/2)

]P’<4Ne U, U+ €) )]P(N v,v+¢e), N y/2>
e?P(N = y/2)

where in the last line we have used the independence of N and N. Notice that

. (6.26)

= lim

e—0

0 ify/2>v+e
]P(Ne [v,v+¢), N y/2) P(Ne [y/2,v+e)> ifo<y/2<v+e
IP(ZTT € [v,v+ 5)) if y/2 <w.

Notice that

lim 1IP’<N€ [v,0+¢€),N = y/2> IP’(NE dv)]l{y 0} =

e—0 &

ﬁ S 1{y < 20}

Then, by taking the limit ¢ — 0 on (6.26), we obtain that

1 w2 1
iR u,v) = e 32 Y
S my 52y /2 (0 0) 427 V21P(N = y/2 )

eV 1{y < 2v}.
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Taking, supremum over (u,v) we get the desired bound on the density:

2
e 3z e "

87 P(N > y/2)

Hf(4N,N)|{N>y/2}<u> U)H 1y < 20}

<
o R x[0,0) 00,R % [0,00)

»“ﬁ\,

1 e~

8TP(N > y/2)

<
Then, we can bound the integral

P<4N+Ge[xx+5)N+G e[yy—%e)‘ y/2>

= f f Fan 546,61l (F2yy2 (1, v)dudv

y+e 1 _2
f f ¢’ ——dudv
S7B(N > y/2)

,L
4

< - -
8TP(N > y/2)

Adding this last bound to the one found in (6.25), we obtain that

N

Yy

e 4

1le
pi(z,y) < hm——(]P’(Gi >y/2) + M

e—0 g2 87

P(N > y/z)).

Therefore, we have bounded the density of the random vector (4N, N) + (G, G;);

[

pi(r,y) < cP(G; = y/2) +ce™ T

for some constants ¢ > 0.

A similar, symmetric argument shows that

M

pi(z,y) < P(G; < y/2) + ce™'T

for y < 0. Notice that there is no bound for y = 0 but densities can be redefined at
single points so for completeness we are going to say that

pi(z,0) < P(G; = 0) + c.

Recall that we need to bound:

J pi(x + h,y + i*)dxdy
[—e,e]l x[—2¢/a1/3 2e/01/3]
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where p; is the density of the vector (4N +G, N +@G;). Through the Young’s inequality

argument above, we have proved that we can bound the density above by

i2)/2) + cem U5 ify+i2>0
-9 7(y+i2)2 . -9 (627)
i?)/2) +ce” 3 ity +4* <0.

pi(z + h,y +1i%) <

CP(GZ = (
P(G; < (

In the next section we will provide suitable summable bounds for the probability of

Y+
Y+

N

the tail bounds of GG; written above.

6.2.3 Bound for the two-point density of the directed landscape if a

geodesic from (0,0) to (0,¢) is close to the origin at time s

We need to find bounds for 6.27; in fact our bounds need to be summable on 7 and

those series need to be uniformly bounded on y. Recall that as seen in (6.17),

(FO(2) = FO(0) + FO(=2)

ol/3

G, = sup + 2i(i —

2/3)'
-1 .1 g

For the rest of the argument, I will assume that ¢ # 0. From now on, ¢,¢ > 0 are
positive constants whose value might change.

If y +1i% < 0.

We need to get a bound for

where y + i? < 0 and

(FO) = FO0) + FO(=2)

e + 2i(i —

G; = sup

2/3)'
-1 .1 g

We can bound the supremum for the function evaluated at the center of the interval

and we obtain

(FO (0237) — FO(0)) + FO) (=a/37)
G = :

i o1/3
We have obtained a decomposition of F) as the sum of a double sided Brownian
motion and a random linear function in Lemma 24. We will use that decomposition
(and the well know tail bounds of the double sided Brownian motion and this partic-

ular random linear function, again from Lemma 24), to get the tail bounds that we
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need for the terms related to F) in G;. By Lemma 24,

i
o1/3 o173 :

(FE) (0?35) — F9(0)) ¢ W(20%3i + 48) — W(48) A (0)1/3 ,

s
where W is a standard double sided Brownian motion and A is a random constant,
whose tail bounds are made explicit in Lemma 24.

Using a union bound argument , we get that

Yy W(20%3i + 48) —W(48) _ y + i2
P(Gi <5 ) <1P>< e <7 (6.28)
1/3 ;2
+IP><A (g) i<? +6 ! ) (6.29)
FO(—a?3)  y+i?
HP( ((71/3 ) ST ) (630)

In the first case, we need to bound probability (6.28). Recall that |0*?i] < 7 so W
20%/3i 4 48 is positive so we can treat W as a (one-sided) Brownian motion. Then,
W(20%/3i + 48) — W(48) is distributed according to a normal random variable Z. In

fact, for every z such that %5 € [i — £,i + 3],

4 | Z2(0,22) if 2>0
W(2z +48) — W(48) = (6.31)
Z(0,-2z) ifz<0.

We deduce that W(202/3i + 48) — W(4)| £ |Z(0,2023|i|)|. We are now ready to
bound probability (6.28).

2/3; _ 2 2/3; _ 2
P(W(2a i+ 48) — W(48) _y+i ) <P<|W(2U i+ 48) — W(48)| oyt )

ol/3 - 6 ol/3 = 6

2/3); 2
ZP<|Z<0,20 il y+z)

ol/3 - 6
C/—(y+i2)2
<cet T T, (6.32)
where in the last inequality we have used the Brownian scaling and the tail bounds

of a Gaussian random variable of mean 0 and variance 2|i|.
For probability (6.29), first we use that A > —|A|:

2

(@) eer) ex( (D) =)




CHAPTER 6. TWO-POINT ‘DENSITY’ BOUND FOR THE DIRECTED LANDSCAPE IN THE TEMPORAL DIRECTIONG66

Using that s > 1 and that o < 1, we can further bound the above probability by

.9 7cl‘y+i2‘%

where we have used that y + i> < 0 and the bound in tail bounds on A found on

Lemma 24 again.

Lastly, for the probability (6.30), and again based on Lemma 24 we get that

~(0’) _9/3; ) ~(g—) _ +2/3; .

0.1/3 6 01/3 6

Thus, for each y and each 7 such that y + i? < 0, following (6.27) and the bounds
(6.32), (6.33) and (6.34), we get that

Z pz(l' + h, Yy + i2)1{y+i2<0} <

7 3
l 2/3J 70/\y+i2\§

/(y-HQ)2 3 / 218 (+12)2
|1+ D (T e w e T SNy | (639)

v

i|>1

The term 1 comes from the tr1v1al bound to the term corresponding to ¢« = 0. Notice
that |i| > 1 so |y + Z2|2 > Iy‘Jr‘Z 2 (y +i2)2 > (yJ|ri2‘|2) and ¢ y+@2)2 > (y|+|22 Therefore,

we can bound the series above with the simplified series

7 3
loz/sj (yii?)? o \y+i§\ 2
C ~—5— .
cl1+2 Z (e i +e 2 )1{y+i2<0}
li|>1

Using that for all w > 0 and p > 1, v > u — 1, we can bound

[027/3J  (y4i2)2 —c’@
Z pz((L’ + h, Y+ i2)1{y+i2<0} < Z (e_c i +e li| 2 >1{y+12<0}
lil<l =57 li|>1
o0 oy ‘
<|Z 2N gy < — (6.36)

i|=1

The last bound (uniform on y € [~2¢/0'/?,2¢/0'/%]) was obtained, by the fact that
y < 0, through the following lemma:
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Lemma 26. Let f1,v,7 € R with 51 =0, v >0, and r > 1. For each i € Z,, define

. G
f(@) =il = -
g
Then we have that 5
[F@)I"
Ze ! 1{f(1)<0} < 1— e_ry'

1EZL
Proof. Firstly, notice that f (i) is symmetric with respect to i so it is enough to prove

that

, 1
“NFDI", ...
Z e Loy < T =
’LEZ>0
We start by assuming that the set {i € Z~¢ : f(i) < 0} is not empty, otherwise the
bounds would be trivially true. Notice that for any v > 0 and r > 1, u" —1, then
2€v|f 1{f (i)<0) < 6726 V(@ )|1{f( )<0}-
=1
So it is enough to prove that
—y
=@l . €
Z e Lyo<oy < 7=
€7
When ¢ > 0, since 1 = 0 we see that
. AN P2
"Y=|i——=) =1+ =>1.

This means that for any ¢ > 0, f(i+ 1) = f(i) + 1 or equivalently, f(i) < f(i+1)—1.
Set
Imax := max {i € Z-q : f(i1) < 0}.

By iterating this property, we see then that f(i) < f(imax) — (dmax — ¢) < 0 for any
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0 < @ < ipax. Then this means that

a0 Tmax
S e MO gy = > e
=1 =1

<)) i) ~timex=i)
1=1

’L'max
Z eV(i—inlaX)GVf(imaX)
i=1

N

Tmax

Y i)
1=1
e 0]
2,
k=1

e_'y

1—e

N

N

since €/ (max) < 1 by definition of iyay. O

If y + 2 > 0. Again, we need to bound

IP<G~ > y+i2)
i = 9 .

Recall the definition of G; in (6.17):

(FO) = FO0) + FO(-2)

G; = sup + 2i(i — —=)
—feli-Li+1] ol/3 o?/3
Therefore, for each z € [0%?%i + 0%3/2], we can bound
22(2 - m) < 2|Z|‘m - z’ < [il.
In turn, this means that
FO(2) = F&(0)) + FO)(~2 :
Ge oy FUQSFOO) P FOC
—meli-1,i+3] o
and so
+ FO(z) = FO(0)) + FO) (- 2
(0150 ap( oy CUSIOLFOLD a2y
2 eli-bi+d] o 2 2

(6.37)
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Here there is a big problem: notice that it is possible that y+i? > 0 but y+i*—2|i| <
0. In that case, we will never get a good bound of the probability above and our best
bet is to bound the probability by 1. We need to understand for how many terms
of the series, this is true. In short we need to know for each y, how many integers i
satisfy that y + 4% > 0 and y + 3> — 2]i| < 0.

Before moving on with the proof, we will digress to give some intuition on this.

We are trying to understand the density of

A7 (2) —24,7(0) + A7 (—2)

o1/3

sup

—eli+1/2]

The stochastic process ngs) (2) — 2(55)(0) is absolutely continuous with respect to a
Brownian bridge. However, the stochastic process ﬁlga) (—z) is a parabolic Airy process
so it fluctuates around the parabola —z2. Therefore, in certain intervals close to the
origin and when y + i? is positive but very small, then probability (6.37) might be
large. Is this correct? Should I remove it?

If y > 0, then y+4* > 0 trivially and we need to count how many is make y+i>—2|i|

negative. By completing squares:
y+i® =2l =y + (i -1)* —1
SO
y+ 4% —2)i| <0 iff  y+(lif-1)*-1<0 iff (Jij —1)*<1-y.
Since y is positive, then 1 —y < 1. Then,
{ieZ:y+i*—2lif<0}c{ieZ: (lii-1)2<1}=[-22]nZ

This means that there are 5 terms of the series that we need to be bounded by 1.
If y < 0, then we have that

y+i>=0 iff li| = /=y = /]yl

and

g+ =20 <0 iff g+ (il —1)2=1<0 iff |if</T—y+1=~/T+]y[+1

Now, we need to determine the number of integers ¢ that fit in the interval
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[Vl /1 + [y] + 1]. But
VT 1= VIl <A 0+ 2l + o) + 1= VIl = 1+ Vol + 1= Vol = 2

Since the interval [y/|y|,4/1 + |y| + 1] has length 2, we have at most 4 terms (ac-

counting for both signs, positive and negative) for which the best bound possible for

P(Gi > y;iQ) is 1. If we include the term corresponding to ¢ = 0 which we had singled
out before, we conclude that there are 5 terms of the series that need to be bounded
by 1.

The rest of the bound is similar as before. Once again,

(FO(2) = F(0)) ¢ W(2z + 48) — W(48) Y
ol/3 - ol/3 (30)1/3'
Assuming that ¥ + % — |i| > 0, and using a union bound we get
2 2z + 48) — W(48 '
P Gi>y—” <P sup W@: + 48) — W48) >Y 4 2_ll (6.38)
2 = eli—Lit+1] ot/ 6 6 3
273 23
42 .
2 y i
—HP( sup A >+ — - —> (6.39)
—Fgeli=git3] (so)# =6 6 3
Fo(=z) _y & i
P — =+ = ——=|. 6.40
+ ( B i ) (6.40)
2/Se[z it s ]

We will bound the probabilities above using arguments similar to the ones used earlier
in this section and Lemma 24.

We start with (6.38). Notice that if i # 0, the interval [i — 1,7 + 1] contains only
positive numbers or negative numbers (depending on the sign of 7). Since ¢ % 0 for
us, we will assume that ¢ > 0 without loss of generality. Making the interval over

which we take the supremum larger, we get that

W(2z + 48) — W(48 2 i
IP( sup (22 133 ( )>Q+Z——M)
feli-bit 1] o 6 6 3
2 48) — 48 2 '
<P sup W2z + 1) W )Zg—i-l——m.
ol/3 6 6 3
2/3 [Oz+ ]

By the Markov property of the Brownian motion, we know that

(W(22 + 48) - W<48))ze[0,02/3i+02/3/2] i (B(z’z)>z6[0,02/3i+02/3/2]
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where B is a Brownian motion. Then,

sup >
1/3
2/3 €[0,i+3 ] g

P( W2z +48) —W(8) _y i %)

\%
(SRS

<]P>< sp 22Dy P —%') (6.41)

pelird) O 6

Using the reflection principle, Brownian scaling and the tail bound for a Gaussian

random variable, we get that

2 : 2/3,; 2/3
P( sup B(2z) Z%Jr%—m) <21P’<B(20 i+ =

[SPIRS
| <
|

wl|=

N——

i
+
soefoird] 0 3 al/? 6
-2 .
: y =l
—oP(B@2i+1)>2+— L
( Ri+h=5+5 3)
_ o lyriZ—2i)?
<ce 20+ (6.42)

For probability (6.39), we get that,

) . .9 .
z y i 2l oy ]
P A >+ ——— | <P A ==+ ==
( . Sup 1 (s0)13 6+ 6 3) ( . oub | |(so)1/3 6Jr 6 3

1
Saselimaits —Sreli-3.i+3]

lijo®+a'3/2 y i® i
P(\A[ = >Cte g

y i
<p(2ali> 2+ £ - 1)

where in the last inequality we have used the 0 < 1 and s > 1. The tail bounds of

N

the random constant A are determined in Lemma (24), so from the right hand side
of the equation above, we get that

72

z y i |1 _ ot lyti? 3/\2\\3/2
P sup A TE > 6ts 3 il . (6.43)
€

“ggeli- it 1) (so 3

Lastly, for equation (6.40), by Lemma 24, we immediately get that

Fo)(— 2 (o) 2 ;
€ ser(®) ol/3 6 6 3

13 6
2/3 [sz itz ] o 6
2 |||5/2

[N
w|=

<ce Wt (6.44)

In this way, compiling (6.27), (6.42), (6.43) and (6.44) we have obtained a bound

)
for the density. For cach |i| < -1z and y € [—2¢/0"/?, 2¢ /0"/3] such that y+i>—2[i] = 0
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we get that

3
2 e
5 . /ly+i2—2]i)| 2

_ (yti2)? _ o ly+i®=2il)? —c

/ . .3
pi(r +hy+i?)<e T e C A te 0l el HE2lE (6 45)

The first term comes from bounding the Gaussian term on the density as shown in
(6.27).

We are left with dealing with the series obtained by summing the right hand side of
equation (6.45). Before moving on to the series, let’s try to simplify its terms. Recall
that in this case, both y+ 12 and y + 4% — 2]i| are positive so (y +14%)? = (y+i? — 2|i|)2.
Since |i| > 1,

) .2_2. 3
\y+i2—2\iH% >|y+l |7'H2

li|2
(y + 4% — 2li])*
]2
2 o2 22 o2 22 ol1\2
|y + % — 2[i]| >|y+l 2/d| >(y+l 2[i|)

=

(y+1i3)? = (y + 142 — 2i|)* =

2li[+1 7 3]l 9li[?
Using these inequalities on (6.45) we get that
s (y+i2—2]i])? —C’M
pix +hy+i%) <2 W 42 il 2

Furthermore, we know that for all w > 0 and all p > 1, u? > u — 1 so we can simplify
the bound on the density further

e wri=2li))
pile + by + i) < defe” T
for all |i| < -Iz and y € [~2¢/0/%,2¢/0"/3] such that y + i* — 2[i| > 0.

The series turns out to be bounded by

¢ (y+i2—2]i])

Z pi(l‘ + h, Y+ 2'2)]1{31_,_1'220} <b+c Z e [ ]l{y+1'2—2|i|>0}-

1<l =2 i<l

Recall that the constant term 5 comes from the summands for which y + i > 0 but

y + 1% — 2]i| < 0. We will now split in two cases:
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If y > 0: In this case,

o wri®=2li]) wQ (y+i2—2[i])
Z e T Ty —gji=0p < 2 T2 _2ij=0
|i HﬁJ |z|<lJ§/3J
- 3 eewen
|1|<1027/3

If y < 0: We can rewrite the series as follows:

_ o w2l —/(li]—-2+ )
I TR T lyiz—aliizo) < €
. 7 : 7
lil<l =751 lil<l 7]

where the last inequality was obtained through the following lemma:

Lemma 27. Let f1 e R, 55 <0, v >0, and r = 1 and for each i € Z,o define the
sequence (V;)iez_, by

By

il

Then, there ezists an absolute constant by(y) > 0 such that

‘;[Iz :‘Z’+61+

-1

Z (6 (s 1{\1/ >0} +Z e (%) 1{\1’220} <bi(7) <.

i=—0o0

Proof. We start by noticing that ¥; is symmetric with respect to i so

-1

o0
Z (™) Liw,z0y = Z ) Liwiz0)

i=—00

and we can restrict ourselves to lookings at the case when ¢ > 0.
Also, assume that the set {i > 0 : U; = 0} is not empty. Otherwise, the inequality
would be trivially true.

Then, observe that for any u € [0, 00) and any r > 1 it is always true that u" > u—1.

This means that we will always have that

o]

0 0
ST ) Lgizgy < 3 (€T D) Lgingy = €1 Y (€77%) gz,

=1 i=1 i=1



CHAPTER 6. TWO-POINT ‘DENSITY’ BOUND FOR THE DIRECTED LANDSCAPE IN THE TEMPORAL DIRECTIONT74

Since £ < 0
(\I’i)IZ(Z+51 52) —1—%/

for all 7 > 0. By expressing the increment ¥;,; — U, as in integral, we then see that

for all ¢+ > 0. Now if we set iy € Z~(o to be the minimal positive integer such that
U;, = 0 then we can say that

[ee} 0

Z e -y ¥ 1 1{\1/ ~0) 26726—7%

i=1 =10
0
(Wi (i—i
<e’ Z ¢ (Wig+(i=io))
=10

o0
<ot 3 emi-)

1=10

1
=:—b )
5 1(7) <o

6.2.4 Absolute continuity of the Airy process on disjoint compacts

We move on to the last part of the proof. Recall that we had split the real line in
intervals, with the hopes that the supremum of the sum of the Airy process () and
the increment on the Airy process () had small probability to occur in each interval
and we could obtain a bound for the two-point probability of £(0,0;0,s). We have
already dealt with the intervals that are close to 0; we now move on to bound the

intervals that are far from the origin. In fact, we need to bound

pie =P(27(0) —nl<e | swp AP(2) + AT (=2) - AP(0)] < 2¢), (6.46)

z/a2/3e[i+1/2]

for |o%/3i| > 7.

The strategy is very similar to the one used on the intervals such that |i| < 2/3,
only that now, i and 0 will be far apart and so 2*)(z) and 2*)(0) will not belong
to the same interval, as before. However, this is not a big problem, since the same
absolute continuity result over the Airy line ensemble with respect to a locally Brow-
nian ensemble is true for a finite number of disjoint intervals of the same length.

The original theorem by Dauvergne (in [I1]) can be found in Section 6.3 and our
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convenient version of that result as a lemma is stated beloe. Notice that this lemma
is comparable to Lemma 24 but in this case, the absolute continuity is used in two

disjoint intervals of the same length over the parabolic Airy process simultaneously.

Lemma 28. Let aj,as € Ry and T > é such that a1+3T < as—3T. Let I} = [a1 T
and Iy = [ay £ T'|. Let f,; be the linear function on [a; £ 3T] satisfying

fa;(a; —=3T) = —(a; —37)>  and  f,,(a; +37T) = —(a; + 37)*.

Then there exists a constant c € R.y and random functions ((]—"1(7")> , (.7:2(7“)) >
rely rels
such that

Law <(2l1 M) (% W)m)

< T Law ((@]\G + (Fi(r) + f(ll(r)>'rell> ) (\/ﬁNQ + (F2(r) + fo (r»?"d?))
(6.47)

where N1 and Ny are independent standard Gaussian random variables. Moreover,
the pairs (Ny, N3) and ((fl(r))reh,(]:2(7“)),,6[2) are independent, and there exist
T—dependent constants c1,ca > 0 such that for each j € {1,2},

’I‘EIj

P (sup | Fi(r)| > m) < ¢y exp (—cgm%) (6.48)

for all m > 0. More generally, for any A > 0, let ng’\) be as in (6.6). Denote by ]J(-)‘)
the interval
IV = NP = [a;\¥° — TAY?, ap\*3 + TA?P]

Then as a consequence of (6.47), we have that

Law <(ng” (T))wa ’ (ngA) (T)>relé”)

< T8 Law (((f;”(r) AL <\/ﬁNj + fa, (Mg)))mw)Q ) (6.49)

j=1

with Ny and Ny as before. For each j € {1,2}, .7-"})‘) s a A—dependent random function
such that for all m > 0,

P sup )\*1/3.7:})‘)(7‘) >m | < cexp (—02m3> (6.50)

TEIJ(.)‘)
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for the same T—dependent constants c1,co > 0.

We may also write for each j € {1,2} the random function Fj(’\) as

d

(1) £ (0% =0 3m) s b e) o o0

J (A)
relj

where W; is a standard Brownian motion, and A; and C; are random constants such
that,

3

P(‘Aj’ > m) < ¢; exp (_CQm%> and ]P’(’Cj‘ > m) < ¢1 exp <—62 <|_Tn|>
a;

(6.52)

for all m > 0. There are no claims made about any independence amongst W;, A;,

and Cj.

Remark. Note that although the constants c;,co > 0 are T'—dependent, if we only
ever use values of T" that are bounded above and below by absolute constants, we
can take ¢y, co to actually be absolute constants as well without of loss of generality.
The values of T' that we choose to work with specifically will be continuous univariate
functions of s, and since s lives in a finite interval, our choices of T" will indeed be
bounded by absolute constants. Thus, in the work that follows, we will implicitly

optimize our choice of ¢y, ¢ as functions of s to obtain absolute constants.

We will use the previous lemma to bound probability (6.46):

P(\Q@(O) “hl<e|  sup AV() — AP (0) + AP (—2)| < 28).

z/02/3e[i+1/2]

We are now in the situation in which we need to understand the behaviour of () (z)

2 2/3 > 7. the points z

and A{”(0) when z is close to i0®? and far from 0. Since |i|o
and 0 are far enough that we can use the absolute continuity lemma above in two
different intervals. For simplicity, we will assume that ¢ > 0 so the interval around
0?3 will be on the right of the interval that contains 0. The case when i < 0 is

done in the same way except that the intervals change their order. The intervals are:

2/31 o1/3 1 2/3152/3 . 1 .
I, = s% 525 £ 52) and I = s / [%mi £ 53] In the language of the previous
. 1/3 2/3 .
theorem this means that a; = 245, as = %i and T = —=. We need to check three
2s52/37 52/3 252/3

things:

1/3

1. The point 0 € I;: It is clear that 0 < %/3 —|—%. We need to check that %5 —% < 0.

Since o < 1, this statement is true.

2. The interval [¢%3%i + %/3], the interval over which we take the supremum, needs
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to be a subset of I5 so that we can compare the supremum of the parabolic Airy

ngs)(z) in (6.46) with the supremum of the function F as defined on Lemma 28.

If 2 e [0%%i + "Zi],

2/3
2 2

)

where in the last inequality we have used that ¢ < 1. We have proved that
[O'Q/Bi + %/3] - [2.

3. We need to make sure that I; and I are far enough. As per Lemma 28, we need
to guarantee that a; + 3T < ay — 37"

1/3 2/3
U 3 03 i 3<oio Tl

242/3 + 942/3 82/3Z 942/3 9

a1+3T<a2—3T iff

Notice that since 0%3i > 4 and ¢ < 1, we know that o%/%i — ";i > 7—2 > 3. This
implies that the intervals are far enough to use the absolute continuity statement

in Lemma 28 in these two intervals.

For 5[50) we will use Lemma 24 on one interval as before.

Then, by Lemma 24 and Lemma 28, there exist a constant ¢y, and indepen-
dent standard Gaussians Ni, Ny and N corresponding to 2%[;, (2), 2|, (2) and
ﬁga)‘[_(ﬂ/gii(ﬂ/g /21 such that we can bound probability (6.46) with

coP(|Ny + G — h| < e,[0"AN + Ny — Ny + 023G, — 0132 < 2¢), (6.53)
where G = F{”(0) — ¢,, 7(0) and

FO(—2)  F()  F(0)

where s "
s 2z s .
9i(2) = ol/3 a?vT(S2/3) - 01/3&117'5(0) + 22(@ - m)
Recall the definition of the linear shifts:
1/3 2/3 9
_ 9 s O o
loyr(T) = — 2017 + a7 — 9T = i’ + 1B T 11
20.2/3 . 0.4/3 . 9
oy (1) = — 2097 + a3 — 9T% = — 25 + o it — T
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Then,
51/3 o3 9gl/3
Zt, 7(0) =— —
ol/3 7 (0) 4s 4s
s1/3 Z N\ 2013 0 9g1/3
m (lQ,T(m) = - —S 12 + ml — —43 .

We can rewrite g; as follows:

2013 o 5 O z
i(2) = — 12 + 17— +2i(1 — —=
9:(2) s s1/3 4s ( o

(6.54)
We can rearrange equation (6.53) as
P(|Ny + G — | < &,|N + 07PN, — 07PN, + Gy — 2| < 260~ 3).

Notice that {N, N1, No} is independent of {G,G;}. Also, since N, N; and N, are

independent of each other and Gaussian,
(No, N + 073N, — 07 V3N,) = (X,Y) ~ N(0,%) (6.55)

where Y is the covariance matrix. In fact,

R
= N (6.56)
—m Smtl

We can now rewrite the probability (6.55) as

P(|IX+G—h| <&, |Y +G;—i?| < 2e07 %) = f pi(z+h,y+i*)dzdy,
[—e,e]x[—2¢/01/3,2¢/1/3]
(6.57)

where p;(x + h,y + i?) is the density of the vector (X,Y) + (G,G;). It is worth
mentioning that the density is well defined by the Lemma 25. Notice that for all
y e [~2¢/0'?, 2¢/0" ],

2 2e 2 2e 49 1 /49 5
y+l /_m‘i_l /_0_1/3+0_4/3—01/3<;_ 6)

1 4
>—(49—2>=—7>0,

ol/3 ol/3 =

where we have used that |i| > 7/0%3 o <1and e < 1.

Mimicking what we have done before, we will first bound the density p;(x,y) of
the random vector (X,Y) + (G, G;) at the value (z,y). The goal is to find a bound
a; independent of h and o such that if |i| > 7o~%/%, then

pi(z + h,y + %) < ai(y + %), for all z € R (6.58)
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and Z|i\>7r2/3 a;(y + %) < d” for a constant d” independent of o, y and h. Once we
obtain that bound, can join this bound with the work done previously in (6.21)

P(L£(0,0;0,s) € (h—»s,ths)'/J(O 0;0,t) e (h—e,h+¢))

<2p15:86”T/3+ Z Die

€L li|>70~ 3

+ E pilx + h,y + i*)dxd
1/3 o7 f [—2¢/01/3,2¢/01/3] ( Y ) Y
>T7o 3

2

<dd =+ f Z ai(y + i*)dxdy

o1/3 ]
[—e,e]x[—2¢/01/3 2e/51/3] |i|>To™3

2
"
<4c’ m + f d"dzxdy
[—e,e]x[—2¢/01/3,2¢/01/3]
2 2 2 2
_ " n € 4 €
=4c" =y —i—4d Ve <c pYE =c e

In the last inequality we have redefined the value of ¢”. Notice that obtaining the
bound (6.58) completes the proof of this theorem as explained in (6.1).

We now, embark on the task of finding bounds for the density p;. Let y > 0
arbitrary. We will use the same strategy as before: condition on the second coordinate
to be able to deal with the density bounds of Y and G; separately. Since (X,Y") and
(G, G;) are independent we will bound the density of the convolution (X,Y) + (G, G;)

conditioned using Lemma 25. Recall that

pi(x,y) =P (X—I—Gedx Y + G; edy)
—hm5 P(X+Gelz,z+0),Y +Gie|y,y+9))

0—0
1
<h_r)n 52]?()( +Gelr,z+6),Y +Giely,y+9)Y =y/2)PY > y/2)
1
+(521P’(X +Gelz,x+6),Y +G; ey, y+0)|Gi = y/2)P(G; = y/2). (6.59)

We have used that for every 6 > 0, the event {Y + G, € [y, y + d)} implies that either
{Y = y/2} or {G; = y/2} must occur.

We now focus on the last two probabilities above. We start by writing

PX +Gelz,z+9),Y +Gi€ly,y+ )Y =vy/2)

T+0
:J f Jxy)+(@.aly=y2y (w, v)dudy.  (6.60)
x Y
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By Lemma 25, for all (u,v) € R x [0,00), we know that

fxyyr@anlysy (w,v) < || feovyv@onlr sy (,v)|]
<HfXY\{Y>y/z} U, v || ((G,G;) e R x [0,0)|Y = y/2)
<[ foxwiy sz ()|, (6.61)

In a closer inspection to this density we see that

1P(X elu,u+9),Yelv,o+0),Y >y/2
Jxy)ly sy (u,v) =lm — ( [ ); [ ) y/2)

50 02 PY = y/2)
S (w0)1{e = y/2}
B P(Y > y/2) (6.62)

The vector (X,Y") follows the distribution of bivariate normal with covariance matrix

) so its density is

— 1 (w) TS () _ 1 ﬁ((ﬁw)a(ﬁﬂ)uz)'

1
U, V) = ———€
Toonltet) = o/ 2m /5l

Following the definition of ¥ on (6.56) we find the determinant:

1

By simple inspection we can tell that the maximum of this density is achieved at
the origin but since we are maximizing over the half-plane {v > y/2} and y > 0,
we conclude that the maximum occurs when v = y/2. Optimizing the exponential
function, we get

y252/3

| foew (o) v = y/2}|| = [| foer (w.y/2)]] %Jme‘ww (6.63)

Notice that since o < 1, we can bound the determinant |¥| > 2 and

y252/3 y252/3 1 20?3

e 12+e2%) & o ae2+e?P) £ T, (6.64)

1
214/ |2 h 20/ 2 20/ 2

Putting equations (6.60), (6.61), (6.62), (6.63) and (6.64) together, we see that

2 2/3
y
52 e~ 12

2V2r P(Y > y/2)

PX+Gelz,z+0),Y +Giey,y+ )Y =y/2) < (6.65)
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We move onto the bounding the density of the other conditioned distribution:
P(X+Gelr,z+0),Y+Gielyy+0)|Gi>y/2) =

x+6 ry+o
f f f(X,Y)-&-(G,G’i)\{G’i;y/Q} (u, v)dudv. (666)
T Y

Again, by Lemma 25,

for@anly =y () <[ fuy+@elczye (w )|,
<[ fx vy (@, 0)|| PG, Gi) € R x [0,0)|G; > y/2)
< || fxnazuz (w0, (6.67)

for all (u,v) € R x [0,00). Notice that {X,Y} are independent of G; so

foxxcizyzy(u,v) = fxy)(u,v)

and
1

lfeeriezu o)l <5 o (6.68)

Adding the results obtained in (6.66), (6.67) and (6.68) we get that

52
221
Then, following (6.59), (6.65) and (6.69) we obtain that for all z € R and y > 0

P(X+Gelz,2+9),Y +Giely,y+0)|G =>y/2) <

(6.69)

1
pi(x,y) é(lsirr(l) §P<X +Gelr,z+0),Y +Giey,y+ )Y =y/2)PY = y/2)

1
+5—2P(X +Gelx,x+9),Y + G ey, y+90)|G; = y/2)P(G; = y/2)

_ y202/3

- 1 e 12
ToV2r P(Y = y/2)

P(Y > y/2) + P(G; = y/2)

1
227

1 4252/3
—— (e 4 PG = y)2 )
NG (G > y/2)
Then, we can bound the density in (6.57) as follows:
. 1 _wri2)2e?3 Y+ i°
(x4 h,y+i%) < (e 12 +P(G; = > 6.70
i+ by + ) < (6= 150 (6.70)

In the next section we will concern ourselves with bounding IP’(G,; = M)
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6.2.5 Bound for the two-point density of the directed landscape if a

geodesic from (0,0) to (0,¢) is far from the origin at time s

Recall the definition of G; (equation (6.54)):

FO)(=2) + FyY(z) — F(0)

G;= sup + gi(2)
—Smeli+1/2] ol/3
where
1/3 1/3

S z S /. z
9:(2) = —lan () = Sitane(0) +2i(i = —5).

We will first focus on the deterministic part of the supremum; we can rewrite g; as

follows:

1/3; 2 2 1/3
gi(z)=—20/l(z—02/3i)—2m Lo o

L z
. . 5 4 T 2i(i — —=). (6.71)

02/3

For any z € [0%/%i + 0%/3/2], we can bound the right hand side of the equation above

and we get

_ o'Bli| 20  oi* o =2 N ol/3 o ol/3
gl<2)\ < - S +Sl/3_ +|Z|—(m+ )S—Z +(T+ )|Z —E

Using the fact that 0 < o0 < 1 and 1 < s < 2, we can further bound the right hand

side of the equation above by
(1 —2Y3)3% + 2|4

Notice that the equation above is negative for all |i| > 7.
We conclude that for all z € [0%3i + 0%/3/2],

gi(2) <0.
Then,

FO(=2) + FV¢) - KY(0)
a1/3 '

G; < sup

—gelit1/2]

Therefore,

-2 (o) (_ (s) _(s) 2
P(Gi>y+l><]}b< sup FO(—z) + F,7(2) — Fy (O)}y—i—z)'

2 gpelit1/2] ot/
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Now, we will try to understand

FO(=2) + B(:) = RY(0)
ol/3 '

sup (6.72)

—gelit1/2]

Recall that by Lemma 28, we know that for all r € I;
FO@) L w; (27“ — 2(a; — 3T)A%) + AN+ OB

Then, we can rewrite

F¥(0) _Wl(—2<;;T/; — 22a)s23) Cys3

ol/3 ol/3 ol/3
Wi(=c'®+3)  Cys'3
o1/3 o1/3
F(z) W22 = 2%mi — ghm)s™®) | Awz Cas
o3 o173 + o1/351/3 o1/3
Wh(22 — 20%3%i + 3) Asz Cyst/3
- o1/3 T o1/351/3 T o1/3

Then, we can rewrite equation (6.72) as

ﬁ(o)(—Z) W2(2Z — 202/3i + 3) AQZ 0281/3 Wl(—01/3 + 3) 0151/3
ol/3 ol/3 +01/3$1/3 g3 ol/3 PSVER

sup

—geli+1/2]

Using the fact that the supremum of a sum is larger or equal than the sum of
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suprema and a union bound, we can see that

2 (o) (_ (s) (s) )
IP’(Gi?y—;Z)é]P’( sup PN Z)+F2 ()~ (O)>y+z)
-2/3

2 _e[it1/9] ol/3 ol/3 ol/3 = 9
FO(=z) _y+i
]P( sup > > (6.73)
—eli+1/2] ol/3 12
925 _9 2/3; 3 -2
—HP’( sup Wa(22 173 i+3) > yre > (6.74)
—eli+1/2] o 12
z y + 12
P Aoz 6.75
! ( e S 0P T 12 > (679)
Cos'®  y+4i
+JP>( > > (6.76)
1/3 +3) _y+id?
RIS TS o
018 Y+ iz
+]P>(— Y > 5 ) (6.78)

We are going to bound each of the terms above.

We start by bounding the first term of the expression above. The numbers ¢
and ¢ for i« = 1,...,6 are constants that can change from line to line, absorbing
the constants into the expressions. By (6.50) in Lemma 24, we bound the first term

(equation (6.73)) as follows:

(o) (_ ;2 (o) (_ 2
o s FOCD oy o IOy
S eli1/2] ot/ 12 [i+1/2] ol/3 12

—373€
<C eicl (y+12)3/2

(6.79)

For the second term (equation (6.74)), recall that W, is a standard Brownian
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motion so
_ 9.2/3; 2 9
]P’( - Wa(2z — 20 Z+3)>y+l)zp< sup W2(Z+3)>y+z>
eli®1/2) ol 12 el O 12
2
<IP’< sup W21<3Z) > yre )
2€[0,02/343] O / 12

Wy (% + 3) oyt i2>
ol/3 ~ 12
3 y + 12
02/3) Z 12 )

<2IP>(

—2P(W, (1 +

<2 exp{—

(y +i%)? }
24(1 + =25)

<Cl2€7C/2/(y+i2)202/37 (680)
where we have used the reflection principle, the scaling property of the Brownian

motion, the Gaussian tail bounds and the fact that o < 1.
For the third term (equation (6.75)), using that s < 1, we get that

Ay y+° |Aslz _ y+ 42

IP( sup > ><IP’( sup > )
pelizij 008 T 12 gelizjg 00 12

<P

(0231 4+ 023 /2) Yt i2
ol/3 - 12 )

("~
<IP’<]A2] y+ )
(

(o131 + 0'/3)2)

y+z , (y + )32
<P(]A )< M
Al > i) G <= i+ 1/2) 3/2}
(6.81)

where in the last two inequalities we have used that o < 1, ¢ > 0 and the tail bound
of Ay from (6.52) in Lemma 28 respectively.
For the fourth term (equation (6.76)),

Cos'3  y + 42 (y +i?)o!/3
P( S5~ 12 > gp(@' Z 21/312 )

(018 [252/3)32
<che AWM (6.82)

<dj exp{—c}

where we have used that 1 < s < 2 and the tail bound of C5 from (6.52) in Lemma
28.
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For the fifth term (equation (6.77)), since W, is a Brownian motion

P(_Wl(—01/3 + 3) Y+ z'2> _P<W1(—01/3 +3) _y+ i2)
ol/3 -2 ) ol/3 T2
 (y4i2)262/3
<ce T < de™ By+i)?o? (6.83)

where we have used the symmetry of the standard Gaussian random variable, the tail

bounds for a standard Gaussian and the fact that o < 1 in each step of the inequality
chain above.

For the sixth term (equation (6.78)),

HD(_C&SV3 - Y+ i?
o3 7 12

) < che-hur? (6.84)

for the same reason as (6.82).

Putting the bounds obtained in (6.79), (6.80), (6.81), (6.82),

(6.83) and (6.82)
together we get that for all y € [—2¢/0'/3,2¢ /'],

Y+ i2 ) ol (yei2)3/2 ) ol (i2)22/3 , —ch (wti)%/?
P(G; = 5 ) < chem AW | et o TB r12)

+ e WP L L em QPP g o)

Taking ¢ = max{c, =i =1

.,6} and ¢ = min{c/ =i = 1,.
the sum above by

.,6}, we can bound

" i2Y3/2 /1 i2)252/3 —c’ (i)
¢ [ 3e™WHTE L 9e " WHI)TTT L o7 ra2)i? ) (6.85)

Putting together this last calculation and (6.70), we can bound the density as follows

(y+12)2 2/3

\/71_( +P(Gi>y+i2))

pi(z + h,y +i%) <

2

1 < (y+12)2 2/3

< - (+if)=a®/°
\/377

2,3/2
, & (y+i2)3/2 — & (y+i2)202/3 —c 0 yri)32
<c +e +e

. o (y+i2)3/2
(3= WH y geme ity ¢ @-H/msxz))

(i+1/2)3/2

where in the last inequality we have simply redefined the constants ¢’ and ¢

". Recall
that i > 0, 0% > I\ %, and that 1/2 < || so

2 ) 3/2
2,3/2 Y i
—c/’(y+i2)202/3 - 7cu<y‘+2‘z > M (y+:i2) / <y+z )
(& X €

and e (+1232 Le i
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Furthermore, recall that for all w > 0 and all p > 1, u? > u — 1 so putting together
the bounds obtained on (6.85) and (6.86), we get that

—
=t
(V]
SN—"
9]
-
A
D
(V)
N
[ V]
—
S
=t
=T
[ V]
SN—"
Q)
MO
N
[ V]
v

pi(x + hy + i2) <d (e*C’/(yHZ)ec” n o7 (2

. L y+i2
<c’<e_cﬁ(y“2) +e ¢ ( i )>

where in the last inequality we have simply redefined the constants ¢ and ¢” for more
convenient ones once again.

As previously explained, all that is there left to do now is finding a bound for the

Z pi(x + h,y + iz) < Z c (e—c”(y+i2) 4 ea’(zﬁ;#))

i=7/02/3 i=7/02/3

series

uniform on y € [—2¢/0'/3,2¢/0/3]. For the first series,

e 2 —"|| s
Z " (y+i2) < Z Ily +z\<2 |y +z|_2€ C|]|:d(cll>7

i=7/02/3 i=7/02/3 i€Z JEZ

where we have used in the first inequality the fact that y + i = |y + ?| and the fact
that y > |y|, in the second inequality we have added to the series the non quadratic
terms and in the third equality, we have performed a change of variables j = |y| + i.
In the second case, we are going to use Lemma 27.
1t y < 0: By Lemma 27, with 8, = 0 and 3 = y,

¥ U = 3y ) < e U 1y < ()

i=7/02/3 i=7/02/3 =1

Z efc”(y“*;li ) < Z e—c"|i\ < d(c//)

i=7/02/3 i=7/02/3

We have proved that

Z pi(x + hyy + %) < 2d(") + by ().

7;27/02/3

This concludes our proof.
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6.3 Proofs of the absolute continuity lemmas

We conclude this section of our argument by providing the proof of Lemma 24 and
Lemma 28 that we deferred earlier. Recall that these lemmas are simple adaptations
of Theorem 8 and Theorem 29.

6.3.1 Proof of Lemma 24

We begin with the proof of Lemma 24. We will use Theorem 8 and Proposition 17
(proof available in Subsection 3.4.2).

Proof of Lemma 24. By the stationarity of the stationary Airy process, we have the

equality in distribution

(Qll(r)>re[a+3T] - ((Qll(r —a - a)2) B r2)re[a+3T]
L (Qll(r) +r?—(r+ a)2>

re[0+3T]

which can be thus be condensed into the equality of laws

Law ((2{1 (M)rera im) — Law ((2{1 (") + 12— (r + a)?)@ﬁgﬂ) .

By Lemma 8, there exists a diffusion parameter 2 Brownian bridge B on [—3T,3T]
from 0 to 0 and an independent random affine function L on [—3T,3T"] such that

o (@00 g ) o (102 0) )
< 2% Law <(B(r) + L(r) + 1% = (r+ a>2>re[0im)

We note here that although we do have the option to apply Lemma 8 on the original
interval [a £ 3T, it is better for our purposes to apply it on [0 & 37]. The main
benefit to making this choice is that this isolates the dependency on the center of the
interval a in a single deterministic parabolic term. In doing so, we see that any and
all behaviours of L and B on [0 & 37'] now have absolutely no relation to the value
of a. This will be quite useful later on.

Thus by restricting both (1(r)),efussr and (B(r) + L(r) + 7% — (r + a)?),cjosa1]
to the middle thirds of their domains, we may use Lemma 17 with the parameters

1

0 = 3 and k = 2 to extract a Gaussian random variable from the Brownian bridge
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and conclude that

. < (2, (r)>rda) < e Law ((B(r) + L(r) + 72 = (r + @) 1))
_ et ((\/ﬁ]\f + (B(r) = V2TN) + L(r) +1° = (r + CL)Q)TE[M])
26T <<\/ﬁN + (B(r —a) = V2TN) + L(r —a) + (r — a)* — Tz),«ez)
— 210 Law <(\/ﬁN + F(r) + fa@‘))ma)

with N a standard Gaussian independent of the process (B — v/2T'N),¢[o+7], and
where we have defined

(]—"(r))rda - ((B(r —a) - \/ﬁN) + L(r — a)) . (6.87)

relq

Now that we have defined our process (F(r)) we will next prove that the tail

bound (6.11) is true. We first observe that

rely’

sup |F(r)| = sup ‘B(r—a) —V2TN + L(r—a)‘

rel, TE[aiT]
< sup |B(r)|+ V2T |N|+ sup |L(r)]. (6.88)
re[—T,T] re[-T.T]

Moreover, recalling that L is a straight line segment from L(—3t) to L(3t) we have

the elementary bound

sup |L(r)] < sup [L(r)] < max{|L(=31)[, [L(3t)[} < |L(=3)] + |L(3t)].
re[—T,T re[—3T,3T]
(6.89)

By invoking the bounds (1.5) and (1.6) in Lemma 8, we obtain in our case that

]P’(L(—3t) A L(3t) < —m) <27 and IP’(L(—3t) v L(3t) > m) <emim
(6.90)

for some Tp—dependent constants ¢, d > 0. This means that by taking union bounds,
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combining equations (6.89) and (6.90) gives us a chain of inequalities

P ( sup |L(r)| = 2m> <]P’<\L(—3t)] + |L(3t)] = 2m>

re[—T,T]
<P(|L(—3t)y > m) + P(\L(3t)| > m)
<2P<L(—3t) A L(3t) < —m) + QIP’(L(—St) v L(3t) > m)
—4m%+cm% —dm?3 —c m%
<2 <e : 4 2 ) < e (6.91)
for some T—dependent constants c¢y,co > 0. We now turn our attention to the

Brownian bridge B. Since B is a Brownian bridge of diffusion parameter 2, we may

write
r+ 3T

(B(T>>re[—3T,3T] - (W(QT +67) -

where W is a standard two-sided Brownian motion. Based on this decomposition in

W(12T)> (6.92)

re[—3T,3T]

law we have the upper bound

sup |B(r)| < W(12T)| + sup [W(2r)| = |W(12T)| + sup |W(r)|.
re[~T,T] r€[0,67] re[0,127

In turn, this implies the chain of inequalities

P( sup [B(r)| =2
re[—T,T
<

(6.93)

m)
P(|W(2T)| + sup |W(7“)|>2m>

[0,1277

<P(IW12T)| = m ( sup |W(r)| = m)

re[0,1277]

re[0,127] [0,1277]

)+
=P(|wW(127)| m>+]P’< sup W(r) = m>+IP’< sup —W(T)Zm)
)

—IP(\W (127)| = m) + 2P ( sup W(r) = )

re[0,1277]
- 3]P’<|W(12T)] > m)
< e84 (6.94)
using the fact that —W 4 W, the known distribution for the running maximum

of a Brownian motion, and the standard Gaussian concentration bound. As such,
by combining equations (6.88), (6.91), and (6.93), we see that we can find positive
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To—dependent constants ¢y, co > 0 such that

IP’(sup|.7:(7“)| > m)

relq
<IP>( sup |B(r)| = m/3> +IP’<\/2T|N] > m/3> +1P>( sup  |L(r)| = m/S)
re[—T,T] re[—T,T]
<01€702m3/2

as claimed in equation (6.11). The extension of our result to the rescaled Airy process
A?) in (6.12) is an immediate consequence of the base case when A = 1. To see this

explicitly, we observe that
()
Law (( 21 (r))rdy))

=Law ((Aé% (r)) refa>

<eH0T° Law ((A VATN + NS F(r) + Aéea(r)) )
relaxT]

=

=e20T" Law <(A§\/ﬁ]\7 + A F(rAT) + A%ea(m—w)) )
re[ar2/3£TA2/3]

=107 Law (()\é\/ 2TN + FV(r) + /\%EQ(T)\_Q/B)> (A))
rely

where we have defined the rescaled random function (.7-" (’\)(r)> by

re[,(l’\>

(FO) (6.95)

via our original definition in equation (6.87). Equation (6.13) then follows from (6.11)
and the fact that

— (A% (B(rx% —a) = V2TN + L(rA23 - a)) )

rely‘) TGLS/\)

()\_éj—"(k)(r)>rdy) — (f(r))ma.

We now turn our attention to establishing the decomposition in law in equation (6.14).

Given the fact that L(r) is a linear function, we may write

(L(T)>re[_3T,3T] = (6% (L(3T) - L(—3T))r + %(L(—?)T) + L(3T))>

re[—3T,3T

Similarly, equation (6.92) can be decomposed and rewritten in law as

(B(T))re[_gmﬂ 4 (W(Zr +6T) — %W(lQT) — 6LTW(12T)T>

re[—3T,3T]
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As an immediate consequence of the above, we also have that

<)\%B (5)\§)>5€Ié)\) 4 <W (25 + 6T)\%> — /\ééw(mT))‘é%é) se[~3,3]

where the first term was simplified by Brownian scaling. Using these decomposi-

tions and the explicit definition of (.7-" (’\)(r)> o 10 (6.95), we have the equalities in
rely

distribution

(FO (aN?* +8)) o0 = (B (0072%) = VTN + ML (047F))

Il

(W (25 + 6TA%) LA AS 4+ A%C)

5elé>‘)

where we have defined the random constants A and C' as

A= 6iT (W(12T) + L(3T) — L(—ST))

€= 2 (- W(2T) + L(-3T) + L(3T)) ~ VITN.

Observing that the triangle inequality gives us the two upper bounds
Al < S IW(2T)| + = |L(3T) — L(-3T)
6T 67
1 1 1
|C| < §|W(12T)| + 3 |L(3T)| + 3 |L(—3T)| + V2T|N|,
the tail bounds in equation (6.15) follow immediately from the standard Gaussian
concentration inequality and equation (1.7) of Theorem 8, after possibly redefining

our original choice of the T'—dependent constants c;,co > 0. This completes our

proof. O]

6.3.2 Proof of Lemma 28

We now move on to the proof of Lemma 28. First, we state the absolute continuity

in disjoint intervals of the Airy line ensemble in which we base our arguments.

Theorem 29 (Dauvergne, in [14]). Fiz Ty = 1 and @ = (a1,a2) € R? such that
a1 + Ty < ay. Then, there exists an absolute constant ¢ > 0 and a random process

(£5(r)), . such that

Law (241 (1)) oy 700+ (240 efun iz

< €CT3 Law <(£Uf(r))r€[a1,a1+T0] ! (£?(T>)T5[a2’a2+T0]> '
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Moreover, for each j € {1,2} we can write

P d
(’gj (T))TE[CLj,ajJrTO] = (Bilr) + L (r))re[aj’aj+T0]

where B; is a diffusion parameter 2 Brownian bridge from 0 to 0 on [a;,a; + T, By
is independent of Bs, (B1, B) is independent of (L1, Ly) and the linear terms Ly and

Lo can be decomposed in law as

a; +1Ty) —r
L ) 4 (3—
< j(T) relaj,a;+To] < TO

Moreover, for some Ty—dependent constants ci,co > 0 we have that for all m > 0,

£9(ay) + —— 9 0¥ (q; + TO)) . (6.96)

TO relaj,a;+To]

3/2

P(\Lj(aj) +al| > m> = ]P’(]S(aj) +al| > m) < e @m
3/2

P(!Li(aj +To) + (aj + Tp)?| > m) = ]P’(|£(aj +To) + (aj + Tp)?| > m) < e em
(6.97)

Now we proof the lemma.

Proof of Lemma 28. By invoking Theorem 29 with Ty = 67 and @ = (a1—3T, as—3T),

we have that

Law < <Ql1(7")>re[ali3T], (911 (T)>re[a2i3T])
< 26T [ o <<B1 (r) + Ll(r))re[ali:&T]’ <B2(r) + Lz(r))re[aﬁgﬂ) :

Since I; is the middle third of the interval [a; + 3T], we may invoke Lemma 17 with
k=1and d = 3 on [a; + 3T for each j € {1,2} to get the decomposition in law

(BJ(T)>M_ £ VTN, + (Bj(r) - \/ﬁN])

j TEIj

where Nj is a standard Gaussian, NV; is independent of the process (B;(r) — Nj)rer,,

and N is independent of Ny. As such, we can now write that

Law < (Qll (7")> vy’ <Q[1 (T)) r612>

< 2167 [ aw ((@Nl + (Fi(r) + fa, (T)) J <\/ﬁN2 + (F2(r) + fa (T)>relz)

1”611
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where for each j € {1,2} we have defined

(E(T)>re1 o (LJ'(T) = Ja, (r) + Bi(r) = ﬁNj)

j T’EI]‘
and for r € [a; £ 3T], we haved defined f,, by
(a; +3T) —r r—(a; —37)
67 67
This establishes (6.47) so all that remains is to establish (6.48). To that end, we

employ the same general argument used in Lemma 24 previously, independently in
each coordinate of (6.48).
We begin by observing the chain of inequalities

(Clj + 3T)2

fa; (1) = — (a; — 3T)* —

sup 7;(r)| < sup |Ly(r) = £, ()| + sup [ By(r)| + VTN, (6.98)
rel; Tr€lj Tel;
Notice that because L; — f,, is a (random) line segment, its maximum absolute value

is obtained at one of its two endpoints. So we have that

sup |L;(r) = fo,(r)| <[Lj(a; = 3T) = fo,(a; = 3T)| v [Lj(a; + 3T) — fo,(a; + 37|

’I‘EIJ'
=|Lj(a; — 3T) + (a; — 3T)*| v |L;(a; + 3T) + (a; + 3T)?|,
(6.99)

where in the last equality we have used the definition of f,;. We will now adopt the
convention that for any a € R, B, ¢r is a diffusion parameter 2 Brownian bridge on
[a,a + 6T from 0 to 0. With this convention, we may write that

(Bw(r)) 4 (W(2r) - LW(HT))

re[0,6T1 61" re[0,6T]
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where W is a standard Brownian motion. Given this, we may then say that

rel; re[2T,4T)

P (sup |B;(r)| > 2m> =P sup |Boer(r)| > 2m>
re[0,6T]

<P sup |Boer(r) > 2m>

—P( sup ‘W(2r) - 6LTW(12T)‘ > 2m)

re[0,6T]

<P |(W(12T)|+ sup [W(2r)| > Qm)
re[0,67]

re[0,127]

< P<|W(12T)| > m) +P ( sup |W(r)| > m)
< IF’<|W(12T)| > m) + 2P ( sup W(r) > m>
re[0,127]
_ IP<|W(12T)| > m) + 2P(W(12T)| > m)
- 3P<]W(12T)] > m)
using that W is equal in law to —W, and the known distribution of the running
maximum of a standard Brownian motion.

We may use this elementary bound in conjunction with (6.98) and (6.99) to obtain

the union bound

P (sup | Fi(r)| > 4m)

TEIj

< ]P(|Lj(aj —3T) + (a; — 3T)?| v |L;(a; + 3T) + (a; + 3T)?| > m)

+P (Sup B, (r)| > 2m> + IP’(|\/2TN]-\ > m)
’I’EIj
< P(|Lj(aj —3T) + (a; — 3T)?| v |Lj(a; + 3T) + (a; + 3T)% > m>

+ 3P<|W(12T)| > m> + P<|\/ﬁNj| > m).

Using the standard sub-Gaussian concentration inequalities for the latter two summ-

mands, and the tail bounds in equation (6.97) for the first summand above yields

+ 6e 2027)% 4 2¢ 207  cre” 2™

Nl

3
2

P <sup | Fi(r)| > 4m) < e ™

T’EI]'
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by redefining the original choice of ¢; and ¢y as needed, thus establishing (6.48) and
completing the proof of the base case.

Equations (6.49) and (6.50) are immediate consequences of (6.47) and (6.48), re-
spectively. To see this explicitly, we need only observe that (6.47) gives us the chain

of equalities
(M) (M)
LaW( <Ql1 Oﬂ))re]i)‘)? (Qll (T>>'re[§)‘) )
_ 1/3 —2/3 1/3 —2/3
Law <(>\ 2A; (1A ))Tewh, (X224 (rA ))rew%)

— Law ((Al/g%(”),«eh’ (Al/gﬂl(r))rezg)
< 26T ()\1/3 (\/ﬁNj + (Fj(r) + fa (T)>>Tefj>2 1)

/) e

2
_ 26Tt ()\1/3 (ﬁNj + (]—“j (rA"23) + Ja, (T)\_%)>> I(A)) )
re j j=1

2
_ 62160T3 Law <(‘;EJ(>\) + /\1/3 (\/ﬁN] + faj (T)\_%)>) eI(A)> >
r j=1

J

where we have that ]-"j(’\) is defined for each j € {1,2} by

<f§” (T)>rezw = (A%E(M%DMW (6.100)

= (ML) = N L, 0N + M B A - AIVATN)
All the claimed independence properties of the decomposition (6.100) are inherited
from the base case of this proof. Establishing the tail bound (6.50) follows immedi-
ately from (6.48) and the fact that

(7)., - ()

-
j relj

We now provide a decomposition of the functions <.7:](’\) (r)) «ny Which will enable
re]j

us to establish the tail bounds (6.52). By invoking the decomposition in equation
(6.96), we obtain that

r—(a; —37)

4+ 3T)—7r -
L‘ > i (a] a o T
< i(r) refa; +3T] ( £ila; = 3T) + 6T

o7 £9(a; + 3T))

rela; 3T

(6.101)
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We may write for each r € [a; + 37" that

f (T) _ (CL]' + 3T)2 — (aj — 3T)27’ _ (CL]' + 3T)(CL] — 3T)2 — (aj — 3T)(a] + 3T)2

67 67

(6.102)
= —(2a;)r + (a5 — 977).

We begin with the definition in (6.100), which gives us for each r € T ](A) = [a; A3 + 3T N3]

the decomposition in law
Flr) = A ()
ASL; (rA™3) = A5 £, (PA23) £ A3 B, (rA™?3) — ASVTN;

ASLy (rA23) = A5 £, (PA23) 4 A5 Bogr (rA2% — (a; — 3T)) — ASVTN;
(6.103)

4

where as before, B, ¢r is a diffusion parameter 2 Brownian bridge on [a, a + 67| from
0 to 0. Noting that for any a, k € R the scaling properties of Brownian bridges give
us that

ll=

(k—lBO,GT(er - kQa)) k™ Byzg grr (r — kza))

rela,a+6T) re[k?a,k?(a+6T)]

-2

ll=
/N 7N N N
il
R
&
[=2)
E
™)

S
—
=
S~—
N—

d r 2
< (wizr) — “Iw2kT )
(2r) 61T ( ) r€[0,k2(6T))]

= 2r — 2k*a) — ———W(12k“T

wizr @) 61 W )>re[k2a,k2(a+6T)]
d 9 k='r — ka )
= 2r — 2k“a) — ————W(12T .

<W< " @) 61 Wi ) re[k2a,k?(a+6T)]

Therefore, we will adopt the convention that W, and W, are independent standard
Brownian motions associated with the independent Brownian bridges B; and Bs
respectively such that for all r € ]j@ = I:)\%a/j + A%T],

rATs — (a; — 3T)\3
6T
Now by using (6.104) in conjunction with (6.101) and (6.102) we can obtain the

decomposition in law

N B, (rA23) L, <2r — (2a; — 6T)A§> - W,(127). (6.104)

<FJ.(A) (T)>T€[](A) 4 (Wj (27“ — (2a; — 6T))\§> + Aﬂ,)\—l/?, i Oj>\1/3>

(@Y)
relj
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where the random constants A;, and C; are defined as

(£i(a; +3T) — (a; + 3T)%) — (£§(aj) —a}) 1
_ (o +3T)(£{(a; — 3T) — (a; — 3T)?) — (a; — 3T)(£{(a; + 3T) — (a; + 3T)?)
cri= = )

3T
+“J6—T ,(12T) — V2T N,

We now establish tail bounds for the random constants A; and C;. First,

P(|4; > m)

<P < £4(a; + 3T) — (a; + 3T)?

6T
Now, using the tail bounds in (6.97), we see that for all m > 0,
(
and similarly,

"

Using the standard Gaussian tail bounds, we get that

12T
+ g Vi (12T)| >

£4(a; — 3T) — (a; - 3T)°
s =

‘ 1

m).

(6.105)

m

@(q; +3T) — (a; + 37T)2 a
21(CL]+3 ) (a/j+ ) >§) <]ID(‘£‘1L(QJ—|—3T)—(CL]+3T)2‘ >2mT>

67

3
<cpeme D) (6.106)

m

S =S8 ) <p et = 91) = oy~ 377 > 207

67T

3
<cpememT)? (6.107)

' (127 ‘ > %) <P(|W;(127)| > 2mT)

(2mT)?

<2e” 202T) (6.108)

Using equations (6.106), (6.107) and (6.108) and a simple union bound, we get
that

3 (2mT)2

3
P<|Aj| > m> < e 2D 4 9p™ 3wy L e 2™

where the T'—dependent constants c;, co have been redefined as needed.
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Similarly, for the random constant C; we may obtain the tail bound

#(1cy > m) < (| G (Ol R ORE 1vaT ")
s STy 4 3T) (o £ 3T ")

>

v (

(a; — 3T)Wj(12T)' m

7 ) b (|Vary,

=~ |
~—

>_
4

. 3mT
= P(|&{(a; = 3T) — (a; — 3T)*)| > ————
. 3mT
P G T — (a. T)? =
+ (‘Sl(a]—ki% ) — (a; + 37) )‘> 2|aj*3T|)

3mT
P (12T T —
v 7 ()= 5

3 3

)+POVMWH>%

N——

1

2
_Q( 3mT )? _C2<%>? _7<M) 1 (m
< 016 2|a]-+3T\ + Cle 2|aj—3T\ + 26 24T 2|aj—3T\ + 2e—ﬁ(z>

3
(1)
—C2\ 1.7
< cle |a]|

2

where we have once again redefined the values of ¢; and ¢ so that the final inequality
holds as well. This therefore establishes (6.52) and completes the proof of Lemma
28. O
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