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Abstract

Markovian open quantum systems are of great importance in quantum statistical
mechanics and quantum information theory, whose dynamics are governed
by the von Neumann-Lindblad equation (or the quantum master equation),
obtained by integrating over the environmental degrees of freedom. In this
thesis, we study the evolution of such systems and, in particular, their asymptotic
behaviors. We will show the return-to-equilibrium for such systems under the
quantum detailed balance condition. The major techniques employed here are

spectral theory and the theory of C*-algebras.
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Chapter 1

Introduction

1.1 Von Neumann-Lindblad equation

Consider a quantum system described by a quantum Hamiltonian H on a
Hilbert space H. Assume this system interacts with a (quantum) environment
and we trace/integrate out the environment’s degrees of freedom. The resulting
physical system is called the open quantum system. Its states are given by
density operators p (i.e. positive, trace-class operators, p = p* > 0, Tr(p) <
o0) on H, and its dynamic, f; : pg — py, results from a unitary dynamics of
the total system by tracing out the environment. Under the assumption that
B; is Markovian and uniformly continuous, (;(po) satisfies the von Neumann-
Lindblad (vNL) equation (or the quantum master equation)

i+ X (W - W), ()

at =

with the initial condition pli—g = po, where H is, as above, the quantum
Hamiltonian of a proper quantum system, which is bounded in this case, and
W; are bounded operators on H such that > W W; converges weakly. (Here
and in what follows we use the units in which the Planck constant is set to
27 and speed of light, to one: A = 1 and ¢ = 1.) The converse statement is
also true. Moreover, it is shown in [28] that for H self-adjoint and W; that
is H-bounded for each j, the operator on the r.h.s. of generates a
one-parameter, trace-preserving, positive contraction semigroup ;. It is also
shown in [27, 57] and in Appendix [A| below the semigroup f; is completely
positive, which, according to [51) 52], must be of the form

=> Vi(®)pVi(t)*, with > Vi(t) (1.1.2)

k>1 k>1
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for some family of bounded operators {Vj(¢)} on H. Such semigroup defines a
weak solution to (in the sense explained below) on the Schatten space
S, of trace-class operators on H.

The set of operators W, called jump or Kraus-Lindblad operators, is what
is left over from the interaction with the environment. If we set them to zero,

then the second term on the r.h.s. of (1.1.1)) drops out and ([I.1.1)) reduces to

the von Neumann equation

o0 _

5 = "l peo = po, (1.1.3)

for the resulting closed system. The latter extends the Schrodinger equation
to quantum statistics (see [43] for some definitions). Put differently, Markovian
open quantum systems present an extension of quantum mechanics incorporating
terms resulting from interaction with the environment.

Due to the presence of jump operators, the evolution described by is
generally dissipative, i.e., the energy of the system will decrease (“dissipating
into environment”). Hence, in contrast to evolutions generated by the von
Neumann equation , the evolutions generated by are in general
irreversible. The irreversiblity of solution generated by can be demonstrated
explicitly as the decreasing of relative entropy (or positive entropy production),
which is strictly decreasing in general unless the Lindblad part disappears, i.e.,
the relative entropy is constant in time if the evolution is generated by ,
see [43, 55, (6l 65].

We will call the operators due to the two terms on the r.h.s. of as
the von Neumann operator and Lindblad operator, respectively.

It is assumed that the Markovian open quantum dynamics approximate
open quantum dynamics coming from quantum systems weakly coupled to an
environment. So far this is proven, under some technical conditions, for the
simplest environment given by the free massless fermion quantum field and
simplest interaction (linear in field) in the van Hove limit, see [24, 48] 49] for
finite-dimensional systems and [25, 26], for infinite-dimensional ones.

In quantum computations, the vNL equation is also used for preparation
of the Gibbs and ground states (a quantum version of Monte-Carlo method),
see [18, [19] 22], [32], [49] [63] [69, [71]. For a given state p,, it is shown that, under
suitable conditions, we can construct jump operators W;’s such that, for any
initial state p, the solution S;(p) converges to p,. The study of converging rate
of these convergence remains an active area of reseaching.

The vNL equation is closely related to the non-commutative analogue of
the linear dissipative stochastic master equations in a separable Hilbert space
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H (see [7, 17, 33, 47, 59, 67])

dip(t) = Z Wb (t)dw; (t) — K (t)dt. (1.1.4)

Here w;(t), j = 1,2,..., are independent standard Wiener processes, K =
—iH -1 > is1 WiW;, with H and W;’s as given above. Let ¥(¢) be a solution
to with an initial condition vy € H and E stands for expectation w.r.t.
the Wiener measure. Under some technical conditions, the equation

(Yo, Bi(A)o)r = E(t), AY(t))n, =0, (1.1.5)

defines the quantum dynamical semigroup S, on B, which is dual to 5; (see
[47], Section 3).

The principle of detailed balance (also known as the micro-reversilibity
condition) is originated in the kinetic gas theory of the (classical) statistical
mechanics, which essentially states, at the equilibrium, each elementary process
(such as collision, elementary reaction, etc) and its time-reverse process are
equally probable. The validity of detailed balance condition is essentially
attributed to the invariance of the microscopic equation of motion under time-
reversal transformation. In symbols, by denoting p§6‘9 as the equilibirum
probability of the ith state and w;_,; is the transition rate (or transition
probability) from the ith to the jth state, the detailed balance condition is
formulated as

pgeq)wi_}j = §~eq)wj_>i. (116)
Here w;_,; can be intepreted as the time-reversal of the process w;,;. For
many system of physical and chemical kinetics, the detailed balance condition
is sufficient (however, not necessary in general) for positive entropy production,
such as Boltzman’s H-theorem.

The detailed balance condition is naturally formulated for Markov processes
in classical probability theory. Markov processes that obey detailed balance
condition is called the reversible Markovian chain, which is due to the fact that,
under detailed balance condition, around any closed cycle of state transition,
the net flux of probability is zero. For example, if we have a closed cycle of
transition of three states i — j — k — 1, then the transition probabilities
satisfy

Wiy j Wik Wh—si = Wiy Wh—sjWj - (1.1.7)

For quantum Markovian systems (either closed or open), various extensions
of the classical detailed balance condition were given. In this thesis, we adapt
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the general approach according to [2, [15, [16, 40, 58, [70] in terms of the
generator of . The relation between our formulation of quantum detailed
balance condition and time-reversal was considered in [3| [60]. A specific form
of the generators of quantum dynamic semigroups under the quantum detailed
balance condition was derived in [2} [15] [16], 24] 58] for a finite-dimensional H.
For the Hilbert spaces H with dimH = oo, a formula for bounded Lindblad
operator satisfying the quantum detailed balance condition was obtained in
[40]. We also remark the quantum detailed balance condition is closely related
to the theory of symmetric and KMS-symmetric Markovian semigroups on von
Neumann algebras (see [II, 41] for definitions).

In this thesis, we are interested in the long time behaviour of solutions
of the vNL equation on an infinite-dimensional Hilbert space H, under the
assumptions

(H) H is a self-adjoint operator on a Hilbert space H;

(W) W; are bounded operators on H such that the sum )., W;W; converges
weakly,

and, under the quantum detailed balance condition (QDB) (see Subsection [2.3]
for the definition). We derive the results for 5; (vNL equation (1.1.1)) from
our results for the dual dynamics ] on B defined by

Te(Bi(A)p) = Te(ABi(p))  VAEB, pes (1.1.8)

(see Subsections and below). One of our main results, Theorem [3.1.3)]
formulated in Section (3| (and below), establishes the ergodic convergence of f3;
to its static solutions.

To state this theorem here, we define, for a given density operator p, > 0,
the Hilbert space B, as the completion of the space B of bounded operators
on H in the norm corresponding to the inner product

(A, B)ops,« := Tr(A*Bp,). (1.1.9)

Theorem 1.1.1. Assume Conditions (H), (W) and (QDB), with p. = pg,
the Gibbs state at temperature 1/5 (see ([2.3.4)), hold.

Then, the dual quantum evolution B;(A) converges, in the ergodic sense, to
the subspace Bgiay := Null(G') in B,:

1 /T
s- lim —/ Bydt = P', (1.1.10)
0

T—oo T

strongly in B, where P’ is the orthogonal projection onto Bga .
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This result shows the approach to stationary states for systems of infinite
number of degrees of freedom. We expect it could be extended to unbounded
operators WW;’s.

As followed from and the fact that [, is trace-preserving, 1 is a
stationary state 3/, i.e., /(1) = 1. It is shown in Proposition below that
the Spohn’s conditions on the W;’s garanteeing the uniqueness of 1 also holds
for the present context.

Theorem can be also used to justify the application of the vNL
equation for a state preparation. Indeed, given a quantum Hamiltonian H
and the Gibbs state pg, one constructs jump operators W; satisfying (QDDB)
with p, = pg and a uniqueness condition. Then, any solution of the vNL
equation with these W;’s and H converges to pg.

1.2 Remarks on related works

To our knowledge, the vNL equation (1.1.1) was first studied by Davies in [23),
241, 25], 26, 27] for bounded H and W;’s and in [2§], for unbounded operators
H and W;’s bounded relatively to H.

The existence theory for the related non-commutative stochastic equation
(1.1.4) was developed in [47].

The fact that the generators of the norm continuous quantum dynamic
semigroups are given by the r.h.s. of was first derived in [57] for infinite
dimensional #, and in [42] for the finite dimensional H.

A finite dimensional version of Theorem was proven by Spohn in [64],
who also provided an algebraic condition on the W;’s such that, under (QDB),
the vNL equation has the unique stationary solution pg. Later, the
same condition was obtained in [65] using the concept of entropy production.
Under the same condition, it was shown by Frigerio in [38] that the solutions
to converge to pg strongly as t — oo for infinite dimensional H and
bounded H and W;’s, provided that the corresponding dynamic semigroup
B; has a faithful normal stationary state and satisfies a “weak coupling”
condition] The latter says that 3; describes the reduced dynamics of a system
coupled weakly with a reservoir in a KMS state.

1.3 Organization of the thesis

This thesis is organized as follows. In Section [2] we give some basic definitions,
including that of the dual, Heisenberg-Lindblad (HL) equation, and formulate

'This condition says essentially that 3; is the reduced dynamics of a system coupled
weakly to a reservoir initially in a KMS state.
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the standard existence and uniqueness results, proved in Appendix [A] for the
readers’ convenience.

In Section [3] we state the result on existence and convergence to stationary
states for the vNL and HL dynamics. These results are proved in Section
and Appendix [A] The uniqueness of stationary solution under vNL dynamics
is considered in Subsection 3] and a sufficient condition for which the von
Neumann part and the Lindblad part commute is formulated in Subsection
421

In Appendices [B] and [C], we prove some technical results used in the main
text.

Notation. Throught out this thesis, we fix the Hilbert space H and denote
B(H) by B whose norm || - || is given by the operator norm. The identity
element in B is denoted by 1. The norm and inner product on H are denoted
by || - lla and (-, ).

We denote the p-th Schatten spaces on the Hilbert space H by &,, which
is a complex Banach space w.r.t. the norm || - ||s, given by

1]ls, = (Tr |K[")"/?, where |r| == (k*K)Y2. (1.3.1)

In particular, Sy, Sy are spaces of trace-class operators and Hilbert-Schmidt
(HS) operators on H, respectively. The latter is a Hilbert space, equipped
with the HS-inner product:

(k,0)s, = Tr(k"0). (1.3.2)
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Problem and set-up

2.1 States and observables

We denote S; + C S; be the subset of positive elements in &;. Those elements
in §; 4+ with unit trace-norm are called density operators.

We will call elements in B as observables and positive, normalized, continuous
linear functionals on B as states. Any density operator p defines a state on B
by A~ Tr(Ap). Such states are known as normal states on B[]

In addition to the von Neumann-Lindblad evolution, we also consider its
dual evolution

O A, = i[H, A+ (W7 A, Wy] + W7, AJW;) (2.1.1)

j>1

on the space B of observables. We call (2.1.1)) the Heisenberg-Lindblad (HL)
equation.

2.2 von Neumann-Lindblad and Heisenberg-
Lindblad operators

We write the vNL equation (1.1.1)) as

atpt = Lpt, (221)

1One may regard S; as the non-commutative analogue of L*(£2) or the space of complex
measures on {2, where {2 is some measure space. In this way, states can be regarded
as probability measures. Similarly, the Schatten spaces S, can be regarded as the non-
commutative analogue of LP(Q)). Following this argument, we may also regard B as L>(9Q).
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where the operator L, called the vNL operator, is defined as

L=1Ly+G, Lop := —i[H, p], (2.2.2)
1 * *
G(p) =5 D (W5 pW;T+ [Wp. W)
jeJ
k 1 *
i>1

where {A, B} := AB + BA. Since, by Proposition [A.2.2] G is bounded on &y,
the domain of L is given by (see [27])

I(L) = D(Lo) = {p € &1 | p(Z(H)) € Z(H) and
Hp — pH defined on 2(H) extends to
an element in Sy }. (2.2.4)

We will call the operator Ly the von Neumann (vN) operator and G the
Lindblad operator.
Let L’ be the dual operator of L w.r.t. the coupling (A, p) := Tr(Ap), i.e.

Tr(ALp) = Tr((L'A)p) (2.2.5)

forall p e Z(L) and A€ 2(L).
Similarly to (2.2.2), we have L' = L{ + G’, where L{, and G’ are the dual
operators to Ly and G, w.r.t. the coupling (A4, p) = Tr(Ap). We have

Ly(A) = i[H, A], (abusing notation : Ly(A) = —Lo(A)), (2.2.6)

and G’ is given by

G'(A) =5 > (WA W]+ Wy, AJW;)

J

* 1 *
(Wj AW; — S{W; VVj,A}) . (2.2.7)

N | —

i>1
In terms of the dual operator L', the HL equation (2.1.1)) can be written as

8tAt == L/At. (228)
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We say that p; is a weak solutionﬂ of (1.1.1]) in &y if, for any observable A
in Z(L'), p: satisfies

Oy Tr(Apy) = Tr((L'A)py). (2.2.10)

If L generates a weakly continuous semigroup f; = e* on the space S,
then, for every initial condition py € Si, Eq. (2.2.1) has a weak solution
pr = Bi(po) and, for any pg € Z(L), a strong one. The same results hold also

for the operator L'.
Theorem 2.2.1. ([23, 27, 28])

(a) The HL operator L' generates a weakly continuous, completely positive
bounded semigroup and therefore has a unique weak solution for
any wnitial condition in B and a unique strong solution for any initial
condition in D(L’).

(b) The vNL operator L generates a weakly continuous, completely positive,
bounded semigroup, Py, on S and therefore has a unique weak
solution for any initial condition in S; and a unique strong solution for
any initial condition in P (L).

For completeness, we prove this theorem in Appendix [A]

As apparent from expressions (2.2.6) and (2.2.7), L, and G’, and therefore
L', has the eigenvalue 0 (with the eigenvector 1),

L'1=0, Li1=0, and G'1=0. (2.2.11)

2.3 Quantum detailed balance condition

We say that the vNL operator L = Lo+, or what is the same, the HL operator
L' = Ly + G, satisfies the quantum detailed balance condition (QDB) w.r.t. a
strictly positive, density operator p, if

2 Another possible definition of the weak solution is the one satisfying

[ r@apde= [ 1w anpa (2.29)

for any differentiable family A; € Z(L’). Using the facts proven below that Lg is anti-self-
adjoint and G is bounded, one can also defined the mild solution of (2.1.1)) with the initial
condition pli=g = po € S as a solution to the integral equation

t
pr = eLotp—l—/ elot=9)Gp.ds.
0
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(@DB) (a) Lop. =0, and (b) the Lindblad operators G' and G’ satisfy

G(Ap,) = (G'A)p. for all A € B. (2.3.1)

By the explicit formula (2.2.7), G'1 = 0 (see also (2.2.11))). Then, ({2.3.1)
implies that

Gp. = 0. (2.3.2)
Since L = Ly + G, the relations Lop, = 0 and Eq. (2.3.2)) yield
Lp, =0, (2.3.3)

i.e. p. is a stationary state and 0 is an eigenvalue of L.

Remark 2.3.1. p. = f(H) for any (reasonable) functions satisfies Condition
(a). Under some conditions on H, the converse is also true.

An example of p, is provided by the Gibbs state at a temperature T' = S~ 1:
ps =eP1/7(8), B >0, provided that Tre "# < oo, (2.3.4)

where Z(3) := Tre " (the partition function).

On the other hand, any p, > 0 can be written in the form of .
Indeed, since p, > 0, it can be written as p, = e ?+ for the self-adjoint
operator H, := —37'1Inp,. Hence, p, is of the form with H = H, +
and Z = Tr(e PH=1) = P for any p € R.

2.4 Spaces
Given a density operator p, > 0, define the inner product on B
(A, B)ops,« := Tr(A*Bp,), (A, B € B). (2.4.1)

We define the Hilbert space B, as the completion of B w.r.t. the norm
| Allobs,« = v/ (A, A)obs . We study the HL equation on this space.

To study the vNL equation, we introduce, for a given density operator
ps > 0, the Hilbert space S, of density operators as

S.:=8., S.={\eS8 | 2es,), (2.4.2)

with the completion is taken in the norm induced by the inner product

(A st := Tr (N ppyt). (2.4.3)
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Remark 2.4.1. (i) We show below (see Theorem [3.1.2) that L' = L{j + G’ is
the decomposition of L into anti-self-adjoint and self-adjoint parts w.r.t. the

inner product ((2.4.1)).

(ii) The space B, is the GNS representation space for a finite number of
degrees of freedom, i.e., Tr(p,) < co. Indeed, we define the state

wi(A) == Tr(Apy) (2.4.4)

on the C*-algebra B. Then, (A, B)oss = wi(A*B) and B, is (isomorphic
to) the GNS Hilbert space for the C*-algebra B and the state w, on it (see
Appendix (C] for details).

(iii) The norm associated with the inner product satisfies

M st = (I [ls, (T )2, (2.4.5)
Indeed, using the non-commutative Cauchy-Schwarz inequality, we obtain

_ (Tr(p;l/Q)\*)\pgl/Q))1/2(Tr p*)l/Q
= [[Allst.« (Tr p) 2. (2.4.6)

IMls, = Tr[A] = Te(IMps 2 ) < (1Xps 2 ls. 102 s,

In the next two sections, we formulate and prove our main results on
existence and long-time behavior (convergence to equilibrium) for HL and vNL
equations, respectively. Along the way, we prove some spectral properties of
operators L' and L and establish their dissipative nature on the respective
spaces.



Chapter 3

Main results

3.1 The Heisenberg-Lindblad (HL) equation

In this subsection, we formulate our results on the HL equation.

Theorem 3.1.1. Suppose L' satisfies Condition (H), (W) and (QDB). Then,
(2.1.1) has a unique solution on B, for any initial condition in P(L').

This theorem is proven in Appendix [A]l

Theorem 3.1.2. Suppose Conditions (H), (W) and (QDB) hold. Then, on
B., (a) the Lindblad operator G' is self-adjoint, (b) G' <0, (¢) Ly is anti-self-
adjoint, and (d) 0 is an eigenvalue of G'.

Let P’ is the orthogonal projector in B, onto Null(G’) and P+ =1 — P'.

Theorem 3.1.3. Assume Conditions (H), (W) and (QDB) with p. = ps (see
(2.3.4) ) hold. Then, the dual quantum evolution B;(A) converges to Null(G')

in the ergodic sense:

: 1 4 / /
s—jlggo?/o Bydt = P, (3.1.1)

strongly in B,.

Theorem 3.1.4. Assume Conditions (H), (W) and (QDB) with p. = pg.
Suppose further that

(Nwll) Null(G") C Null(Lj).
(a) If, in addition, the following condition is satisfied

(Spec) G’ has no singular continuous spectrum in a neighborhood of 0,

12
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then the dual quantum evolution ;(A) converges to Null(G’) in the sense that,
for all Ae 2(L),

18;(A) — P"Allobss — 0 ast — oo. (3.1.2)
(b) If, instead of Condition (Spec), we have
(Gap) the eigenvalue 0 of G’ is isolated,

then the dual quantum evolution (B,(A) converges to the subspace Null(G')
exponentially fast: for all A € P(L'), we have

’|B2/E<A) - P,AHObS,* S e_etHAHobs,*; (313)

where 0 := dist(0,0(G") \ {0}).
(c) If, in addition to Condition (Gap), the eigenvalue 0 of G’ is simple,
then

181(A) = 1 lobsc < €[ Allobs.s (3.1.4)
where ¢t = (1, A)ops. = Tr(Ap,).

Theorem 3.1.5. Assume the Conditions (H), (W), (QDC) with p. = pg,
and

(Compl) Wy, Al = [W;,A]=0forallj>1 = AecC-1
Then, for all A € B,, we have

lim 1 /T B (A)dt = Tr(Ap.) - 1. (3.1.5)
0

T—oo 1’

Proofs of Theorems|3.1.2, [3.1.3} [3.1.4]and |3.1.5 are given in Subsection {4.1],
[4.2] 4.4 and [4.6] respectively.
Remark 3.1.6. By considering B as a C*-algebra, Condition (C'ompl) is satisfied
if the collection {W;, WX};>1 of operators generates the whole algebra B.

Remark 3.1.7. For #H = L*(R?), the collection {W;}?%, of operators with
Wop_1 = ap/{x) and Wop = pp/(p), k = 1,...,d, on L*(R?) satisfies Condition
(Compl), where p; := ihd,, are the quantum momentum operators, (r) =

1+ |z|? and similarly for (p).

Remark 3.1.8. Spectra of operators G and G’ (regarding them as operators on
S,) are described in Appendix
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3.2 The vNL equation

We begin with the existence result for the vNL equation.

Theorem 3.2.1. Assume Conditions (H), (W) and (QDB) hold. Then, the
vNL operator generates a bounded semigroup, By, on S.. Consequently, the
vNL equation has a unique weak solution for any initial condition in
S, and unique strong solution for any initial condition in P (L) (the domain

of L in S,).

This theorem is proven in Appendix Recall that, by , 0 is an
eigenvalue of G with the eigenvector p,.. The relation between the resolvents
of G’ and G shows that:

If 0 is an isolated eigenvalue of G’, then the operator G also has an isolated
eigenvalue 0 (see the proof of Proposition [£.7.2] (¢)).

Let P be the orthogonal projector onto Null(G) in S.. We have

Theorem 3.2.2. Suppose the Conditions (H), (W), (QDB), (Null) and
(Gap) hold. Then,

(a) the quantum evolution By(p) converges exponentially fast to the subspace
Null(G):

18:(0) = P(p)lste < € [1pllstns (3.2.1)
for all p € S, where, recall, § = dist(0,0(G") \ {0}).

(b) if, in addition, 0 is a simple eigenvalue of G', then, for all density
operator p € (L),

Hﬁt(p) - p*Hst,* < e_ethHst,*; (322)
where p, is the eigenvector of G corresponding to the eigenvalue 0.

Theorem is proven in Subsection [£.7]

Remark 3.2.3. In the case where p, is the unique stationary solution of 3;, the
asymptotic convergence of the dynamic 5;(p) w.r.t. the trace-norm immediately
follows from Theorem and the inequality:

lp = p:llsi < llp = pellst.s (3.2.3)
for p € S., see (2.4.5)).
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Proofs of main results

4.1 Lindblad operator G’: Proof of Theorem
3.1.2

(a) We begin with

Lemma 4.1.1. The dual Lindblad operator G’ satisfies Condition (QDB)
(2.3.1) w.r.t. p, if and only if G' is symmetric w.r.t. the inner product (2.4.1)):

<A7 G/(B)>0b8,* - <G/(A>7 B>0bs,* (411)
forall A,B € B.

Proof. Suppose G’ satisfies Condition (QDB) (2.3.1). Since G’ is a *-map and
is dual operator of G, relation ([2.3.1)) yields

(G'(A), B)ovs» = Tr((G'(A))"Bp.) = Tr(G'(A) Bp.)
= Tr(A*G(Bp.)) = Tr(A*G'(B)ps) = (A, G'(B))obs (4.1.2)

for all A, B € B, which proves (4.1.1). Conversely, suppose (4.1.1]) holds for
all A, B € B. By (4.1.2)), we have

Tr<A*G/(B):0*) = <A7 G/(B>>obs,* = <G/<A)7 GY>obs,>‘<
= Tr(G'(A)*Bp.) = Tr(G'(A*) Bp.) (4.1.3)

Since G is dual w.r.t. G', (4.1.3)) implies that, for all A, B € B,
Tr(A*G'(B)p.) = Tr(A*G(Bp.)). (4.1.4)

Since this is true for all A, B € B, we have G'(B)p. = G(Bp,) for all B € B.
Therefore, G satisfies (QDB) (2.3.1) w.r.t. p.. ]

15
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By Proposition[A.1.1Jand Lemmal[t.1.1} G’ is bounded and symmetric w.r.t.
on B so that G’ is symmetric on B, using a density argument of B in
B.. Therefore, G’ is self-adjoint on B,.

(b) First, we introduce the dissipation function on B (c.f. [57])

Da (A, B) :=G'(A*B) — G'(A)*B — A*G'(B). (4.1.5)
Lemma 4.1.2. For any A, B € B, we have

Da (A, B) = S [W;, AF[W;, B, (4.16)
Jj=1
Proof. By a straightforwad calculation, we have
* * 1 * *
De(A,B) = ) [(WyA"BW; — S {W;W;, A"B})
Jj=>1

* Ak 1 * *
- > (WjAW;B - S W W;, A} B)

Jz1

* * 1 * *
— > (AW BW, - S AH{WiW;, BY)

jz1
= (W;A*BW; — W;A"W,;B — A"W;BW; + A"W;W;B)
j>1
=) [A*, W}][W;, B. (4.1.7)
Jj>1
Since [A*, WF| = [W}, A]* for each j, this gives (4.1.6). O

Lemma 4.1.3. For all A, B € B,
1
(A, G (B = —5 TH(Dr(A, B)p.)

_ _%ZTr([W/j,A]*[Wj,B]p*). (4.1.8)

j21

Proof. Since G is self-adjoint on B,, G(p.) = 0 and Tr(AG(p)) = Tr(G'(A)p),



CHAPTER 4. PROOFS OF MAIN RESULTS 17

we have, by (4.1.5), for all A, B € B,

(A, G (B))oes = 5({A, G (B))apms + (C(A), Bl
= S(TX(A"G'(B)p.) + Tr(G'(A)* Bp.) ~ Tx(A4° BG(p.)))
= S TH(A'G(B) + G(A)' B~ GC(A'B))p.)
_ —% Tr(Der (A, B)p.). (4.1.9)
By Lemma [I.1.2, we obtain (I.1.5). 0

By Lemma we have, for any A € B,

(A, (Do = 3 STV, ALV, Alp). (4.110)

j=1

Since [W;, A]*[W;, A] > 0forall A € Band j > 1, we have that (A, G'(A))obs« <
0 for all A € B. By a density argument, since G’ is bounded on B,, we conclude
that G’ < 0 on B,. This proves Theorem [3.1.2] (b).

(c) We show that Lj, is anti-symmetric on B, under (QDB). Indeed, since
Lop. = 0 under (QDB), then, for all A, B € (L), we have

(LA, Baws,. = Te((i[H, A))* Bp.) = Te(i[H, A|Bp.)
— Te(i[H, A" Blp.) — Te(A"i[H, B])p.)
— Te(A*B(Lop.)) — (A, LyBYo.
= (A, L, Bops... (4.1.11)

(d) The fact that 0 is an eigenvalue of G’ on B, follows from the computation:

* 1 *
G'(1)=> (W;W,; - S W1 =o. (4.1.12)
i>1
This completes the proof of Theorem [3.1.2] O

Remark 4.1.4. The r.h.s. of (4.1.10)) is a special example of non-commutative
Dirichlet quadratic forms. See [1I, 21], 31] for non-commutative Dirichlet quadratic
form on general C*- and von Neumann algebras and relations to non-commutative

Markovian semigroups.
Define D;A := [W;, A] and —A =3 D;Dj/Z, where D]T is the adjoint
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operator of D; w.r.t. the inner product (2.4.1). Then, (4.1.10) becomes

1
(A, G'(A))obss = = > (DjA, DjA)ghss = (A, AA)ps .. (4.1.13)

j>1

Thus, if we ignore L{, then the HL equation on B, can be considered
as a non-commutative analogue of the heat equation.

Since D;(1) = 0 for all 7 > 1, the operator A has the eigenvalue 0 with
eigenvector 1. An estimate of the second highest eigenvalue of A would give
an estimate of the relaxation/mixing time.

4.2 Proof of Theorem [3.1.3

Throughout Subsections [£.2H4.4] we omit the subindex “obs,*” in the inner
product and norm in B,. One should not confuse this norm with the operator
norm on B.

4.2.1 Commutativity of L{ and G’

First, we show the commutativity of L{, and G’, and then we use it to prove

Theorem B.1.3

Theorem 4.2.1. Assume Conditions (H), (W) and (QDB) w.r.t. p. = ps
(defined in ([2.3.4)). Then the semigroups eot and et on B, commute, and,
consequently, Bl = eFote't,

Similarly, et and & Lot Gt

commute on S, and B = e
Theorem was proven in [I5] for the finite-dimensional case, and was
sketched for the infinite-dimensional case in [40]. Below, we give a detailed
proof of this theorem.
We begin with some generalities. We use the following definition (see [12]).

Definition 4.2.2. We say two unbounded, self-adjoint operators H; and
Hy commute strongly if the spectral projectors of H; and H, commute, or,
equivalently, if e1** and e'2! commute for all s,t € R.

Lemma 4.2.3. For a bounded operator B and unbounded self-adjoint operator
A, the following conditions are equivalent:

(i) B commutes strongly with A.

(ii) There is some core P for A such that B9 C & and BAY = ABY for
al € P.
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(iii) The domain Z(A) is invariant under B in the sense of BY(A) C Z(A)
and, for all Y € P(A), BAY = AB.

(iv) AB is an extension of BA, written as BA C AB (see [50], Chapter 3,
Section 5.6).
For a proof, see [12], Lemma 1.

Remark 4.2.4. The statements (ii)—(iv) for strong commutativity can be extended
for general closed (not necessarily self-adjoint) operators A.

Remark 4.2.5. Note that T' C S implies that S* C T™ for general operators T’
and S on a Hilbert space. If a bounded operator B commutes strongly with
some operator A, we have B*A* C A*B*, i.e., B* commutes strongly with A*.

We present the proof of Theorem in the subsubsections 4.2.3]

4.2.2 Consequence of G’ being a x-map

We have shown in Appendix |C] that the triple (Ss,m,,2,), where S is the

space of Hilbert-Schmidt operators on H, €2, := pi/ > and 7, is the linear
representation of B on Sy given by

T (A)k = Ak for all A € B, (4.2.1)

yields the GNS representation associated with the pair (B,w,). Note that €2,
is cyclic for m.(B) in Sy (see Appendix |C| for details).

The Lindblad operator G’ induces a linear operator é\’, defined by
G(m(A)Q,) =1, (G'(A)Q.,  forall A€ B, (4.2.2)
on the dense set in S,, given by

F =1 (A (4.2.3)

Since G’ is bounded on B, G’ extends to a bounded operator on S;. We retain
the same notation G’ also for this extension.
Define the anti-unitary operator J on Sy by

Jk=r", forall k €S,. (4.2.4)

Note that J = J* = J~! (see Proposition (d) for the proof).
A key to the proof of Theorem 4.2.1| is the following theorem, proven in
Appendix [C}
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Theorem 4.2.6. ([/]|], Section V.1.4, Theorem 1.4.2) Let a;(A) := -t Ae= -t
where H, = —In p,. Then, there is a (unbounded) self-adjoint operator L, such
that

T (ay(A)) = ePtr (A)e 1 L.Q, = 0. (4.2.5)

Moreover, we have the following relation for operators J and L,: For any
AeB, 1.(A)Q, € 2(e /%) and

Je b2 (r (AQ) = m (AN, T = Q.. (4.2.6)
We define the anti-linear operator S on Sy by

S = Je /2, (4.2.7)

By relation (4.2.6)), we have
S(m (A)Q) = m (A, (4.2.8)
Lemma 4.2.7. The set % is a core for S.

Proof. Since J is bounded and invertible, we have 2(S) = 2(e~"+/?). Thus,
to show that .% is a core for S, it suffices to show that it is a core for e~1+/2.
Since L, is self-adjoint on Sy, it generates a one-parameter group e'**!, ¢t € R,
of unitary operators on S;. By , for each t € R and A € B, we have

eiL*t(w*(A)Q*) = (eiL*tW*(A)e_iL*t)Q* = T ((A))Q, € Z. (4.2.9)

Thus, et*'.# C .Z for each t € R so that, by the density of . in Sy, .Z is a
core for L, and therefore for S. O

Recall that an operator K on B is called a %-map if it commutes with
taking the adjoint: K(A*) = (KA)* for every A € B.
In the next proposition, we relate G’ and S:

Proposition 4.2.8. The Lindblad operator G’ is a x-map on B if and only if
its induced operator G' on Sy commutes strongly with S'.

Proof. Suppose G" is a *-map. Then, by Lemma since .Z is a core for S
and G'# C .#, for each A € B, we have, by (4.2.8),

SG (. (A)Q,) = S(m, (G A),) = 7. ((G'A)")Q,
= 1. (G'(A)Q = G'(m (A")) = G'S(m (A)).  (4.2.10)

Thus, G’ commutes strongly with S.
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Conversely, by the same computations above, we obtain, for each A € B,
(G'(A*))p, 12 — T (G'(A)Q = m.((G'A))Q, = (G"A)*p 1z, (4.2.11)

Since p, > 0, we have G'(A*) = (G’A)* for all A € B. Hence, G’ is a x-map. [

4.2.3 Consequence of Condition (QDB)

Now, we impose Condition (QDB) on G’. An immediate consequence of
Condition (QDB) is that the induced operator G’ is self-adjoint on Ss:

Lemma 4.2.9. The Lindblad operator G' satisfies Condition (QDB) w.r.t. p,
if and only if the induced operator G' is self-adjoint on Ss.

Proof. Suppose G’ satisfies Condition (QDB). For any A, B € B, we have

(G(m(A)), m(B))s, = Te((G'A)*Bp.)
= Tr(A*G(Bp.))
Tr(A*G'(B)p«)

= (m. (A, G (. (B)))s,. (4.2.12)

Since # is dense in Sy and G is bounded, we can extend this equality to the
entire space S,. Thus, G is self-adjont on Ss.
The converse follows from the same computation so that G’ is self- adjoint

on Sy implies that G’ satisfies Condition (QDB). O

Using Proposition{4.2.8/and Lemma.2.9 we establish the strong commutativity
between G’ and e~ +:

Theorem 4.2.10. Suppose the Lindblad operator G' satisfies Condition (QDB)
w.r.t. py. Then, the induced operator G’ commutes strongly with e~

Proof. First, by Proposition G’ commutes strongly with S = Je 5+/2 g
that G'S C SG’ (see Remark 4 -) Then, by taking adjoint and by Lemma
4.2.9 (see also Remark [4.2.5)), we obtain

(SGN)* = G'S* C (G'S)* = §*C. (4.2.13)

Thus, G’ commutes strongly with S* = e~£+/2.J.

Now, using J? = 1, we note that e~ = (e71+/2J)(Je~1+/2) = S*S. Since
G’ commutes strongly with both S and S*, it also commutes strongly with
e b O
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Proof of Theorem [{.2.1. Suppose p, = e PH /Z(}3). In this case, we have H, =
BH +1n Z(B) so that ay = 0!, Then, by Theorem [4.2.10, G’ commutes with
e+t 5o that, for all A € B,
T (MG A)Q, = ma(ays(GTA))Q. = P (1, (G A))Q.

= PG (1, (A)) = Gl (n,(A)Q.)

= G (m, (" A)Q,) = 7, (G0 A)Q,. (4.2.14)
Since .Z is dense in S,, we have e and G commute on B. Since et and G’
are bounded and B is dense in B,, the commutativity between elot and G’ can

be extended to the entire space B,. Also, by the duality relation, we obtain
the strong commutativity between Ly and G. This proves Theorem [£.2.1] O

4.3 Proof of Theorem 3.1.3

Theorem follows from Theorem and the following result.

Theorem 4.3.1. Assume Conditions (H), (W) and (QDB) with p. = ps (see
(2.3.4)) ) hold and assume

(Com) G' commutes with e*t for all t € R.

Then, the dual quantum evolution (;(A) converges to Null(G') in the ergodic
sense:

: 1 ’ / /
s—jlglgof/o Bydt = P, (4.3.1)

strongly in B,.

Remark 4.3.2. Under Condition (Com), L’ is normal, i.e., [Re(L’),Im(L)] =
G’ L) = 0.

Recall that P’ is the orthogonal projector onto the subspace Null(G’) in
B, w.r.t. its inner product and let P+ =1 — P’

Let G’ := G' Pt First, we show that Ran(G'*) = 2((G'*)~?) is dense in
Ran P+ =: B}. Let E()) be the spectral resolution of the self-adjoint operator
G't. The set

9= {/ FONAE(A | A € BL, f € C(R) A L2(R),
and f = 0 in a vicinity of 0.} (4.3.2)
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is dense in Ran P'* and (G'*)™! is defined on Z and is given by

(G / FONAE(N)A = / AL F(NAE(NV)A. (4.3.3)

(By the condition of f, the operator on the r.h.s. is bounded in B, by
supy [\ LSOV 4]1) o

Next, by Theorem [4.2.1} we have 3/ = e’ for all ¢ > 0. Then, the
Cauchy-Schwarz and the Holder inequalities yield, since Ly is anti-self-adjoint,

for any A € 2(L') such that A+ := P*A € 2((G'H)~!) and any B € B,,

1

T, r o
(B [ aP . < 4 [ (B e al). i
0 0

1 [T / ” 1 [T / ”
:—/ (et B, G ALY, |dt < —/ e~ 56t B[ AL |t
T Jo T Jo
Bl [T . Bl [ [T . 1/2
:u/ |e¥ AL dE < 151 </ HeG”ALHZdt> . (4.3.4)
T Jy \/T 0
Now, since GG’ is self-adjoint on B,, we have
T 1L T /AN
/ e AL 2at :/ (AL, 2 A Y at
0 0
= (AL (27T —1)(2G") 1A, (4.3.5)
Since G < 0, we have [|e* || <1 and therefore, by ({£3.3),
T
1L —
/0 HeG PA|?dt < |(G™) 1/zAlHQ. (4.3.6)
By (4.3.4) and (4.3.6)), we have, for such A, B € B,,
ey st Ay < LBl A, s
TS ! ST ’ -

which implies that, for all A € B, such that P*A € 2((G')~1/?),

I Tt

— "(A)dt — P'Al| = ||= "(P~A)dt

I7 [ i —Par= 7 [ st aa
1

< — (G V2PE Al = 0 4.3.8
< ﬁH( ) | ( )

as T — oo. Since Z((G'*)™1) is dense in B and %fOT B,dt — P’ is bounded
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uniformly in 7T,
1 T
I [ By - Paj <2)4), (439)
0

for all A € B,, (4.3.8) implies that, strongly in B,,

T

1
s- lim T Bydt = P'. (4.3.10)

This proves Theorem |4.3.1}{ O

Proof of Theorem |3.1.5. Theorem follows from Theorems4.2.1jand [4.3.1}]
m

4.4 Proof of Theorem [3.1.4

(a) Before we proceed to the proof, we note that, by Theorem since
Ly, G'] = 0, Lj also commutes with all the spectral projections of G’. Hence,
for P any spectral projection of G’ and any A € Ran P N 2(L'), by Leibniz
rule and Theorem (a) and (c), we have

Ol A2 = 0,(Ar, A = (DA, Ay) + (A, B, A,)
= (LA, A) + (A, L'A)
= (A, (LT + L)) Ay)
= 2(A,, G'Ay), (4.4.1)

where we denote, throughout this subsection, A; := f;(A).

Recall that P'* := 1— P’ and let Uy be an open neighborhood of 0 such that
G’ has no singular continuous spectrum on U,. We denote P; and P, as the
orthogonal projections onto the subspaces of point and absolutely continuous
spectra in Uy, respectively. Furthermore, we denote P; the spectral projection
of G" onto o(G") \ Up. Tt follows from Condition (Spec) that Pt = 377 | P,
We note that, by Theorem Ly and G’ commute strongly, which then
implies that Lj, also commutes with all the spectral projections of G’, which
implies that [Lg, P;] = 0 for each i = 1,2, 3.

We denote A;; := P;A; for i = 1,2, 3 and consider the Lyapunov functional
| P+ As]]2. By triangle inequality, we have

3
IPANP <) Al (4.4.2)

i=1
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We will show separately that || A;;||* — 0 for i = 1,2,3 as t — oo.
We begin with ||A;1||*. We observe that we can write P, and G'|gan p, as

Pl = Z Pen7 G/‘RanPl = Z )\npen7 (443)

where ), are eigenvalues of G’ in Uy and e,, are the corresponding orthonormal
eigenvectors of G'. Since G’ < 0 on Ran P;, we have A, < 0 for all n.

Let AE") := P, A1 for each n. By Theorem and (4.4.1)), we have
A2 = 2(A™, GTAM). (4.4.4)
With this notation, we have
(A, G'ATY = Aol(en, Act) [ (4.4.5)
Using the Plancherel’s theorem, we have
(AT G'AM) = Aol(en, Ar)[? (4.4.6)
and introducing the notation a,(t) := |(en, 4;)|?, we find from that
A = Dan(t) = 2Xnan(t) (4.4.7)

with the initial condition

A lzo = AT = ax(0), (4.4.8)
which is solved to be
an(t) = e**ta,(0). (4.4.9)

Since

1A l? = (Arr, Ay) = D (A, AM)

n

= a,(t) =) _e”'a,(0) (4.4.10)

n

and ), < 0 for each n, we have ||A;1]|> — 0 as t — oo.
Now, we consider ||A;2]|?>. Recall P, is the orthogonal projection of G’
onto the subspace of absolutely continuous spectrum in Uy. Let dEg ()) be
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the spectral measure of G’ on Ran P,. Then, for each A € Ran P, we have

(A, A) = /U dua(\), (A, G'A) = /U Apa(N), (4.4.11)

where dua(N) == (A, dEq (N)A).. Since dua(N) is absolutely continuous w.r.t.
the Lebesgue measure, there exists some positive, Lebesgue measurable function
fa(\) such that dua(N) = fa(N)dA.

Let fy(A) := fa,(\). Then, by (A1) and @A.1T), we have
Uo UO
with the initial condition
([ 53} lea= [ sunar (44.13)
Uog Ug

Next, we observe that, for any subset V' C U, and P, corresponding
spectral projection onto the absolutely continuous spectrum in V', by Condition

(H /) and " we have

with the initial condition

(/v ft(A)dA) |t=0 = /Vfo(A)dA- (4.4.15)

Now, for each A € Uy, we take a sequence of open neighborhoods V,, C Uy of A
such that V,, 2 V.41 and V,, — {A} as n — oo. By the Lebesgue differentiation
theorem, we have, for almost all A € Uy,

) 1
) = lim o [ A

1
~lim / I (\)dA
Va

n—o0 m(Vy,)
=2\ fr(A)dA (4.4.16)

and

Jo(A) = lim .

n—o00 m(Vn)

/ Fo(N)dA, (4.4.17)
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where m(V') is the Lebesgue measure of V. Then, for almost all A\ € Uy, we
have

frN) = e fo(N) (4.4.18)

so that
A2l = | fi(N)dA = / e fo(A)dA. (4.4.19)
UO Uo

Since Uy C (—o0,0), we have ||A;5||* = 0 as t — oo.
Finally, we consider || A, 3]|?. Since Uy is an open neighborhood of 0, there
exists some 6 > 0 such that [—6, 0] € Uy so that

G'|Ranpy < —0. (4.4.20)
Then, by and , we have
|| Arsl?> = 2(Ars, G’ Ars). < —20]| A, 52 (4.4.21)
with the initial condition
HAt,3H2‘t=O = HA0,3H2- (4.4.22)
Inequality is solved as
[Ans]l < e || Agsll, (4.4.23)

which converges to 0 as t — co. Therefore, (4.4.2]) gives, as t — oo,
3
1P Al <D IIPA = 0. (4.4.24)
i=1
To conclude this proof, by Condition (Nwull), we have [Lg, P'] = 0 and
Ran P = Null(G’) C Null(Lg). It follows that [L, P'| = [L{ + G', P'] = 0 and
Ran P C Null(L’). Thus, for all A € B,, we have
P'A, = PBl(A) = PeltA=el"P'A=PA (4.4.25)
Therefore, we have, as t — o0,

3
|A; — P'A|| = ||A; — P'Ay|| = |PT A < Z [P AN — 0, (4.4.26)

i=1
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which proves ((3.1.2)).
(b) By Condition (Gap), we have P, = P, = 0 so that P+ = P3. It follows

from proof for part (a) that there exists some 6 > 0 such that
|4 — P'A| = [P Al < e[ P™ Ao < e[| Al (4.4.27)

It then follows from the same reason as in the last paragraph of proof for part

(a) that P’A; = P’'A, which, together with (4.4.27)), implies (3.1.3).
(c) Since 0 is a simple eigenvalue of G’ and 1 € Null(G”), we have Null(G') =
C -1 C Null(Ly) so that Null(G") C Null(L'), [L/, P'] =0, and

P'A=(1,A),1="Tr(Ap.)1. (4.4.28)

This and Theorem b) yield (3.1.4 - O]

4.5 Uniqueness of stationary state

The next result gives a sufficient condition for an eigenvalue of G’ at 0 to be
simple (see [34] 38| for different proofs):

Proposition 4.5.1. Suppose Condition (W), (QDB) and (Compl). Then 0
is a simple eigenvalue of G' on B,.

Proof. First, let A € Null(G') N B. By (4.1.8)), we have

0= <A7 G,( obs* - __ZH W],A ||0bs* (451)
7>1
Since ||[W;, A]|| > 0 for all j > 1, (4.5.1)) implies that [IV;, A] = 0 for all j > 1.
Next, since G’ is a *-map, we have G'(A*) = 0 if A € Null(G') N B and, by
(4.1.8) again,

0= <A*7G/(A* ObS* = __Z || W]"A* ||0bs*
7>1
=75 Z || W* obs* (452)
]>1

so that [Wr, Al = 0 for all j > 1. By Condition (Compl), we must have
AeC- 1.

Since G'(1) = 0, we have Null(G') "B = C - 1. Since B is dense in B, and
G’ is bounded, we conclude that Null(G') = C - 1. O
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By Proposition [4.5.1] under Condition (C'ompl), the orthogonal projection
P’ onto Null(G’) in B, is given by

P'A="Tr(Ap,) - 1, VA € B.. (4.5.3)

4.6 Proof of Theorem [3.1.5

Recall P’ denotes the orthogonal projection onto the subspace Null(G') in B,

w.r.t. the inner product (2.4.1). By Theorem [3.1.3, the integral % fOT Bidt
converges strongly to P’ as T — oo. By Proposition [4.5.1], Condition (Compl)

implies (4.5.3]). This completes the proof of Theorem |3.1.5 O

4.7 Proof of Theorem [3.2.2

We define the convenient subset of the Schatten space Si:
S.={\eS | A= Ap, Ac B} (4.7.1)

Lemma 4.7.1. (i) The set 3\* 15 dense in S,.

(ii) The map p : A € B Ap, € S. can be extended to a unitary map from
B. to S. (for which we keep the symbol @),

(p(A),@(B))stx = (A, Blobss  for all A, B € B.. (4.7.2)

Proof. (i) Since g* C S,, it suffices to show that A =0if A € S, and A L §*
Suppose X\ € S, satisfies A L S,. Since, for any A € B, we have

0= (A, Apa)se = Tr(XN(Ap.)p; ") = Tr(A*A). (4.7.3)

Since B is the dual of &7, this implies that A = 0. Therefore, S, is dense in S..

(i) Tt is easy to show holds for any A, B € B. Hence, ¢ is an
isometry. Since ¢ is invertible with the inverse ¢ =1 (\) = Ap; ! and since B, S,
are dense in B,,S,, respectively, we can extend this map to a unitary map
¢ : B, — S, (using the same symbol). O

The significance of the map ¢ and therefore the space S, lie in the fact
that (QDB) (2.3.1) can be written as

LOO@:_¢OL67 GOQO:(,OOG,. (474)

This will be used to translate our results for the HL equation to ones on the
vNL equation.
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Equations and imply that, for all A, B € B,,
(G(p(A)), o(B))stx = (G'(A), Bobs,s- (4.7.5)

Proposition 4.7.2. Suppose G satisfies (QDB). Then,

(a) G is self-adjoint on S.,

(b) G <0 onS,,

(c) 0(G) = o(G'), 0a(G) = 04(G),

(d) dim Null(G) = dim Null(G").

(e) If Condition (Compl) holds, then Null(G) = C - p,.

(f) Ly and G' commute if and only if Ly and G commute,

(g) Null(G") C Null(Lg) if and only if Null(G) C Null(Ly).

In the rest of this section, we drop the subscript “st, *” in the inner product
(-, )st.« and norm || - [|st.« and denote the adjoint of operators Ly and G on S,
by Lg and GT, respectively.

Proof of Proposition[{.7.9 We compute

(G((A)),0(B)) = (#(G'(A)), #(B)) = (G'(A), Bobs«
= (A, G'(B))obs,« = (p(A), o(G'(B)))
= (p(A), G(p(B)))- (4.7.6)

Thus, G is self-adjoint on S,, which proves (a). For (b), for all A € B,, using
(4.7.5) and Theorem [3.1.2f (or (4.1.8))), we obtain

(p(A), G(p(A))) = (A, G'(A))obs.+ < 0. (4.7.7)

Therefore G < 0 on S..

For (c), implies (G —z) top = po (G’ —2)~!, which, together with
[@.7.2), yields 0(G) = o(G") and 04(G) = 04(G").

For (d), we note that, by (4.7.4), we have o(Null(G’)) = Null(G). Since
¢ : B, — S, is unitary, this implies (d).

If, in addition, Condition (Compl) holds, then, by (4.5.3), we have

(1, PA)st» = Tr(u*(PA)pY) = Tr((py ") PA) = Te(P'(p 1))
= Tr(p ' pe) Te(1 - A) = (i, pa)sts Tr(N) (4.7.8)
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for any A\, n € Sy so that
PX=Tr(N)ps, (4.7.9)

which implies that Null(G) = C - p,, i.e., p, is the unique density operator in
Null(G). This proves (e).
For (f), by (4.7.4]), since ¢ is unitary, we have
€L6t _ 6(_99*10[/0090)75 _ 90—1 o e—Lot o o, (4710)
et=yploe 0. (4.7.11)
Thus, eFote®’t = eFelot if and only if ' o (e Lote)op = o (eCtet0t) o,
which is true if and only if efote® = eCtelot. This proves (f).

Finally, since ¢ is unitary, we have Null(Ly) = ¢(Null(L{)) and Null(G) =
@(Null(G")), which proves (g). O

Proof of Theorem[3.2.4. (a) Recall that P denotes the orthogonal projector
onto the subspace Null(G) C S, w.r.t. the inner product (-,-) in the space of
observables and define P+ = 1 — P. In the following, we denote p; = B;(p)
and p, = Ptp,. Similar to the proof of Theorem in Subsection , we
consider the Lyapunov functional ||p]|?/2.

First, we note that, by Condition (Null), [Lo, P] = 0. Since L} = —Ly,
G' =G on 8, and [Lg, P*] = [Ly,1 — P] = 0, by Leibniz rule, we have

Oullpell? /2 = B, pe) /2 = (pv, (LT + L)) /2 = {pr, Gpy).- (4.7.12)

By the Condition (Gap) and Proposition (¢), using spectral theory, there
exists some 0 > 0 such that (—0,6) N (c(G) \ {0}) = @ so that

G|RanPi S —0 < 0 (4713)
so that, by substituting (4.7.13|) into (4.7.12)), we obtain the following inequality
aWla?/2 = (51, Gy < —0l? (4.7.14)
with the initial condition
17e]1*e=0 = [l7o]l*. (4.7.15)
We solve this inequality to obtain

el < el oll, (4.7.16)
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giving
s — Ppil] < el po]l- (4.7.17)

To complete the proof, we compute Pp,. Since, by Condition (Null) and
Proposition (g), Ran P = Null(G)) € Null(Ly) and [Lg, P] = 0, we have
Ran P C Null(L) and [L, P] = [Lo + G, P] = 0. It follows that

Ppy = PBi(p) = Pe™'p = e Pp = Pp, (4.7.18)

which, together with (4.7.17)), implies (3.2.1]).

(b) Now, we suppose 0 is a simple eigenvalue of G. Then, we have Null(G) =
C - p« because G(p.) = 0 by (QDB). Let p € Z(L) with Trp = 1. Then, by

cyclicity of trace, we have

Pp = {p., p)pe = Tr(puppy’) - pu = Tr(p) - pu = pa. (4.7.19)

By substituting this into (3.2.1]), we obtain ([3.2.2)). [



Chapter 5

Remarks and extensions

In this subsection, we present remarks, extensions and variants of the results
from Subsections [2.4] 3.1} and 3.2

Remark 5.0.1. Condition (QDB) is a strong restriction implying essentially
that the jump operators W; can be replaced by multiples of the eigenvectors
of the modular operator A, A := p,Ap; ! (see [15] for H with dim H < o).

Remark 5.0.2. Unlike for the von Neumann dynamics, for the von Neumann-
Lindblad one, we cannot pass to the Hilbert space framework by simply writing

Tr(Ap) = Tr(/p"Ay/p) = (\/p. Ay/p). Indeed, since
VBip # B.(V/p)

(unlike for the unitary dynamics), v/fp, entering in

(Bl A)p) = Tr(ABp) = Tr((VBrip) AV Bip) = (/Bup, AV/Bin),

does not satisfy a simple evolution equation.

Remark 5.0.3. Condition (QQDB) is intimately related to the KMS-symmetric
Markovian semigroup as remarked in Section [} Let ¢ be a faithful state on
a W*-algebra A. We call a semigroup P; on A is KMS-symmetric if, for all
A, B e A,

p(PAc?, ,(B)) = p(of,(A)FB), (5.0.1)

where o is the modular automorphism on A associated with ¢. In our case,
we have A = B, P, = %", © is the faithful, normal state w, determined by
p« and of = «, where 7, and a; are given in Theorem Indeed, for
each A, B € B, we use the commutativity between G’ and i[H,,-] (i.e., the
generator of a;) due to Condition (QDB), the self-adjointness on B, and the

33
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relation
wy(ai/2(A)B) = wi(Aa_i(B)) (5.0.2)
to obtain
wa (€9 Aa_ija(B)) = w.(Ae“ a_;p(B))
= w.(Aa_i;p(e9"B)) = w.(ci2(A)e?'B). (5.0.3)

This suggests to a generalization of our results to KMS-symmetric Markovian
semigroup on abstract von Neumann algebra.

Inner product (2.4.1)) is a member of the family of inner products on B:
For each r € [0, 1], we define the inner product

(A, B)obsy = Tr(A*p Bp.™"). (5.0.4)

Note that (A, B)obso = (A, B)obss and (A, B)ops1 = (B*, A*)opss. G’ is
symmetric in (-, -)ops1. Indeed, using the fact that G’ is a *-map and is

symmetric w.r.t. , we obtain
<G/<A)7 B>obs,1 = <B*7 G/(A*»obs,*
= (G"(B*), A" )opsx = (A, G'(B))obs.1- (5.0.5)

Similarly, we can define another Hilbert space of states as follows. Consider
the set

ST:={\eS | p;PNe Sy} (5.0.6)

We define the Hilbert space ST as the completion of the set in ((5.0.6) w.r.t.
the norm corresponding to the inner product

A i)l o= Tr (Nt pe). (5.0.7)

Lemma 5.0.4. The spaces S, and S} are the dual of B, w.r.t. the couplings
Tr<Api/2ApI1/2> and (A, X) := Tr(AN), respectively.

Proof. We check only ST; the space S, is done similarly. By the non-Abelian
Cauchy-Schwarz inequality, for each A € B, and A € ST, we have

| Tr(AN)| = | Tr(Ap 2o 2N | < | A2 |15, o * Ml s,

= (Tr(A*Ap.) 2 (Te (X' p; A)) 2
— [ Al I (5.08)
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so that

sup | Tr(AN)[ < [[Al)S

”Allobs,*—l

(5.0.9)

st,x*

We now show that this is in fact an equality. By taking A = A\*p_ !, we have

JAI2,.. = Tr(A*Ap,) = Tr(p7AN) = (JAIL.)? < o0 (5.0.10)

obs,*

so that A € B, and, by taking A" = A/||\||;,

we have ||A'||ops« = 1 and

Stk

Te(A'N) = (M50 7 Te(A e ') = (Al (5.0.11)

Therefore, ST is the dual space of B, w.r.t. the coupling (-,-). O
Similar to , we define a map

PT(A) = pl2 Al (5.0.12)

By its definition, we have

<(pT<A)7 (pT(B»st x <A B>obs * (5013>

Remark 5.0.5. (a) The space S, is a point 7 = 0 in the family of Hilbert spaces
&ET), r € [0, 1], defined by the completion of the set

S ={Xe 8| p. A2 € Sy, (5.0.14)
under the norm ||A||str = v/ (A, A)st.r, corresponding to the inner product

(X, 0)ser = Tr(Np, Top, 7). (5.0.15)

For each r € [0, 1], the space S and S, are in one-to-one correspondence.
Indeed, we define the map

78y — 8 7 (k) = pr g pt=m)/2, (5.0.16)

Obviously, the map 7" is linear, bounded and invertible. Moreover, for all
A, 0 €S8y, by (5.0.15)), (5.0.16) and the cyclicity of trace, we have

<7T(r)()\), 7" (0))str = (N, 0)s, (5.0.17)

so that 7" is unitary. Hence, S s isomorphic to Ss.
(b) We note that the inner products (5.0.15)), r € [0, 1], are special examples
of the so-called quantum y?-divergence (c.f. [68]).
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(c) Consider the family of maps <p B — 8" rel01], as o (A) =

o2 Api~"% Since o™ maps B into S and, for each A, B € B,

(M (A), @"(B))ser = Te((py"2A* 0o, (P Bpi™ %) pi M)
= Tr(A*Bp.) = (A, B)obs +- (5.0.18)

By a density argument, we can extend ¢ to a unitary ma from B, to 8" ,
and we denote this extension also by ¢™. Thus, B, and S are isomorphic.

Maps ¢ and ¢T in Lemma and in (5.0.12) are the r = 0 and r = 1

cases of tNote that ¢ is not *-map, unless r = 1.
(d) For any operator K on S; and its dual K’ on B, we have

K' = xp L K*px, (5.0.19)

where x : A — A* and the adjoint K* is taken w.r.t. (2.4.3)). Indeed, for any
A€ B and A € §;, we have

(kK % AL N) = Tr((x™ (K (A%p.)))A) = Te(((K*(A"p.))pi ) A)
= Tr(p; (K" (Ap.))"A) = (K" (A"pa), Nst e
= (A"p, KN)si» = Tr(p A(KN)p, )
= Tr(A(KN)) = (A, K)) = (K'A, \), (5.0.20)

which implies (5.0.19)).
Remark 5.0.6. The following result presents a variant of Theorem for the
space ST.

Theorem 5.0.7. Assume Conditions (H), (W), (QDB) and that 0 is a
simple, isolated eigenvalue of G'. Then, for all density operator p € ST and
for 6 = dist(0,0(G") \ {0}), we have

Hﬁt( ) p*Hst* = ethHst* (5021)

This theorem is proven below.

Remark 5.0.8. (i) The property G’ < 0 is related to the contractivity of ;.
Indeed, for A(t) := B;(A), using the Leibniz rule and HL equation (2.1.1)), we
find

ONAW) 12s/2 = ((L'A(t), A)obs s + (A(t), L' A(t)) obs i) /2
= Re(A(t), L'A(t))obs.. (5.0.22)
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Since Ly is anti-self-adjoint on B,, we have
Re(A(t), LoA(t))obs, = 0. (5.0.23)
This, the relation L' = Lj + G’ and the self-adjointness of G’ imply
Re(A(t), L'A(t))obs,« = 2(A(t), G"A(t))obs
and therefore,
A . = 2AW), G AW Yo < 0. (5.0.24)

(ii) The property D¢/ (A, A) > 0 for all A € B, is related to the complete
positivity of 5. Indeed, we can generalize the operator function (4.1.5)) for L'
on Z(L’) as

Du(A,B) = L'(A*B) — A*L(B) — (I'(A))"B. (5.0.25)

Indeed, since Lj is a derivation, the domain Z(L') = 2(Ly) is a *-subalgebra in
B so that AB and A* € 2(L’), provided that A, B € Z(L’). By the definition
of derivations, we can show immediately that, for all A, B € Z(L'),

Dp(A,B) = Da(A, B). (5.0.26)

Since G’ is bounded on B,, we can extend Dp, to entire B,. It then follows
from that Dy (A, A) >0 for all A € B..

Now, we show the positivity of Dp/(A, A) follows from the property of
complete positivity of 5;. To show this, since ] is completely positive and
B;(1) =1, by Kraus’ theorem, we have, for each ¢ > 0,

Bi(A) =D VEWAVL®), ) ViVt =1 (5.0.27)

k>1 k>1

where Vj,(t) € B for all k. Then, by the operator inequality (A.1.5]), we obtain,
for each t > 0,

0 < B(A"A) = B;(A)"Bi(A). (5.0.28)
If we take A € Z(L') and differentiate at t = 0, we obtain
0< L'(A*A) — A*L'(A) — (L'(A))*A
=Dp(A,A) = Da (A, A). (5.0.29)

In fact, it was shown in [57] that, in the case that L’ is bounded, the
positivity of Dy (A, A) for all A € B, is also sufficient for L' to generate a
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(norm continuous) completely positive semigroup.
Proof of Theorem[5.0.7. First of all, we note that, since Tr(p) = 1,
Tr(A(Be(p) — ps)) = Tr(Bi(A)p) — Tr(Ap.)
=Tr((B/(A) — c"'1)p), (5.0.30)

where ¢ = Tr(Ap,).
Recall that, by Theorem [3.1.2] (b), G’ is self-adjoint and G’ < 0 on the
space B,.. Since 0 is an isolated eigenvalue of G’, o(G’') N (—6,0) = @ for

0 := dist(0,0(G") \ {0}), and so, by (5.0.30) and (/5.0.8)), we have

18:(p) = pullls =  sup | Tr(A(Bi(p) — ps))

[ A]lobs,«=1
= sup ]Tr((ﬁg(A)—cAl)p)]

I Allobs,«=1
< sup [IBI(A) = L lobsallpllT:

[Allobs,«=1
<eplk. sup  [[(1 = P")Alobs

| A[lst,+=

< . (5031)

Now, using (3.1.4)) and recalling that P’ is the rank-1 projector onto Null(G’) =
C - pr, we find [,(p) — pellln < e[|, a5 desired. a

st,*



Appendix A

Proofs of Theorems 2.2.1], 3.1.1
and 3.2.

A.1 Dual Lindblad operator G’

Throughout this section, we assume Condition (W) holds. Recall from Section
that the HL operator L', acting on observables, is given by

L'=Li+G, L A=i[H, A, (A.1.1)
/ * ]' *
G'(A) =) (W AW, — S W, A}). (A.1.2)
j>1

We begin with two propositions stating the boundedness of the operator
G’ on space B and B,.

Proposition A.1.1. The operator G' is bounded on B.

Proof. Let
O(A) =) WrAW,,  Y:=0(1)=> W;W, (A.1.3)
j>1 j>1
so that
G/(A) = D(A) — %{y, A}, (A.1.4)

First, we estimate ®(A). We claim that, for all A € B,

D(A)B(A) < B(1)[B(A*A). (A.L5)

39



APPENDIX A. PROOFS OF EXISTENCE THEOREMS 40

Indeed, for any u,v € H and for any A € B, we have

[(u, @(A)0)| < | (Wyu, AWjv)|

j>1

(Z IIWjull2> h (Z IIAij||2> N

j21 j21

1/2 1/2
= (Z(u, T/V]*W]u>> <Z<U, WfA*AVVw))

j>1 j>1

IN

= (u, D(1)u)* (v, D(A*A)v)*/?
< @) [full(v, ®(A* A)v) /2. (A.1.6)
By taking u = ®(A)v, implies that
[2(A)]* < [ @(1)][{v, (A" A)v), (A.1.7)
which, since || ®(A)v||2 = (v, B(A)*®(A)v), gives
(0, D(A) B(A)0) < [ B(1)](v, B(A"A)o) (A.18)

for all v € H. This is equivalent to (A.1.5)).
Next, we estimate, for all A € B and v € H,

(0, B(A*A)) = (AW, AWj0) = Y | AW,o]?
Jj=1 Jj=1
< (AP (v, > W Wj0)
j>1

< IVIEIAIP (ol (A.1.9)

Using (A.1.5)), (A.1.9) and the definition Y = ®(1), we conclude that

I2(A)v[* = (v, 2(A)*2(A)v)
< [IY[l{v, ®(A" Ay) < [[VP AP ]lo]f*. (A.1.10)

Therefore, we have

(@A) < [Vl (A.1.11)
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Now, for any A € B, by triangle inequality and (A.1.9)), we have
1
I A < [ + S, A

1
< [|®(A) | + 5V Al + | 4Y])
< e(A)] + YAl
< 2|y All (A.112)

Therefore, G’ is bounded on B. O

Remark A.1.2. For another proof for (A.1.5)), we refer to [20], using the completely
positive property of ®.
For the second proposition, we need the following

Lemma A.1.3. Suppose Condition (QDB) holds. Then, Zj>1 WiW; commutes
with p,. -

Proof. Let Y := ijl WiW;. By (2.3.1)), for all A € B, we have
. 1
G'(A)p. =) WiAW; — {Y, A}p.
Jj=21

1
= W;Ap W} — (Y. Ap.} = G(Ap.). (A.1.13)

Jj=1

Since this is true for all A € B, we must have

S WiAW;p, => WApW7,  {Y, A}p, = {Y, Ap.}. (A.1.14)

j21 j21

From the second equality in (A.1.14}), we must have

Yp. = p.Y, (A.1.15)
which proves the result. O
Proposition A.1.4. Suppose Condition (QDB) holds. Then, G’ is bounded
on B,.
Proof. Since B, is the completion of B w.r.t. the norm || - ||opss, then B is a

dense subspace of B,. Hence, it suffices to show that G’ is bounded on B with
respect the the norm || - [|obs «-

By (A.1.4) and triangle inequality, we have

, 1
“G <A>||Obs,* S HCI)(A)HObs,* + §||{Y7 A}Hobs,*- (A'1'16)
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To estimate the first term on the r.h.s. of (A.1.16)), we use inequality (A.1.5)).
Since p, > 0, this inequality, together with cyclicity of trace, gives
12(A)][5bs, = Te(@(A) (A)p.) < [[V]| Te(@(AA)ps)

= [|Y]| Tr(A*A¥(p,)). (A.1.17)

where W(p) := .o, W;pW7, the dual of ®. Since G(p.) = 0 (see (2.3.1)) and,
by Lemma[A.1.3] p, and Y commute, (2.2.3)) implies that

|
U(p.) = 5{Vop} = p.Y = p.*Y ./ (A.1.18)

* Y

where, for the last equality in (A.1.18), we use that [p,,Y] = 0 implies
h

[pi/ 2, Y] = 0. Next, using cyclicity of trace and Lemma .3, we obtain

> Tr(ATAW;p W) = Tr(A*Ap.Y) = Tr(A*Apl/?Y p./?)
j=1

= Tr(Ap2Y p2A7) < VI Te(Ap.AT) = Y| Al (A119)
so that, by substituting ((A.1.18) into the last term in (A.1.17)),

12(A)l[bs» < IVI*IANG (A.1.20)

obs,x — obs,**

Finally, for the second term on the r.h.s. of (A.1.16)), we use the triangle
inequality, cyclicty of trace and Lemma to obtain

Y, A lGhs e < 1Y Allds o + IAY [[Ghs

obs,*
= Tr(A*Y2Ap*) + Tr(YA*AY p,)
= Tr(pi/2A*Y2Api/2) + Tr(pl/zYA*AYpi/Q)
= Tr(pl2A* Y2 Apl/?) + Tr(Apl/?Y?pi/2 A%). (A.1.21)
Using the operator inequality
AYZA<||Y|PA*A,  ApY2Y?pl2A* < ||Y | Ap. A%, (A.1.22)

*

we find

I{Y, A llobsx < Y [T Allobs,x (A.1.23)

By substituting (A.1.17) and (A.1.23)) into (A.1.16]), we obtain
1G" (A llobs,x < 2| Y (I Allobs.« (A.1.24)
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so that G’ is bounded on B, hence is bounded on B,, since B is dense in B,. [

A.2 Proof of Theorem 2.2.7]

Theorem (a) follows from the following abstract theorem (c.f. [13] Theorem
3.1.33):

Theorem A.2.1. Let X be a Banach space and let V; be a Cy- (resp. C§-)
semigroup on X with generator S and let P be some bounded operator on X.
Then S + P generates a Co- (resp. Ci-) continuous semigroup Vi’ on X.

Proof of Theorem (a). Assume Condition (H) and (W) hold. By Proposition
A.1.1, G’ is bounded on B, while L{ generates a one-parameter strongly
continuous group et of bounded operators on B:

elot A = et pemiHt, (A.2.1)

Hence, Theorem implies that the HL operator L' = Lj, + G’ generates a
bounded semigroup f; on B. Therefore, the HL equation has a unique soluton
in B for any given initial condition in Z(L’). O

For part (b), we need the next proposition:

Proposition A.2.2. The operator G defined in (2.2.3)) is bounded on the space
S.

Proof. Since G is linear, it suffices to show that G is bounded for any p > 0
in §;. Thus, without loss of generality, we assume p > 0.

Clearly, >, W;pW; > 0 if p > 0. Hence, let Y := > ., W/W;, by
the triangle inequality and Schwartz inequalities and the standing assumption
(W),

HZJ WiplV;

5 < > WiWi s, =D Tr(WeW5)
= T (W;Wp) = Te (Y))
< [[Y[Hplls, < oec. (A.2.2)

On the other hand, again by Condition (W), then

Y, p3ls, < IVells, +110Y [ls, < 2V [ll[olls, < oo (A.2.3)

Therefore, the operator G is bounded on ;. n
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Proof of Theorem (b). Since Ly generates a one-parameter, strongly continuous
group of bounded operators on S, given explicitly by ef0tp = e~ peiflt and,
by Proposition G is bounded on &, it follows from Theorem [A.2.T]
with X = 51, that L = Lo+ G generates a one-parameter, strongly continuous
semigroup on Sj.

For weak uniqueness, for any A € 2(L') and py € S;, we write p; for a
solution to ([2.2.1)) with the initial condition py and (A, p) := Tr(Ap) so that,

by Leibniz rule,

85<Aa Bt—s(ps» = as <B£—5(A)v ps)
= (=L'B,_(A), ps) + (B_s(A), Lps) = 0. (A.2.4)

This implies that

<A7 /Ot> = <A7B;E—s(ps)>|t:s = <A’6£—s(ps)>810 = <A76t(p0)> (A25)

This proves the weak uniqueness of solution to with any initial condition
p € 81.

For strong uniqueness, we proceed similarly by taking po € Z(L) and write
p; for a solution to with the initial condition py. Then, we have

asﬁtfs(ps> = _Lﬁtfs(ps> + 51575(1—1/)3)

= Bi—s(—Lps + Lps) = 0. (A.2.6)

Thus, we have
pr = Bi—s(ps)li=s = Bi—s(ps)|s=0 = Bi(po)- (A.2.7)
This completes the proof of Theorem [2.2.1] (b). O

Lemma A.2.3. The semigroup B; is completely positive on Sy.

Proof. The argument follows from Theorem 5.2 in [27]. For this, we rewrite
the vNL operator as

L(p) = —i[H,p| + > _(W;pW; — S AW W, p})
Jj=1
~[iH Yo+ F(p), (A28)
where Y = Y* = %ijl WiWj and W(p) = > .., WipW?.

Let B, := e Yt which is well-defined since Y is bounded. Then, the
semigroup S; generated by —i[H — iY, -] is given by

Ti(p) = BipB;, (A.29)
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which defines a completely positive semigroup by Kraus’ theorem. On the
other hand, since, by Lemma[A.2.2] the map VU is bounded on Sy, ¥ generates
a semigroup on S

elti=% Uk (A.2.10)

We note that, since ¥ is completely positive by Kraus’ theorem, so are U*
for any k = 0, 1,2, ... and any linear combination of them. Therefore, ¥ is a
completely positive semigroup.

Then, it follows that, for any n € N, the operator (7} /,e
positive semigroup on Sj.

Finally, by Trotter-Lie formula, we have

¥t/m)n is a completely

Bi(p) = exp(Lo + G)(p) = lim (T;/e™"™)" (p), (A.2.11)

n—oo

where the limit is taken in the trace norm, so that the semigroup S, is completely
positive. O

Note that the proof of Lemma provides a different construction for
the semigroup f;.

A.3 Proof of Theorem 3.1.1|

By Proposition G’ is bounded on B,. Also, since Lj is anti-self-adjoint

. . / .
on B,, it generates a one-parameter strongly continuous group elo! of unitary

operators on B, as in (A.2.1)). Then, by Theorem again, the HL operator
L’ generates a bounded semigroup fJ;, and therefore the HL equation has a

unique soluton in B, for any given initial condition in Z(L’). O
Remark A.3.1. The unitarity of et can be proven directly as follows. For all
A, B € B,,
<€L6tA, eLé)tB>obs,>k =Ty (ethA*Befthp*)
— Tr(A*Befthp*eth)
= Tr(A*Bp.) = (A, B)obs« (A.3.1)
by cyclicity of trace and the fact that Ljp. = 0 by (QDB). Hence, it is unitary.

The semigroup, f;, generated by L', is dual to 8;. Indeed, the semigroup
B; has the generator L':

Ohli=o TH(B(A)p) = ilomo Tr(ABy(p)) = TH(AL(p) = Te(L'(A)p).  (A.3.2)
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Given that G’ is bounded on B, the domain of L’ is the same as the domain

P(Ly) of Lj, where

D(Ly) ={AeB|A(Z9(H)) C 2(H) and HA — AH
defined on Z(H) extends to an element in B}.  (A.3.3)

A.4 Proof of Theorem [3.2.7]

The proof Theorem follow the same lines as in the previous subsection.

Proposition A.4.1. Assume Conditions (W) and (QDB) hold. Then, G is
bounded and self-adjoint on S.

Proof. For boundedness, by ({2.3.1]), we have, for any X\ € S.,

IGM)llst.r = G (A)pallstr = 1G"(A)lobs.»
<G M Allobs,e = NG| Apcllst e (A.4.1)

where A = \p;! € B. Since, by Lemma 8 is dense in S, then G is
bounded on S.,.

Now, we show that G is symmetric on S,. By Lemma and cyclicity
of trace, we have, for any A\, u € S,, we take A = Ap, and u = Bp, so that

A G()see = Te(NG(u)pi") = Tr(p. AG(Bp.)pl )
= Te(A*G'(B)p.) = (A, G'(B))obs,x = (G'(A), B)obs«
= Tr((G'(A))" Bp.) = Tr(p; ' (G'(A)p.)" Bp.)
= Tr(p; (G(Ap.))* Bp.) = Tr(p 'G(A)* 1)
— (G(N), f)e. (A.4.2)

Therefore, G is symmetric on S, and hence, by a density argument, G is
symmetric on S,. Since G is bounded on S,, then G is self-adjoint on S,. [

Proposition A.4.2. Assume Conditions (H) and (QDB) hold. Then, Lg is
anti-self-adjoint on S,.

Proof. By Stone’s theorem, it suffices to show that Ly generates a strongly
continuous group of unitary operators on S,. By definition of L, for any
A € S,, we have efoft\ = et )\t The group property of e’o! follows from
the group property of e**#*. The group e’ is unitary on S, since, for any
A\ €S, and t € R, by cyclicity of trace and Condition (QDB), we have

<€L0t/\’ GLOt,u>st7* _ Tr((e—th)\eth)*(e—thlu th)p* )
=Tr(Nup') = (N, Wt (A.4.3)



APPENDIX A. PROOFS OF EXISTENCE THEOREMS 47

Now, we show e’ is strongly continuous on S,. Recall that S, is the

completion of S, = {\ € S | Aps P e So} wrt. to the norm || - ||sg -
Let A € S,. Then, there exists some k € S, such that x = Aps 12 50 that,
by Condition (QDB), cyclicity of trace and the fact that e~ is strongly
continuous on H, we have

le* A = AJI3

*

— Tr((efthﬁeth . K)*(efthﬁeth . /i))

= [le” ke — k)%, — 0 (A.4.4)

st,*

— Tr((e—th/\eth _ )\)*<€_th/\€th _ /\)p—l)

as t — 0. By a density argument and unitary property of el°!, we can extend

this limit to the whole space S, so that e°! is strongly continuous. Therefore,
the generator L is anti-self-adjoint on S,. [

Proof of Theorem [3.2.1. Since the operator Ly generates a one-parameter strongly

continuous group e of unitary operators on S, (given explicitly by elo'p

e Hipetft) and, by Proposition G is bounded on S.. It follows from
Theorem [A.2.1] with X = S, that L = Ly + G generates a one-parameter,
strongly continuous semigroup on S, which implies the statement of Theorem

B21 O

Remark A.4.3. One can also prove a version of Proposition with the
space S1) (see Remark [5.0.5(a)) replacing S,.

Remark A.4.4. It is not clear whether the semigroup f; is positive on S, under
(QDB), i.e., (A, Bi(N))st is not necessarily non-negative. Indeed, f; is trace-
preserving and, by Lemma completely positive on S so, according to
[51], 52], there exists some family {Vj(t)}x>1 of bounded operators on H such
that

=S Vvl (A45)

k>1

where ), -, Vi()*Vi(t) = 1. Then, for any A € S,, by the cyclicity of trace,

<)‘7Bt( st* ZTI" A" V;C( ))‘Vk( )* *_1)

k>1
= (Va(t)" X AVi(£) Dsts- (A.4.6)

k>1

However, for each k& > 1, (Vi (£)*\, A\Vj(t)*)st.« is not necessarily non-negative,
showing (; is not necessarily positive on S,.



Appendix B

Spectra of G and G’

In this section, we study the spectra of G and G’ by regarding them as
operators on Ss.

Proposition B.0.1. If the jump operators W;’s are normal, mutually commute
and have purely discrete spectra (o(W;) = oq(W;) for all j > 1), then G and
G' have purely discrete spectra outside 0.

Proof. Since W,’s commute, they have a joint orthonormal basis {t}. Let
Aj.k be the corresponding eigenvalues:

Withe = Ajutn. (B.0.1)

Let Py = |tg) (¢y]. Since {4} is a complete orthonormal set in H, {FPy}
forms an orthonormal basis in Ss. Indeed, for each k, [, m,n, we have

(Prts Prn)s, = Tr(Bg Pon) = Tr(|thr) (brltom) ()

= (Vks V)2 (Vn, V1) n

so that { Py} are orthonormal in Sy. Next, for any k € Sy such that (Py, k)s, =
0 for all k,1, we have

0 = (Pu, k)s, = Tr(Pyr) = Tr(|vn) (Vx| k) = (W, k1) u. (B.0.3)

Hence, all matrix components of k vanish, which implies that x = 0. Therefore,
{Pu} is a basis in S,.

48
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Now, for each 7 > 1,

Wi PuW,; = |Witbk) (Withi] = XjaXjiPa, (B.0.4)
W PaW; = XA P, (B.0.5)
{WiW;, Pu} = ‘mefﬂﬂﬁ (Wi| + |¥r) <W;M/j¢l‘
= (Il + [Ajl*) Pra (B.0.6)
so that
1
G(Pu) = Z (W;PuW; — §{Wij7 Pu})
ji>1
= (D Nuhia— \Ajk|2+ INal?) P (B.0.7)
j>1
and

1
G'(Pu) = Y (Wi PaW; — S{W; W, Pu})
j>1

Z >\] k/\jl |)\j k|2 + |)‘]l| ))Pkl (Bog)

j>1

Thus, outside 0, G (resp. G') has purely discrete spectrum with eigenvalues
Do Ak Aja = 5 (IAkl® + [Agal?) (resp. 30500 e — 5(IAgl? +1A0%)), and
0 is an eigenvalue of infinite multiplicity with eigen-operators Py for all &,
proving the result. [

Proposition B.0.2. Suppose the series Z]>1 W;W; converges in the operator
norm. If the jump operators W;’s are normal, compact and Null(W;) = {0}
for all j > 1, then G and G’ are compact on Ss.

Proof. First, we fix j. Let ®;(k) := W;sW; and Uj(k) = —3{W;W;, K}
Let {11} be an orthonormal basis of H consists of eigenvectors of W; with
corresponding eigenvalues A;, i.e., W, = A x1;, for each k. Let P,f,{) =
|9, k) (¢4 so that {P,ilj)} forms an orthonormal basis in S,. Since W;’s are

normal, we have W31, = Xjxix- By (B.0.4) and (B.0.6)), we have, for each
k.1,

) L A 1 ,
0,(PY) = Nuda P, (P = —§(|)\j,k|2 + NPy (B.0.9)

We denote the eigenvalues p; . = A\jx\;; and 7 = — (el + [Xul?) o
®; and V;, respectively. Since Null(W;) = {0}, we have \;; # 0 so that
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Null(®;) = Null(¥;) = {0}. Furthermore, we note that
multi(pe; ) = multi(7; ) = multi(A; ;) x multi(A;,), (B.0.10)

where multi(A) is the multiplicity of the eigenvalue A. Since W;’s are compact,
the eigenvalues p; 1 and 7 must have finite multiplicities for each £,[ and
both converges to zero as k,l — oco. Hence, ®; and ¥; are compact on S.

Next, we define Gy = Zj\le(@j + ;). Then, the compactness of Gy

follows from the compactness of ®; and V¥, for each j.
Now, we observe that, for each positive Kk € Sy, by the cyclicity of trace

and the normality of W’s,

H Z (IDj(HJ)HZQ: Z Tr(Wj/{*W;WmW;)
J=N+1 JA>N+1
= ) Te(KVPW W WR?)
G > N+1
<l Yo T (sVPWr(WrW)W,K!)
§>N+1

< [l=]|| Z WeWo|| Z Te (k2WW;kY2)

{>N+1 j>N+1
<[ > wws il (B.0.11)

J>N+1

where, in the last line, we used ||x|| < ||k||s,, and, similarly,

| wlls, <500 3 wiwll, + 11 S0 syl

JzN+1 j2N+1 J>N+1
< > wiwillllls.. (B.0.12)

j>N+1

Thus, we have, as N — o0,

HG o GN||52%52 - H Z (I)jH82—>82 + H Z \IIJ'HSz%Sz

j>N+1 J>N+1
<2 > wrwi|| =0 (B.0.13)

j>N+1

since ) j>1 WjW; converges in norm. Since G is compact for each N, (B.0.13|)
implies that G is compact on S,. Since G’ is the adjoint of G on Sy, G’ is also
compact on S,. O

Proposition B.0.3. Suppose the jump operators W; =0 for j > 2 and W =
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Wy s self-adjoint and has a purely absolutely continuous (a.c.) spectrum on
H (i.e., o(W) = 0.(W)). Then, G and G’ has a purely a.c. spectrum on Ss.

Proof. First, let Ey (A) be the spectral resolution of the self-adjoint operator
W. Then, since W has a purely a.c. spectrum, for each 1) € H, there exists
some unique positive f; € L'(R, d\), whose support is contained in o(W) and

| fullzr = [[¢]3,, such that

(1, W) = / Adjip(N) = / Ay (N, (B.0.14)

where 11, is the spectral measure of W associated with ¢ and d is the Lebesgue
measure on R, i.e., fy(A) = duy(N)/dA is the Randon-Nikodym derivative of
fyp W.I A

Next, let {1; }r>1 be an orthonormal basis for H and define Py := [1) (¢].
Then, { Py} >1 forms an orthonormal basis for S;. Furthermore, let Ly : k +—
Ax and R4 : Kk — kA be the left- and the right-multiplication by A on S,,
respectively. First, we note that, since W is bounded and self-adjoint, Ly, and
Ry are both bounded and self-adjoint on Ss. Indeed, for each k,0 € Sy, we
have

[ Lwklls, = [Wklls, < [[W]l|lx]s, (B.0.15)
and

((Lw)*o,k)s, = (0, Lwk)s, = Tr(c*Wk)
=Tr(Wo)'k) = (Lwo, K)s,. (B.0.16)

The claims for Ry, follows from a similar computations. Since [Ly, Ry] = 0,
we have

G =G =LyRy — %(L%V + Ry = —%(LW — Ry )*. (B.0.17)
Hence, the spectral property of G is determined completely by that of Zy, :=
Lyw — Ry through the spectral mapping theorem, i.e., if Zy, has a purely
a.c. spectrum on Sy, then so does G. To show our result, since { Py }g>1 is
a basis for Sy, it suffices to show that {Py}i>1 C [S2)ac, Where [Sylac is the
subspace of Sy consisting of vectors whose spectral measure corresponding to
Zyw is absolutely continuous w.r.t. A.

Now, we fix k,l. Since [Lw, Rw] = 0 and Ly, Ry are self-adjoint, by
, the cyclicity of trace and the Fubini’s theorem, we have, for any
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n,m e N,

(P, (Lw)" (Rw )™ Pia) s, = Te(PgW" Py W™)
= (i, W) (0r, W)y
= / NP Fry (A1, Ao)dArdAs, (B.0.18)
R2

where Fi(A1, A2) = fy, (A1) fy,(A2). By linearity, this can be extended to
arbitrary polynomial p(z,y) on R? i.e.,

(Pr, p(Lw, Rw) Pu)s, :/ p(/\h/\2)ﬁkz(/\1,/\2)d>\1d/\2, (B.0.19)

RQ

which in turns implies that, for any measurable function y on R, we have

(Pt x(Zw) Pui)s, = / X (A1 — >\2)ﬁkl(>\17 A2)dA d)s. (B.0.20)

RQ

Let kal()\) = fR Fri(A1, A= A1)dA, which satisfies || Fi;||z: = 1 by its definition.
Then, (B.0.20) becomes

(P (Z) Put)s, — /R YO Fa(A)d. (B.0.21)

Hence, the spectral measure of Zy, associated with Py, is ﬁkl()\)d)\, which is
absolutely continuous w.r.t. A. Therefore, Zy, has a purely a.c. spectrum
on Sy, which implies that, due to the spectral mapping theorem, G has an
purely a.c. spectrum on Ss. Since this is true for any k, [, this completes the
proof. O



Appendix C

GNS representation of (B, wy)

In this section, we define the GNS representation associated with the pair
(B,wy) (by regarding B as a von Neumann algebra and w, as a normal state
on B). This section follows mainly according to [44].

Recall the state w, is defined through a density operator p, > 0 and is
given, for any A € B, by

wi(A) = Tr(Apy). (C.0.1)

The operator €, := pi/ ? is Hilbert-Schmidt. Note that, since p, > 0, the state
wy is faithful. Indeed, for each A € B, we have

w.(A"A) = Tr(A"Ap,) = | AL 1%, (C.0.2)

so that w,(A*A) = 0 implies AQ, = 0. Since 2, > 0, we have A = 0.
Next, we define the representation 7, of B acting on Sy by

m.(A)k = Ak, KeESy, A€k, (C.0.3)
i.e., the representation for left-action by B. Then, we have
wie(A) = (s, T (A) Q) s, (C.0.4)

Since S is a closed, two-sided ideal of B, there is another natural, anti-
linear representation 7, of B on S,, given by

. (A)k = KAY, KESy, Ae€bhb, (C.0.5)

*

i.e., the representation for right-action by B. It is immediate from the definition
that 7/, satisfies

T(AB) = 7 (A)m(B), m(A") = (7.(A))". (C.0.6)

*

53
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We remark that the superscript * on the r.h.s. of is the adjoint

operation of the right-multiplication of A on S,, whereas the superscript *

on the Lh.s. is the adjoint operation of operators in B (abuse the notation).
Recall the definition of the anti-unitary operator J:

Jk = K", for all Kk € S,. (C.0.7)

Properties of €, 7, and 7, are summarized in the following proposition:
Proposition C.0.1. ([{4], Section V.1.4, Theorem 1.4.1)

(a) The operator norm of m«(A) and 7,(A) on Sy are given by

[l (A = I (A) ] = [ Al (C.0.8)

(b) Q. is cyclic and separating for both m.(B) and 7' (B).

(c) J*=J, J> =1 and JQ, = Q..

(d) 7. and 7, are transformed to each other by the anti-unitary operator J
as

Jr (A)J =7 (A), for each A € B. (C.0.9)

*

Im (A5, = sup |7 (A)sls, = sup Tr(x"A"Ax) = [|A]*,  (C.0.10)

ll5lls,=1 lI<llsy =1

where the last equality follows from by choosing x as some rank-1 projection
operator. The norm for 7’ (A) can be found in a similar way using cyclicity of
trace and the fact that ||A*|| = ||A]|.

(b) Suppose k € S, is an element such that k L m,.(A)Q, for all A € B.
Then, by taking A = k (by viewing k as an element in B), we have

0= (K, m(R)Q)s, = TI‘(FL*F&pi/Q). (C.0.11)

Since p,l/ 2> 0, we must have k*x = 0, which implies that x = 0. Together
with the faithfulness of w,, we see that €, is a cyclic and separating vector for
the representation m,.

The cyclicity of Q, for 7, (B) follows from the separability of €,. The

separatibility of €, for m,(B) and 7, (B) are proven similarly.
(c) Let J be as in (C.0.7). Since J?k = (k*)* = & for all kK € Sy, we have

J?=1. (C.0.12)
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Next, for each k,0 € Ss, by cyclicity of trace and by the fact that J is
anti-linear, we have
<J*l{, 0>52 = <'L€’ JU>32 = <J0> "{>52 = Tr((a*)*'%)
=Tr(ok) = Tr((k%)0) = (K", 0)s, = (JK,0)s,. (C.0.13)
Thus, J* = J.

Finally, by the definition ((C.0.7)), we have JQ, = (pi/Q)* = pi/Q = Q..
(d) For each A € B, since J{2, = €, from part (c), we have

T (A)Q, = plPA* = (ApY?)* = J(m (A)Q,) = (Jr. (A)N)Q,.  (C.0.14)

*

Since €2, is cyclic for both m,(B) and 7. (B), we conclude that Jm,(A)J = 7. (A)
for all A € B. O

Thus, the triple (Sq, m, 2.) gives the GNS representation associated with
(B, w,).

Proof of Theorem[{.2.6, Recall the definitions of the unbounded, self-adjoint
operator

H, := —1Inp,, so that p, = e (C.0.15)
and the automorphism group «; on B by

oy (A) = et Aem At (C.0.16)

We see that w, is an invariant state under ay. Indeed, since o/,(p,) = e~ *#H+tp, et =

P+, we have, for each A € B and t € R,
wa(0a(A)) = Tr(Aal(p,)) = Tr(Ap,) = w,(A). (€.017)
We define the family of operators U(t) on S, given by
U(t)(m(A) Q) = (s (A)), for all A € B. (C.0.18)

By and |laz(A)|| = ||A]|, for each ¢, the operator U(t) is an isometry.
Since a4 is a *-automorphism group of B and w, is invariant under ay, U(t) is
a one-parameter family of unitary operators and U(t)§2, = Q, for each t € R
(see [13], Corollary 2.3.17). Furthermore, since «; is weakly* continuous on B,
we have

Lemma C.0.2. The one-parameter group U(t) of unitary operators defined in
(C.0.18]|) is strongly continuous.
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Proof of Lemma[C.0.3. For each A € B, we have

1U (1) (7 (A)Q) = T (A,
= 2, (A"A) — w, (A" y(A)) — wi((ar(A)) A). (C.0.19)

Since «y is weakly® continuous, for each € > 0, there exists some § > 0 such
that, for any 0 < [t| < §, the r.h.s. of (C.0.19) is less than €. Thus, for
0 < |t| < ¢, we have

1U(#) (. (A)) — 7 (A)ls, < €. (C.0.20)

For general k € Ss, since .% is dense in Sy, for each € > 0, there exists some
A € B such that ||k — m.(A)Q|s, < €. By (C.0.20) and the fact that U(t) is
unitary for each t € R, for any 0 < |t| < §, we have

IU(#)x = &lls, < U@ (m(A)2) = T (A5,
+ 2|k — T (A)Qu||s, < €+ 2€ = 3e. (C.0.21)
Thus, U(t) is strongly continuous on Ss. O

Now, by the cyclicity of €2, and the fact that U(t)$2, = 2., we have, for all
AeB,

Ut)ym (A)U(t)" = me(aw(A)). (C.0.22)
Let L, be the generator of U(t). Then, we have
Tl (A)) = eltr, (A)e L., =0, (C.0.23)

which proves (4.2.5)).

To prove relation (4.2.6)), we introduce entire analytic elements for «; (see
[13], Section 2.5.3).

Definition C.0.3. We say an operator A € B is entire analytic for oy if there
exists a function f : C — B such that

(a) f(t) = (A) for t € R.

(b) The function z — w(f(z)) is analytic on the entire plane C for all w € B/,
where B’ is the dual space of B.
We denote the set of entire analytic operators for ay by Bapa-

By Lemma U(t) is strongly continuous, which leads to the following
lemma:
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Lemma C.0.4. For each A € B and any € > 0, there exists some B € Bay,a
such that

| (A) = 7 (B))lls, < e (C.0.24)

Proof. We follow the argument in [13], Proposition 2.5.22. Let A € B be fixed.
For each integer n > 1, we define

A, = \/E / ar(A)e ™ dt. (C.0.25)
T Jr

Each A, is entire analytic for ;. Indeed, for each z € C, the function

= \/E/at(A)e_"(t_z)th, (C.0.26)
T JRr

is a well-defined function of z € C since the function t — e~ (=2 ig integrable
for each z and, when z = s € R, we have

N N e
= a, {\/; /R at(A)e—"tht} = a,(A,). (C.0.27)

Also, for each w € B’, we have
\/7/ w(ay(A))e =2 dt (C.0.28)
so that

n n —n(t—=z
|("' (f (Z))| < ||(U||||A||\/>/ |€ (t )2|dt
< ”(UHHAH\/E/ n(t*x)Q Jrny2 Zt < 8nyQH HH 4“’ (0029)
T JR

where z = x + iy. It then follows from the Lebesgue dominated convergence
theorem that the function z — w(f,(2)) is entire analytic. Thus, A, is
analytic.

Next, we show that ||(7m,(A,) —7(A))Q]ls, = 0 as n — oo. For notational
simplicity, we drop the subscript in the norm || - ||s, in the rest of this proof.
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Let 4 = m.(A)Q,. Since /2 [ e’ dt = 1, by (C.0.18)), we have
(s (An) — e (A)) |

<y / |  (A)) — . (A))
R G LU (C.0.30)

By Lemma |C.0.2, U(t) is strongly continuous so that, for any ¢ > 0, there
exists some 0 such that, for all |t| < §, |[U(t)§a — €al| < €. Note that the
choice of ¢ is independent of n. Thus, we choose n large enough so that

n _nt2 €
— e ™"™dt < ———. C.0.31
\ﬁ /|| oAl (G.031)

It follows that, since [|[U(t)€all = ||€all,

\f/ U (t)En — Enldt
B \/jA P e\ U )6 — Ealldt
n 2
L TNU @) — Ealldt
\f/we |U(t)ea — Eal
\f/ _"tZdtJr\/»/ e (U ()€all + 1€al))at
It| <6 It|20
§€+2H5A”\/;/t|266 d

< €e+e€=2e (C.0.32)
This completes the proof. n

Lemma C.0.5. Ever’y element m Foana = Tu(Bana ) s entire analytic for
U(t). Consequently, Funa € D (L) for all z € C.

Proof of Lemma[C.0.5. For all A € B,,, and o € S, the function

= <U’ U(Z)(W*(A)Q*»Sz = <07 W*(QZ(A))Q*>32
= Tr(c"a,(A)SL) (C.0.33)

is analytic on C. Thus, every elements in .%,,, is entire analytic for U(t). O
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Now, by Lemma |C.0.5| for each A € Bapa, m(A)Q € Z2(e~+/2) and

e PP (m (A)) = (i (A) = aipa(A)pl?
( 1/ QAp* 1/2)p1/2 1/2A
= (A*pY2)* = J(m (A"),). (C.0.34)

Since J? = 1, this yields, for all A € Bapa,
T (AQ, = Je B2 (7, (A)Q,). (C.0.35)

Next, for any A € B, we construct a sequence {A,} in Bay, as in the proof
of Lemma so that, as n — oo,

7 (A — 1 (A)]ls, — O, (C.0.36)
[Je™ /2 (. (An)2) — (A",
= || (A%)Q — T (AN |5, — 0. (C.0.37)

By the closedness of the operator Je 2+/2 we have m,(A)Q € Z(e~%/2) and
Je b2 (n, (A)Q,) = 7. (A")Q,, (C.0.38)
which proves (4.2.6)). O

Remark C.0.6. In our case, we can also define entire analytic elements for U(t)
in S in a similar way: An element k € Sy is entire analytic for U(t) if, for all
o € 8y, the function z — (0,U(2)K)s, is analytic on C.

Furthermore, we can define entire analytic elements for U(t) equivalently
using its generator L,: An element x € Sy is entire analytic if k € P(L}) for
all n € N and, for all ¢ > 0, the series

t?’L
Z —LzAlls, < oo (C.0.39)

nO

Hence, k € Z(e*t) for all z € C if kK € Sy is entire analytic for U(t). For
a proof of the equivalence of the above two definitions for entire analytic
elements, see [13], p.178-179.

Remark C.0.7. In fact, the state w, is a KMS-state w.r.t. the automorphism
group «y, i.e., w, is invariant under a; and, for each A, B € B, the function
Fup(z) == wi(a,(A)B) is analytic on the strip Z := {z € C | 0 < Im(z) < 1}
and continuous on Z such that

Fup(t) = wi(aw(A)B), Fup(t+1) = w.(Ba(A)). (C.0.40)
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In other words, w, is an equilibrium state of .

Remark C.0.8. Formally, by regarding e*?*! as an element in B, we can write
U(t) = m (e H)ml (e (C.0.41)

or, equivalently,
L, =m.(H,) —7.(H,) (C.0.42)

by extending the representations m, and 7, to those unbounded operators
affiliated to B.



Bibliography

[1] S.  Albeverio and R. Hgegh-Krohn. “Dirichlet forms and Markov
semigroups on C*-algebras,” Commun. Math. Phys. 56, 173-187 (1977).

2] R. Alicki. “On the detailed balance condition for non-Hamiltonian
systems,” Reports on Mathematical Physics. 10, 249-258 (1976).

B8] G.S.  Agarwal, “Open Quantum Markovian Systems and the
Microreversibility,” Z. Physik 258, 409-422 (1973).

[4] V. Bach, J. Frohlich, I. M. Sigal. “Return to equilibrium,” J. Math. Phys.
Vol 41, 6 (2000).

[5] 1. Bardet, A. Capel, L. Gao, A. Lucia, D. Pérez-Garcia and C. Rouzé,
“Entropy decay for Davies semigroups of a one dimensional quantum
lattice,” arXiv:2112.00601 (2021).

6] C. J. K. Batty, T. Duyckaerts. “Non-uniform stability for bounded
semigroups on Banach spaces,” J. Evol. Eq. 8, 765-780 (2008).

[7] A.  Barchielli and M.  Gregoratti. “Quantum Trajectories and
Measurements in Continuous Time,” Lecture Notes in Physics, Springer
Berlin, Heidelberg, 1st edition.

[8] I. Bardet. “Estimating the decoherence time using non-commutative
functional inequalities,” arXiv:1710.01039 (2017).

[9] B. Baumgartner and H. Narnhofer. “Analysis of quantum semigroups with
GKS-Lindblad generators. I: Simple generators,” J. Phys. A, Math. Theor.
41, No. 6 (2008).

[10] B. Baumgartner and H. Narnhofer. “Analysis of quantum semigroups with
GKS-Lindblad generators. II: general,” J. Phys. A, Math. Theor., 41, No.
39 (2008).

[11] S. J. Beernau. “The spectral theorem for unbounded normal operators,”
Pacific journal of mathematics. Vol 19, 3 (1966).

61



BIBLIOGRAPHY 62

[12] O. Bratteli and D. W. Robinson. Unbounded derivations of von Neumann
algebras. Annales de I'l. H. P.; section A, tome 25, n°® 2, 139-164 (1976).

[13] O. Bratteli and D. W. Robinson. Operator Algebras and Quantum
Statistical Mechanics 1. (Springer Berlin, Heidelberg, 2002).

[14] O. Bratteli and D. W. Robinson. Operator Algebras and Quantum
Statistical Mechanics 2. (Springer Berlin, Heidelberg, 2002).

[15] E. A. Carlen and J. Maas. “Gradient flow and entropy inequality for
quantum Markov semigroup with detailed balance,” J. Funct. Anal. Vol
273, 5 1810-1869 (2017).

[16] E. A. Carlen and J. Maas. “Non-commutative calculus, optimal transport
and functional inequalities in dissipative quantum systems,” J. Stat. Phys.

178, 319-378 (2020).

[17] E. Chen. “Master equations in quantum stochastic processes,” J. Math.
Phys. 16, 20572061 (1975).

[18] C.-F. Chen and F. G. S. L. Brandao. “Fast thermalization from the
eigenstate thermalization hypothesis,” arxiv/2112.07646 (2023).

[19] C.-F. Chen, M. J. Kastoryano, F.G.S. L. Brandao and A. Gilyén.
“Quantum thermal state preparation,” arXiv/2303.18224 (2023).

[20] M. D. Choi. “A Schwarz inequality for positive linear maps on C*-
algebra,” Illinois Journal of Mathematics. Vol 18, 4, 565-574 (1976).

[21] F. Cipriani. “Dirichlet forms and Markovian semigroups on standard
forms of von Neumann algebras,” J. Funct. Anal. 147, 259-300 (1997).

[22] T. S. Cubitt. “Dissipative ground state preparation and the dissipative
quantum eigensolver,” arXiv/2303.11962 (2023).

23] E. B. Davies. “Quantum stochastic processes,” Commun. math. Phys. 15,
277-304 (1969).

[24] E. B. Davies. “Markovian master equation,” Commun. math. Phys. 39,
91-110 (1974).

[25] E. B. Davies. “Markovian master equation, II,” Math. Ann. 219, 147-158
(1976).

[26] E. B. Davies. “Markovian master equations. III,” Ann. Inst. Henri
Poincaré, Vol. XI, n° 3, 265-273 (1975).



BIBLIOGRAPHY 63

[27] E. B. Davies. Quantum Theory of Open Systems (Academic Press, 1976).

28] E. B. Davies. “Quantum dynamic semigroups and the neutron diffusion
equation,” Rep. Math. Phys. Vol 11, 2: 169-188 (1976).

[29] E. B. Davies. “Nonunitary scattering and capture. II. Quantum
dynamical semigroup theory,” Ann. Inst. H. Poincaré Sect. A (N.S.),
32(4):361-375 (1980).

[30] E. B. Davies. Linear Operators and Their Spectra (Cambridge University
Press, 2007).

[31] E. B. Davies and J. Martin Lindsay. “Non-commutative symmetric
Markov semigroups,” Math. Z. 210, 379-411 (1992).

[32] Z. Ding, C.-F. Chen and L. Lin. “Single-ancilla ground state preparation
via Lindbladians,” arXiv:2308.15676 [quant-ph] (2023).

[33] L. Didsi and W. T. Strunz. “The non-Markovian stochastic Schrijdinger
equation for open systems,” Physics Letters A 235, 569-573 (1997).

[34] D. E. Evans. “Irreducible quantum dynamical semigroups,” Preprint
ISBN 82-533-0288-3, University of Oslo, No. 15 (1976).

[35] F. Fagnola, R. Rebolledo. Notes on the qualitative behaviour of quantum
Markov semigroups. in Open quantum systems III. Recent developments.
Lecture Notes in Mathematics 1882, 161-205 (2006).

[36] M. Falconi, J. Faupin, J. Frohlich and B. Schubnel. “Scattering theory
for Lindblad master equations,” Comm. Math. Phys., 350(3): 1185-1218
(2017).

[37] J. Faupin, J. Frohlich. “Asymptotic completeness in dissipative scattering
theory,” Adv. Math., 340: 300-362 (2018).

[38] A. Frigerio. “Quantum dynamical semigroups and approach to
equilibrium,” Lett. Math. Phys. 2, 79-87 (1977).

[39] A. Frigerio, V. Gorini. “Markov dilations and quantum detailed balance,”
Commun. math. Phys. 93, 517-532 (1984).

[40] A. Frigerio, V. Gorini, A. Kossakowski and M. Verri. “Quantum detailed
balance and KMS condition,” Commun. Math. Phys. 57, 97-110 (1977).

[41] S.  Goldstein and J. Martin Lindsay. “KMS-symmetric Markov
semigroups,” Math. Z. 219, 591-608 (1995).



BIBLIOGRAPHY 64

[42] V. Gorini, A. Kossakowski and E. C. G. Sudarshan. “Completely positive
dynamical semigroups of N-level systems,” J. Math. Phys. 17(5) (1976).

[43] S. Gustafson, I.M. Sigal. Mathematical Concepts of Quantum Mechanics
(3rd edition Springer-Verlag, 2020).

[44] R. Haag. Local Quantum Physics: Fields, Particles, Algebras (2nd edition.
Springer-Verlag, 1996).

[45] F. Haake. Statistical Treatment of Open Systems by Generalized Master
FEquations (Springer Tracts in Modern Physics (STMP) vol 66, 1973).

[46] E. Hille, R. S. Phillips. Functional Analysis and Semigroups (AMS,
Colloquium Publications. Vol 31, 1957).

[47) A. S. Holevo. “On dissipative stochastic equations in a Hilbert space,”
Probab. Theory Relat. Fields. 104, 483-500 (1996).

[48] V. Jaksi¢ and C. Pillet. “From resonance to master equations,” Annales
de I'l. H. P., section A, tome 67, no 4, 425-445 (1997).

[49] M. Kastoryano and F. Brandao. “Quantum Gibbs samplers: The
commuting case,” Commun. Math. Phys. Vol 344, 915-957 (2016).

[50] T. Kato. Perturbation Theory for Linear Operators (Springer-Verlag
Berlin, Heidelberg, New York, 1976).

[51] K. Kraus, States, Effects, and Operations: Fundamental Notions of
Quantum Theory (Lecture notes in physics. NewYork: Springer, 1983).

[52] K. Kraus. “General state changes in quantum theory,” Annals of Physics.
Vol 64, 2, 311-335 (1971).

[53] R.S. Ingarden and A. Kossakowski. “On the connection of nonequilibrium
information theormodynamics with non-Hamiltonian quantum mechanics
of open systems,” Ann. Physics. 89, 451-485 (1975).

[54] A. Kossakowski. “On necessary and sufficient conditions for a generator of
a quantum dynamical semigroup,” Bull. Acad. Polon. Sci. Sér. Sci. Math.
Astronom. Phys. 20, 1021-1025 (1972).

[55] G. Lindblad. “Expectations and entropy inequalities for finite quantum
systems,” Commun. Math. Phys. 39, 111-119 (1974).

[56] G. Lindbald. “Completely positive maps and entropy inequalities,”
Commun. math. Phys. 40(2), 147-151 (1975).



BIBLIOGRAPHY 65

[57] G. Lindblad. “On the generators of quantum dynamical semigroups,”
Comm. Math. Phys. 48(2), 119-130 (1976).

[58] M. Mittnenzweig and A. Mielke. “An entropic gradient structure for
Lindblad equations and couplings of quantum systems to macroscopic
models,” J. Stat. Phys. 167, 205-233 (2017).

[59] C. M. Mora. “Regularity of solutions to quantum master equations: A
stochastic approach,” Ann. Probab. 41(3B): 1978-2012 (2013).

[60] M. Ramezani, F. Benatti, R. Floreanini, S. Marcantoni, M. Golshani
and A. T. Rezakhani. “Quantum detailed balance conditions and
fluctuation relations for thermalizing quantum dynamic,” Phys. Rev. E
98, 052104 (2018).

[61] D. W. Robinson. “Return to equilibrium,” Commun. Math. Phys. 31,
171-189 (1973).

[62] B. Simons. Operator theory: A comprehensive course in analysis, part 4.

AMS, Providence, Rhode Island.

[63] O. Shtanko and R. Movassagh. “Preparing thermal states on noiseless and
noisy programmable quantum processors,” arXiv/2112.14688 (2023).

[64] H. Spohn. “An algebraic condition for the approach to equilibrium of an
open N-level system,” Lett. Math. Phys. 2, 33-38 (1977).

[65] H. Spohn. “Entropy production for quantum dynamical semigroups,” J.
Math. Phys. 19, 1227-1230 (1987).

[66] W. F. Stinespring. “Positive functions on C*-algebras,” Proc. A. M. S.
Vol 6, 2, 211-216 (1955).

[67) Y. Tanimura. “Stochastic Liouville, Langevin, Fokker—Planck, and
master equation approaches to quantum dissipative systems,” J. Phys. Soc.
Jpn. Vol 75, No. 8, (2006).

[68] K. Temme, M. J. Kastoryano, M. B. Ruskai, M. M. Wolf and
F. Verstracte. “The y?-divergence and mixing times of quantum Markov
processes,” J. Math. Phys. Vol 51, 12 (2010).

[69] K. Temme, T. J. Osborne, K. G. Vollbrecht, D. Poulin and F. Verstraete.
“Quantum Metropolis sampling,” Nature, 471(7336), 87-90 (2011).

[70] N. G. van Kampen. “Master equations with canonical invariance,” Rep.
Math. Phys. 2(3), 199-209, (1971),



BIBLIOGRAPHY 66

[71] M.-H. Yung and A. Aspuru-Guzik. “A quantum—quantum Metropolis
algorithm,” Proc. Natl. Acad. Sci. U.S.A. 109(3), 754-759 (2012).



	Introduction
	Von Neumann-Lindblad equation
	Remarks on related works
	Organization of the thesis

	Problem and set-up
	States and observables
	von Neumann-Lindblad and Heisenberg-Lindblad operators
	Quantum detailed balance condition
	Spaces

	Main results
	The Heisenberg-Lindblad (HL) equation
	The vNL equation

	Proofs of main results
	Lindblad operator G': Proof of Theorem 3.1.2
	Proof of Theorem 3.1.3
	Commutativity of L0' and G'
	Consequence of G' being a *-map
	Consequence of Condition (QDB)

	Proof of Theorem 3.1.3
	Proof of Theorem 3.1.4
	Uniqueness of stationary state
	Proof of Theorem 3.1.5
	Proof of Theorem 3.2.2

	Remarks and extensions
	Proofs of existence theorems
	Dual Lindblad operator G'
	Proof of Theorem 2.2.1
	Proof of Theorem 3.1.1
	Proof of Theorem 3.2.1

	Spectra of G and G'
	GNS representation of (B,*)

