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Abstract

The directed landscape £ introduced by Dauvergne, Ortmann, and Virdg in 2018 in their ground-
breaking paper [9] has rapidly become a central object of study in modern probability theory. It
is believed by many that this random directed metric is possibly the universal scaling limit of the
random growth models in the KPZ universality class. It was proven by Dauvergne, Nica, and Virdg
in 2021 in [11] that the directed landscape is, among other things, the scaling limit of at least six
different models of last passage percolation in the uniform on compact topology. This universality of
L as a scaling limit, as well as its ties to other random growth models, makes understanding anything
about its fractal structure and geometry of significant interest in the wider long-term endeavour to

fully understand the structure of the KPZ universality class.

In this thesis, we prove several results about the fractal structure of the level sets of £(0,0;,")
as a function on R x R+, which translate quite easily into very similar statements about the corre-
sponding level sets of £ on its domain. We first prove that the h—level sets of rescaled Exponential
last passage percolation starting at (0,0) converge in the Hausdorff metric induced by the Euclidean
norm to the h—level set of £(0,0;-,-) on any convex compact set K C R x Rso We then prove that
the Hausdorff dimension of the h—level set of £(0,0;-,-) is at most % almost surely for all h € R. We
conclude this thesis by developing a strategy to systematically find lower bounds on the Hausdorff
dimension of random h—level sets of stochastic processes indexed by R? that hold with a positive
h—dependent probability py,. We apply this strategy to £(0,0;-,-) to establish that the h— level set
of £(0,0;-,-) has Hausdorff dimension at least % with a positive h—dependent probability. In the

process of doing so, we also construct a partial-two point bound for £(0,0;-, ).

This thesis is based on several projects of joint work conducted with Virginia Pedreira under the

supervision of Bélint Virag.
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Chapter 1

Preliminary Material

1.1 Introduction and Motivation

The Central Limit Theorem is arguably the single most important and impactful theorem in the
history of mathematics. Its ability to describe mass amounts of physical phenomena in the natural
world using the normal distribution has played an irreplaceable role in shaping centuries of scientific
and statistical research, and continues to do so to this day. It would not be hyperbole to state the
world would not be the same today without the immense utility that this theorem has provided in
every single domain with a notion of empirical evidence. The universality of this theorem, i.e. that
under light assumptions it does not depend on the specific underlying probability distributions being
studied, is essential in explaining its reach and its power. However, despite its vast reaches, there
are still many physical and mathematical phenomena that do not fall into the domain of the Central
Limit Theorem. Due to the profound impact that this theorem has had, finding other examples of
this sort of universal limiting behaviour in such contexts has been a longstanding topic of interest

within probability theory.

Several other examples of this sort of universal behaviour for different classes of random objects
and phenomena have been found throughout history, but one that has been of particular interest
over the past 40 years has been the so-called KPZ universality class. In their groundbreak-
ing paper [17] in 1986, Kardar, Parisi, and Zhang introduced the now famous eponymous KPZ
equation

oM = vd2H — N (8,H)” + VDE.

In this stochastic partial differential equation, v, A, and D are physical constants, £ = £(z,t) is
spacetime white noise, and H(x, t) is interpreted as the height of a randomly growing interface H at
the spatial coordinate x at a point ¢ in time. Corwin provides an excellent survey on the rich history
of this stochastic partial differential equation in both physics and mathematics in [6]. A similarly
comprehensive survey is provided by Quastel in [19]. Much can be and has been said about the KPZ

equation, but in the context of this thesis, two aspects of this equation stand out in particular.

The first was that under modest hypotheses, the random growth models which solve the KPZ

equation should be stable under changes to parameters of these models, such as the underlying
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probability distributions or local rules and behaviours. The second and arguably most recognizable
aspect is the so-called KPZ scaling, often also known as the 1-2-3 scaling. Roughly speaking,
on a window of spacetime with space proportional to o3 and time proportional to ¢ that the fluc-
tuations of this random height function about its mean will be proportional to o3. Despite proofs
of most claims about random growth models that fall into this universe remaining elusive, it is the
widespread occurrence of this scaling in randomly growing interfaces within physics and mathemat-
ics that leads to the belief in this universality. It is precisely the elusiveness of the global structure
of the KPZ universality class which had made the directed landscape, introduced by Dauvergne,
Ortmann, and Virdg in [9], of such immediate and profound interest within the probability commu-

nity upon its discovery. The relationship between the directed will be expanded upon in section 1.4.

The potentially foundational role that the directed landscape will play in this unravelling the long-
standing mysteries of the random growth models in this universe makes understanding its structure
and geometric properties of significant interest within the probability community at large. Given
the high degrees of self-similarity and symmetries of the directed landscape, investigating its frac-
tal structure is a very natural avenue of research. Similar questions have been asked by Ganguly
and Zhang in [13], (though their techniques unfortunately do not extend to this context in partic-

ular), Basu and Bhatia in [2], Bhatia independently in [4], and Bates, Ganguly, and Hammond in [3].

We will specifically be investigating the level sets of the directed landscape, sometimes restricted
to convex and compact sets, in this thesis. A summary of our findings is presented at the end of
this chapter in section 1.7. Will now introduce some preliminary background information needed to
understand these results. This thesis is relatively self-contained and should be accessible to most

readers who have taken a full year of graduate level measure-theoretic probability theory.

1.2 The Parabolic Airy Line Ensemble

We begin our preliminary material by providing an expedited introduction to a particular line
ensemble of continuous functions from R to R known as the parabolic Airy line ensemble.
Just as understanding the normal distribution is key to understanding Brownian motion, a baseline
level familiarity with the parabolic Airy line ensemble is key to understanding the random objects
which will be working with in this thesis. In much the same way that one may intuitively think
of a Brownian motion as being an infinite number of normal random variables glued together in a
particularly nice way, one may also in a sense think of the directed landscape, the central random
object upon which we will focus, as being composed of an infinite number of copies of the top line of
the parabolic Airy line ensemble glued together in a particularly nice way. We borrow our definition

in this thesis from the exposition in [10].

Definition 1.2.1. The parabolic Airy line ensemble is a collection of functions 2 = (4;);°; in

C(R,R) such that for all i € Z, 2; > A;41, and the process

(Qll(r) + 7“2)

reR
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is the unique determinantal process with kernel K given by

Jo T e AT A + A) Aiy + A)dA, if s >t

K(@9):(w.0) =37 | , , _
— [T e M Ai( + N Ai(y + N)dA, if s <t

where Ai is the Airy function.

The process (Qli(r) + rz)reR is stationary and is referred to as the Airy line ensemble. For the
sake of brevity, we will not go into further detail in this thesis, but a more thorough introduction to
determinantal processes can be found in [14]. In the universe that we are working in, the full line
ensemble 2, or at least large subsets of 2, are often all used at once. However, in the work contained

in this thesis, we will only ever be working with 2(;, the top line of the parabolic Airy line ensemble.

It is also important to mention that the distribution of 2;(r) 4+ r2 for any fixed r € R is well-
understood. In particular, the distribution of 2;(r) + 72 is what is known as the Tracy-Widoms,
distribution, denoted TWs. Much can be said about this distribution and its importance in the
context of the KPZ universality class, but we will include only the information strictly necessary to
understand this thesis. To that end, the most important facts that we will use about this distribu-
tion is that it has a bounded density with respect to the Lebesgue measure on R and that it has
strong upper and lower tail bounds. However, as we will never directly use the precise formula for
this density or the tail bounds of this distribution, we do not include them here for brevity. A more

thorough discussion about these ideas can be found in [15].

In 2013, Corwin and Hammond developed a technique called the Brownian Gibbs property
for working with the law of 2f and comparing it to the law of a collection of non-intersecting Brow-
nian bridges. A full exposition can be found in [7], but by thinking of the line ensemble 2 as a

function

A:Z-9gxR =R
(i,’f‘) = QIZ(T)

the Brownian Gibbs property can essentially be thought of as saying that for any compact set
K = {i17i27--~77;n} X [avb} g Z>0 X Rv

if we condition on the values of 2 on K¢, then the law of 2 restricted to K is absolutely continuous
with respect to the law of n non-intersecting Brownian bridges

B, > B;, >---> B,
with diffusion parameter 2 from (a,;, (a)) to (b,;, (b)) for each k € {1,2,...,n}. Although the
Brownian Gibbs property was originally introduced by Corwin and Hammond, in this thesis we opt

to use a version of this absolute continuity statement proven by Dauvergne in 2023 in [8] which has

stronger bounds on the Radon-Nikodym derivative than in the original version of the result.
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The following absolute continuity result from Theorem 1.8 of [8] will be at the core of our own
absolute continuity lemmas that we prove in sections 5.1 and 6.1. We do not need the full power of
Dauvergne’s theorem, however, so we will only state a weaker version of it here, which is outlined in
Example 1.7 of the same paper. We also note that although Dauvergne states the original version of
this result for an interval of the form [0, 7], the same result holds on a general interval [ag, ag + T

for any ag € R due to the shift invariance of the parabolic Airy line ensemble.

Theorem 1.2.2 (Dauvergne, Example 1.7 in [8]). For any ap € R and Ty > 1, there exists an

absolute constant ¢ > 0 such that

L <DL
aw <(911(7‘))T€[a07a0+T0]> < e Law <(21(7‘))T€[a07a0+%]>

where we may decompose the stochastic process (21 (r)) as
ré&lag,a+To)

(Sl(T))TE[ao,ao-i-To} 4 (L(r) + B(T))TE[GMOJFTO]

with B a diffusion parameter two Brownian bridge on [ag, ag+Tp] from 0 to 0 and L an affine linear

function which is independent of B satisfying
d d
L(ag) = £1(ao) and L(ag + Tp) = £1(ao + To).

Moreover, there exist To—dependent (and ag—independent) constants di,ds > 0 such that for all
m > 0, we have that

4 3 5
P(L(ao) V L(ag + Tp) > m) < exp (—3m2 + d1m4) (1.2.1)
IP’(L(aO) A L(ag + Tp) < fm) < 2exp (—dom?) (1.2.2)
]P’(|L(a0) — L(ap + To)| > m) < exp —im2 - gm% +dym7 ). (1.2.3)
= AT, 3

Due to the fact that the bound on the Radon-Nikodym derivative above grows exponentially as
Ty — 00, Theorem 1.2.2 is not well suited for dealing with 2(; on arbitrarily long intervals [ag, ag+Tp].
However, it is often that case that when working with 2(; on extremely long intervals, we are actually
only interested in understanding 2(; on a very specific and finite collection of subintervals within
that singular extremely large interval [ag, agTp]. In this situation where the values of 2 (r) are of
no concern for the vast majority of the points r € [ag, ag + Tp], Dauvergne extends Theorem 1.8 and
provides a stronger version which is capable of handling the distribution of 2l; on a finite disjoint
union of closed intervals. As before, we will not need the full power of Dauvergne’s work, so we only

present a simpler version of that theorem here.

Theorem 1.2.3 (Dauvergne, Theorem 3.8 in [8]). Fiz Ty > 1 and a = (a1,a2) € R? such that

ar +To < az. Then there exists an absolute constant ¢ > 0 and a random process (L¥(r)),cp such
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that

3
Law ((ml(r))re[abal‘f‘ﬂ)] ) (ml (T))T’E[G%‘l?"‘TO]) < e’ Law <(£?(r))r€[a1,a1+T0] ) (2?(T))r6[a2,a2+To]) ’

Moreover, for each j € {1,2} we can write

a 4 , ,
(50D oy = (B + L50)
where Bj is a diffusion parameter 2 Brownian bridge from 0 to 0 on [aj, a; + Ty, By is independent

of Ba, (B1, Bs) is independent of (L1, La), we have the decomposition in law

d <(“j + 1) — _ (1.2.4)

r r a;
L = Ea . ]ga . T
L) I #(a;) + T2 L8 (a; + o)

TO 0 >T€[aj,aj+T0]
and for some Ty—dependent constants c1,co > 0 we have that for all m > 0,
IP’(ILj(aj) +d?| > m) - P(\S(aj) L > m) P—

2

P(|L,»(aj +Ty) + (aj + Tp)?| > m) - P(\s(aj +Ty) + (aj + To)?| > m) <™ (1.2.5)

Though this is at its core only a minor adjustment to the exact phrasing used by Dauvergne, this
does vary slightly from his original presnetation of this result. For the sake of completeness, we now
take a moment to elaborate a bit more on how exactly this follows from the original statement of
Dauvergne’s Theorem 3.8. In Dauvergne’s original, fully generalized version of this theorem, what

we first have is that under these same hypotheses,

Law ((9(1 (T))re[al,az-i-To]) < BCTg Law ((2? (T))re[al,ag-i-TO})

where the stochastic process £¢ has the property that
Law (250, efar aprm)) = Law (BO) + L0, cpu, animy)) -

The stochastic process (L(r)) is the random line segment on [a,as + Tp] such that
r€lar,a2+To]

L(al) = 2‘17'(a1) and L(as +Tp) = 2?(&2 + To)

which characterizes it uniquely almost surely. The stochastic process (B (r)) is defined
r€lar,az+To)

by the property (among others) that

(B(r))re[al,ar‘rTo]

is a diffusion parameter 2 Brownian bridge from (al, 0) to <a1 + To, L(ag + TO)), and that

(B(T))TE[W’GHTO]
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is a diffusion parameter 2 Brownian bridge from (ag, L(a2)> to (ag + 1o, 0). Based on this, we are
able to then write that

(B(T)>r€[a1—To,a1+To] < (Bl<r) + El(r)>r€[ahal+T0]

where Bj is a diffusion parameter 2 Brownian bridge from (a1, 0) to (a1 +7p,0) and ¢; is the random

affine function such that
él(al) =0 and 51(0,1 + To) = L(a1 + To).

Similarly, we can also write that

(B<T))re[a2—To,a2+To] 4 (32(7“) + fz(?“))re[w’aﬁﬂ)]

where Bj is a diffusion parameter 2 Brownian bridge from (az,0) to (a2 +7p,0) and o is the random

affine function such that
Kg(ag) = L(ag) and 62((12 + To) =0.

In this setup, B; and By are both independent of all other terms that we have extracted from £¢.

Putting all of these observations together, we then obtain that

Law < (211 (7‘)) relor.ontTa] (9(1 (T)> re[a27a2+To])

r la1,a1 +To] (2‘11(7“)) rE[az,a2+To]>

((sx0
T8 Law ( )+ () (Bar) + L) + £a(1)
(s

3
< Mo Law

r€lar,a1+To) TE[a2>a2+To})

(Be(r) + La(r))

—: ¢“T0 Law )+ L ( ))
€l

re€lay,a1+7o] TG[az,a2+Tg])

We also note that it is the equality of laws

Law ( (glll(r)) r€la1,a1+To]’ (Elll (7“)) 7'€[a2,a2+To])

— Law ((Bl(r) Y L)+ 61(7“)) , (Bg(r) Y L)+ zz(r))

ré&lai,a1+To] Te[a2,a2+To]>

and the fact that By (a; + Ty) = Ba(az) = 0, which implies that
Li(ar +Tp) £ £%(a; +Ty)  and  Lo(ag) < £%(as)

in Theorem 1.2.3. The tail bounds in equation (1.2.5) follow from applying the same general tech-

niques used by Dauvergne in [8] to find tail bounds for the process introduced in Theorem 1.8.
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1.3 Last Passage Percolation

The first and most fundamental definition that we will introduce in this section is the notion of
a directed metric. This will essentially be a metric where we relax the requirement that it be

non-negative, and allow it to take on at most one of co and —oo in addition to real values.

Definition 1.3.1. A directed metric of positive sign on a set S is a function d : $? — RU {oo}
such that

d(p,p) =0 forallpe S
d(p,q) +d(q,r) > d(p,r)  forallp,g,reSs.

A function d : S? — R U {—oc} is called a directed metric of negative sign on S if —d is a

directed metric of positive sign on S.

While there is no shortage of examples of directed metrics of negative or positive sign (including all
true metrics for instance), the directed metrics of negative sign that we will be most interested in

will arise in the random growth model called last passage percolation.

Definition 1.3.2. Let G = (V, E) be the directed graph defined by V := Z-( X Z( and

E= {<(x1’y1)’ (xQ’yZ)) D (@2,y2) = (21 + Lya) or (w2,92) = (#1,51 + 1)} .

For each v € V place an i.i.d. random weight W,, on the vertex v. Letting P be the set of paths in
G, i.e. the up-right paths on the lattice V', define the random directed metric of negative sign dypp

on the directed graph G by

drpp(p,q) :=sup {Z Wy:mr=mmy...m, € P,m = p, and 7, = q} (1.3.1)

vem

for all p,q € V. The last passage value from p to ¢ is defined as the value dpp(p,q).

Several other variations of this definition also exist, but for our purposes we will only consider Expo-
nential last passage values (i.e. where the weights are i.i.d. Exponential random variables), with the
knowledge that switching between different models has no impact whatsoever on any result in this
thesis. Exponential last passage values can also be extended to all points in R? via standard quan-
tization methods. The primary reason for introducing last passage percolation, aside from having
a concrete example of a random growth model in hand, is that it belongs to the KPZ universality

class. An explanation of this membership can be found in [10].
In fact, in this same paper, Dauvergne, Nica, and Virdg proved that this model of last passage
percolation and several others have an extremely important scaling limit in the uniform on compact

topology on C' (R%,R), where the set R‘Tl is defined as

R} := {(:c,s;y,t) eR* : s< t}.
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Wi,6)|Wiz,6)|W(a,6) | W(a,6) | W(s,6) | We.6)

Wi,5) | Wiz,5)|W(a,5) | W(a,5) | Wis,5) | Wie.s5)

W1,2) | W(z,4) |W(s,2) | W(a,4) | W(5,2) | W(e,a)

W,3) | W(z,3) | W(s,3) | W(a,3) | W(s,3) | W(e,s)

W,2) | W(z,2) | W(s,2) | W(a,2) | W(s,2) | Wie,2)

W,1) | Wiz,1) |Wis,1) | Wia,1) |Wis,1) | Wee,1)

Figure 1.1: A visual representation of a path in a last passage percolation model. Here we are
identifying squares in the grid with points in the lattice V' = Z~q X Z~(. Paths in this graph are
just up-right paths on the grid, and the last passage value gives us the maximal weight of a path
between two points. We are indicating the path 7 of maximal weight from (1, 1) to (6,6) with blue
squares. This optimal path 7 will be an up-right path-valued random variable in general.

This scaling limit of these various last passage percolation models is a random directed metric of
negative sign, which appears to be intimately related to the KPZ universality class as a whole.
This random directed metric of negative sign is called the directed landscape, denoted L, and
was originally introduced by Dauvergne, Ortmann, and Virdg in their groundbreaking paper [9] in
2018. The original definition of the directed landscape is independent of its characterization as the
uniform on compact limit of lass passage percolation, but requires a modest amount of overhead and
terminology to state. In the interest of maximizing readability, we will use Dauvergne, Nica, and
Viradg’s characterization of £ as a limit as our definition in this thesis, and introduce its defining

properties afterwards as propositions.

We will introduce this limit theorem in the following section. We also note however that due
to the immense generality of the full version of this result, we will again limit our scope to a single
demonstrative example in the case of Exponential last passage percolation. We will also remove a
degree of choice in the original system by fixing a value of one of the original theorem’s parameters
p. As before, this choice is done simply to maximize readability and has no influence at all on the

results which build upon this theorem.

1.4 The Directed Landscape

In this section, we will briefly introduce the definition of the directed landscape, as well as the
most relevant propositions and theorems related to it for the results in this thesis. Much, much more
than this can be said, however, due to the importance of this random object within the context of
trying to understand the KPZ universality class. It is the belief of Virdag and numerous others
working in this domain that the directed landscape is either the central limiting random object in
this class, or at the very least, a very large component of this elusive limiting random object. A much

fuller and richer discussion about the directed landscape and its origins can be read in [9], as well as
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in [11] where Dauvergne, Nica, and Virag explicitly prove the universality of the directed landscape
for several well-known random growth models in the KPZ class. We will provide a significantly
simplified and lightly rephrased version of that result in the case of last passage percolation, and
take it to be our definition of the directed landscape. After this, we will introduce its most relevant

properties for this thesis.

Theorem 1.4.1 (Dauvergne, Nica, and Virdg, Theorem 1.7 in [11]). For any (p,q) € R‘Tl, let
drpp(p,q) be the Exponential last passage value from p to q, and define four positive constants

a, B,x, and T by

INE

a:=8, B:=2  y:=2i, and 7T:=2%. (1.4.1)

There exists a random directed metric of negative sign L € C’(R%,R), independent of the choice of
a, B,x, and T with the following property: For any sequence o — oo, there is a coupling of L and

identically distributed copies d, of dppp such that
dy (0, 0; yo’r + to?, —tos) — L£(0,0;y,t)

uniformly in (y,t) as o — 0o on any compact K C R xRsg, as functions in C(K,R), almost surely.

We have kept the notation used in Theorem 1.4.1 unchanged to ease the transition between our
formulation and the original theorem in [10], but going forward we will make several notational
changes to remove ambiguity in the context of this thesis. Namely, we will use the sequence (n)%2 ;

instead of an arbitrary sequence o which goes to oo, and will refer to the identically distributed

fagh}

n=1

copies of dppp by

This notation and this theorem will only be relevant in Chapter 2, but similar-looking notation
will be used throughout our other work, so we choose to remove any ambiguity here as a matter of

prudence. With this theorem now clearly stated, we can introduce the following definition.

Definition 1.4.2. The directed landscape is defined to be the random directed metric of negative
sign £ € C(]R%, R) in Theorem 1.4.1.

It was proven via an equivalent definition in [9] that £ exists and is unique almost surely. However,
because this is not the original definition of the directed landscape, we will state the properties that

uniquely characterize it in its original definition as a proposition here.
Proposition 1.4.3. The directed landscape L satisfies the following three properties.

e (Metric composition law): Almost surely, for any (x,s;y,t) € R% and any s < r <t we

always have that

L(z,s;y,t) = Igléiﬂé( (E(x, s;2,1) + L(z,7; y,t)).

n

e (Independent temporal increments): For any collection of disjoint time intervals {(s;,t;)};_q ,

the random functions in the collection
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are all mutually independent.

e (Parabolic Airy marginals): For any fixed time interval [s,t] with s < t, the random
function in C(R% R) given by
(2,y) = L(z,5;9,1)

is equal in distribution to the function

(2.9) = (t— )52 ((t—5) 3@ —y)).

We note here that this third property is a slightly weaker version of the actual statement in [9]. We
choose to omit that stronger property for the sake of brevity. The weaker version that we present

here will be sufficient for our purposes throughout this thesis.
The second proposition that we will make extensive use of is the fact that the directed landscape

has a considerable number of symmetries, giving it its robust fractal structure.

Proposition 1.4.4. As functions in C (R%,R) we have the following equalities in distribution for
any (z,t;y,t + 8) GR%, r,c € R and any q > 0:

e (Spatial stationarity): L(z,t; y,t + s) 4 L(x,t+7r; y,t+s+r)
e (Temporal stationarity): L(x,t; y,t + s) £ L(x+ct; y+et+s)

(Flip symmetry): L(x,t; y,t+ s) 4 L(-y,—s—t; —x,—t)

(z—y—sc)®—(a—y)*)

(Skew stationarity): L(x,t; y,t+ s) 4 L(x+ ct,t; y+ct+ se,t+8) + (

(KPZ rescaling): L(x,t;y,t+ s) <r (a7 %2, q73; ¢ 2y, ¢ 3(t + 5))

Another extremely useful property of the directed landscape is that it satisfies a very strong mod-
ulus of continuity on compact subsets of R%. The existence of this modulus of continuity, as well
as the very strong tail bound on the random constant appearing within it, will be instrumental in
establishing an upper bound on the Hausdorff dimension of the level sets of the directed landscape
(intersected with any compact set). However, as we will only use this modulus of continuity Chapter
3 and its statement is quite technical, we defer stating it until it is about to be used, in order to
once again maximize readability later on. For the sake of completeness, the modulus of continuity

is given as Theorem 3.0.2.

Noting that the convergence in Theorem 1.4.1 is limited to the uniform on compact topology, this
suggests that it is quite natural to restrict our attention to the behaviour of the directed landscape
on compact subsets K C Rf‘r. Moreover, as a consequence of the temporal and spatial stationarity of
L we also see that

L(z,s;y,t) 4 L£(0,0;y —x,t —s)

for any (z,s;y,t) € R%. In this sense, it is actually more natural to think of £ as really being a

two-parameter function of the two increments y —z and ¢t — s, where y —x can be arbitrary and ¢t — s
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(y.t)

t
L(-, ;1)
S A *
Z Z
L(-7;-,8)
r

(x,7)

Figure 1.2: A visual representation of the metric composition law of £, borrowed from [9]. £
induces a notion of directed geodesics on R‘Tl7 and the value of L(x,r;y,t) is the length of a
directed geodesic under £ from (z,7) to (y,t). Given a fixed intermediate point (z, s), concatenating
the geodesics under £ from (z,r) to (z,s) and from (z,s) to (y,t) yields a candidate path for the
directed geodesic from (x,r) to (y,t). Maximizing the values of £ on these two concatenated paths
over all choices of z for a fixed s yields the optimal path, which passes through (z*,s). It is worth
mentioning that this supremal value is always achieved at some z* € R, making it a true maximum.

must be strictly positive. As such, in order to understand the behaviour of £ on the whole of R%, it
is equivalent to understand the behaviour of the function
£(0,0,-,-) : RxRsp—=R
(x,8) — L(0,0;z,s).
Similarly, to understand the behaviour of £ on a given compact subset K C R% it is equivalent to
understand the behaviour of the function
1
£(0,0,+,9) : [-n,n] x |=,n| > R
n
(x,8) — L(0,0;z,s).
for a sufficiently large choice of n € Zsq. For the sake of simplicity, we choose to work with
£(0,0;-,-) instead of with £ throughout this thesis, with the knowledge that every statement we

prove about £(0,0;-,-) translates into a statement about £ as a whole by replacing (z,s) with a

tuple of increments (y — z,t — s) € R X Ry.
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1.5 The Hausdorff Metric

In Chapter 2, we will be investigating whether the level sets of the rescaled last passage values
in Theorem 1.4.1 converge to the corresponding level sets of £(0,0;-,-) on compact and convex
set subsets of R x R+ (. This means that we must necessarily decide on what exactly it means for
a sequence of subsets of R x Ry to converge to another limiting subset of the same space, and
whether that precise mathematical definition agrees with what we intuitively imagine this sort of
convergence would look like. There is by no means a unique answer to this problem, but one such

possible answer is to use the topology generated by the Hausdorff metric.

Definition 1.5.1. Let (M, p) be an arbitrary metric space. For any x € M and A C M, let

d(z,A) =d(a,X) := inf p(x,a).
acA
The Hausdorff metric, induced by p, is the metric dg on 2, the power set of M, defined for any
two subsets Ay, Ay C M by

dp (A1, Ag) = dy(Ag, Ay) = max{ sup d(a1, A2), sup d(Al,ag)}.

a1 €A az€Az

Equivalently, if for each A C R™ and each 6 > 0 we define

As = U {xERm 2 p(x,a) §5}

acA

then we may also define di(A;, As) by

di (A1, As) = dy(Ag, Ay) = inf{é >0: A C (A2>5 and Ay C (Al)é} .

In simpler terms, the Hausdorff distance between two sets A; and As is the infimal § > 0 such that
every point a; € Ay is within ¢ of a point in As, and every point as € As is within § of a point in
A;. This second characterization of the Hausdorff metric also yields a very nice visual interpretation
of what convergence in the topology generated by dy means. In particular, it essentially says that
if for some sequence of sets (A,)22; and A in R™ we have that
nlbn;o dy(A,, A) =0

then intuitively speaking, A, and A must have extremely similar shapes in the naive visual sense
for sufficiently large n € Z~q. More specifically, for every 6 > 0, there exists an N = N(§) € Zg
such that for n > N, A, looks exactly the same as A up to perturbations along its boundary of
size no more than §. Thus, thinking of subsets of R™ as being m—dimensional shapes, the topology
generated by this metric aligns extremely well with a naive guess of what it should mean for a
sequence of shapes to converge to a limit shape. We do note however that this is by no means the
only possible choice here. It is entirely possible that in the context of our work in Chapter 2 that
using a different underlying metric for the Hausdorff metric, or even a different metric than the

Hausdorff metric altogether, could be of equal or greater interest.
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1.6 The Hausdorff Dimension and Related Ideas

When working with geometric objects that display a high degree of self-similarity, i.e. a fractal-like
structure, one of the most useful and intrinsic properties of such objects is their fractal dimension.
These definitions in this section are all standard, but for the sake of transparency, we borrow them
from [5]. There are several different notions of what the dimension of a fractal is, all of which extend
the usual notion of dimension for regular geometric objects such as hyperplanes and polygons, each
having their own strengths and weaknesses. We will use two such notions of fractal dimension in this
thesis, the Minkowski dimension and the Hausdorff dimension, and will then provide several
extremely useful lemmas which enable us to find them systematically. We begin by recalling the

definition of a totally bounded set in a metric space.

Definition 1.6.1. Let (M, p) be a metric space, and let K C M. K is totally bounded if for any

€ > 0, there exists a finite collection of points mi,ms, ..., m, € M such that

K C U {xeM o oplx,mq) Ss}.
j=1

In a Euclidean space R™, this property is equivalent to simply being a bounded set by the Heine-
Borel theorem. Thus, as we will only be looking at subsets of R? in this thesis, we will never need

to verify that this property holds before using the subsequent definitions.

In order to motivate the definition of a fractal dimension below, we first observe the following
pattern in R? for any d € Z-o. Suppose that for each € > 0 we wish to cover the unit d—cube
D C R? using a finite number of sets of diameter at most . Upon a moment of reflection, we would
see that the most efficient such covering would be to cover D by d—cubes of side length € and that

the total number of such cubes needed to cover D is .

More generally, if we replace D by a
d—cube of arbitrary side length r, the number of such cubes that will be needed is Ce~¢ for some
e—independent but r—dependent constant C. Given that this holds for any € > 0, this means that
we can write for any fixed d—cube D that

log(N(D,e)) _ . log(Ce™)  log(e™®) . log(C)

= lim ———=*— lim

e—0t  log (%) N si%l* log (%) e—0+ log (é) e—0+ log (%)

=d

where N (D, ¢) is the infimal number of sets of diameter at most € needed to cover D.

Thus, the limit above successfully recovers the dimension of any d—cube D in R?, for any d € Z+.
The same phenomenon will also hold for balls in R? as well by an analogous argument. Since any
sensible notion of a fractal dimension should agree with the usual notion of dimension for any nice
sets such as these, it is this illustrative example which motivates our first definition of the fractal
dimension of a general set. Note that it for these reasons that the Minkowski dimension is often

referred to as the box-counting dimension.

Definition 1.6.2. Let (M, p) be a metric space and let K C M be totally bound. For each € > 0,
let N(K,e) be the minimal number of open balls of diameter € needed to cover K. The upper
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Minkowski dimension of K, denoted dim_4 K), is defined as

dim. log (N (K
w0t log ()

The lower Minkowski dimension of K, denoted dim,,(K), is defined as

1 N(K
@ﬂ(K) := liminf M
2 s ()
If it is the case that dim ,(K) = dim_4(K) then this value, denoted by dim_4(K), is called the

Minkowski dimension of K.

It is worth mentioning that rather than just using balls of radius ¢ > 0, N(K,¢) can equivalently
be defined using sets of diameter at most . Additional intuition motivating this definition can be
found in [5] and in [18]. Though the upper and lower Minkowski dimensions are relatively easy to
describe, they do not match in general, so many sets will have different upper and lower Minkowski
dimensions. Another important pitfall of the upper and lower Minkowski dimensions is that even
when they do agree, the Minkowski dimension is finitely stable but not countably stable. This is a
major limitation in many situations. To obtain these nicer properties, a stronger notion of fractal
dimension is needed. For us, this stronger notion will be the Hausdorff dimension, which requires

us to first define the a«— Hausdorfl content of a set.

Definition 1.6.3. Let (M, p) be a metric space, and let K C M. For any « > 0, the «—Hausdorff
content of K, denoted J2%(K) is defined as

H2(K) := inf {Z (diam(U;))* @ K C U U; and {U, }ier is a countable set of subsets of M} .

00
el el

This preliminary definition now allows us to state our first definition of the Hausdorff dimension.
Note that the a—Hausdorff content is a direction generalization of the quantity N (K, ¢) that we had
in the definition of the Minkowski dimension, lending credence to the idea that the definition below

does indeed generalize the Minkowski dimension.

Definition 1.6.4. Let (M, p) be a metric space, and let K C M. The Hausdorff dimension of
K, denoted dimpg (K), is defined as

dimp (K) := inf {a €Rsg : HYK) = 0}.

Though the physical intuition for the Hausdorff dimension is not as immediately obvious as that of
the Minkowski dimension, the reasonability of this definition can again be understood by observing
how it applies to d—cubes and d—balls in R%. Readers who are not already familiar with this definition

are encouraged to prove that if K is any unit cube in R, then

H2(K) =0
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for any o < d. This in turn means that dimg (K) > d, and since we clearly have that
dimy (K) < dimpy (RY) <d

based on this definition of dimpg, we do indeed have that the Hausdorff dimension of any d—cube
or d—ball is again always d. More generally, we also observe in these simpler tangible cases that
H2(K) = oo for any a > d, in the exact same way that the total length of any covering of a
plane by line segments is infinite, or the total area of any covering of a d—ball by finite rectangles
is infinite. This observation that the only possible answers when measuring the dimensionality of a

set in R? using the “wrong dimension” are 0 and oo will appear frequently in the exposition to come.

Note that because the Hausdorff dimension is defined as an infimum, it always exists for any set,

unlike the Minkowski dimension. Moreover, for any totally bounded set K in a metric space (M, p),
dimy (K) < dim_,(K) < dim_4 (K).

Since the upper Minkowski dimension is always an upper bound on the Hausdorff dimension, upper
bounding dim_4(K) is often a convenient way to indirectly bound dimg(K) from above. This
technique is extremely common in the literature and is what we will employ later on in chapter 3.
It simply requires showing that a limsup goes to zero for one specific type of finite covering of the
set K in question. Another very important advantage that the Hausdorff dimension has over the
Minkowski dimension is that the Hausdorff dimension is countably stable. In other words, for any

collection of sets (K;)2; it is always true that

dim g UKj = sup dimg(Kj),

j=1 j€Z>0

The countable stability of dimgy will also be of the utmost utility in our work in Chapter 3.

Unfortunately, this definition of the Hausdorff measure dimy can be a bit challenging to work with
directly. To help combat this, a different but closely related quantity called the a-dimensional
Hausdorff measure is typically used to recharacterize dimg. This measure also serves the dual
purpose of providing a more intuitive understanding of what exactly it means to say that a set has

Hausdorff dimension «.

Definition 1.6.5. Let (M, p) be a metric space, and let K C M. For any «,d > 0, define the
quantity £ (K) by

A (K) = inf {Z (diam(U;))" : K C U U, Iis at most countable, and sup diam(U;) < 6} :
il iel el

The a—dimensional Hausdorff measure of K, denoted % (K), is defined as
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Note that for any fixed set K C M and fixed a > 0, the function ¢ — s> (K') is monotonically de-
creasing in 0, as any covering eligble for a smaller § remains eligible for a larger one. This means that
the limit as § — 0+ is well-defined. Moreover, under these hypotheses, the function K — 5% (K)
is monotonic and countably subadditive, so it defines an outer measure on (M, p). In particular, the

a—dimensional Hausdorff measure ;" is even a Borel measure on Euclidean spaces R™.

By observing that for any 6,a,8 > 0, with 8 > « and any subset K of a metric space (M, p)
that
A (K) < 67 A (K)

it immediately follows by letting § — 07 that
HY(K) < oo = HP(K)=0

for all 5 > «. It can be shown that this elementary observation then implies the following proposition
about the relationship between the a—dimensional Hausdorff dimension of a set, and the Hausdorff

dimension of that same set.
Proposition 1.6.6. Let (M, p) be a metric space and let o > 0. Then S£%(M) = 0 if and only if
S (M) = 0. Furthermore, this means that
dimgy (M) = inf{a €Ryg @ HY(M) = O}
= 1nf{a€R>0 : O‘(M)<oo}
a€Rsp @ H(M) > 0}

= sup

{
zsup{a€R>o (M) = oo}.

This alternate characterization of dimy is particularly useful when trying to bound the Hausdorff
dimension of a set from below. Finding a lower bound on the Hausdorfl dimension is always signifi-
cantly harder than finding an upper bound, as this requires making a statement about every possible
covering of the set at once. This process generally varies significantly from setting to setting, and
typically depends heavily on the nature and structure of the set in question. Fortunately, some gen-
eral techniques for finding a lower bound on the Hausdorff dimension of a set more systematically
exist. The first of these such results is the Mass Distribution Principle below. We introduce one

final preliminary definition before stating this theorem.

Definition 1.6.7. Let (M, p) be a metric space, and let u be a Borel measure on (M, p). If
0 < (M) <o

then p is a mass distribution on (M, p).

With this in mind, we now state the Mass Distribution Principle. Note that we once again state
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a slightly weaker but simpler version that is sufficient for our purposes. The full version of this

theorem can be found in [5].

Theorem 1.6.8 (Mass Distribution Principle). Let (M, p) be a metric space and suppose that o > 0.
If there exists a mass distribution p on (M, p) and an absolute constant C' > 0 such that for any
0>0andx e M

I ({m eM : p(x,m) < 5}) < Co°,

then we have that

o) = =y = D g

and hence that dimg (M) > «.

However in many situations, including those which will appear in this thesis, using the following
consequence of the Mass Distribution Principle is much more directly useful. We refer the reader
to [18] or [5] for proofs of these two results, as well as the additional discussion surrounding them.

This energy method was originally proven by Frostman in 1935.

Theorem 1.6.9 (Energy Method). Let (M, p) be a metric space, and let K C M. If u is a mass

distribution on (K, p) and
1
——dp(x)dp(y) < oo
/K/Kp(x,y)a (F)uty)

for some o > 0, then 2 (K) = oo and hence dimy (K) > a.

Constructing a mass distribution pj, on the h—level set of the £(0,0; -, -), which we will again restrict

to a compact subset of R x R+, in order to use Theorem 1.6.9 will be the focus of Chapter 4.

1.7 QOutline of Thesis and Synopses of Main Results

There are four main ideas that are explored in this thesis. The first topic that we address is proving
that when restricted to compact sets, the level sets of the sequence of rescaled last passage values in
Theorem 1.4.1 converge to the corresponding level sets of £(0,0; -, -) restricted to that same compact
set. We first prove a sufficient pathwise condition for level set convergence under the (Euclidean)
Hausdorff metric for deterministic functions, and prove that this condition is satisfied pathwise al-
most surely in the setting of Theorem 1.4.1. The key idea is establishing that the minimum and the
maximum of £(0,0; -, -) have no atoms in any convex and compact subset of R x R~ (. This property,
along with several small technical lemmas, will then yield our first result. Our main tools for proving
that this criterion is satisfied pathwise almost surely will be the Brownian Gibbs property of 2, and
the numerous symmetries and properties of £. Our final result is stated as Theorem 2.0.1. Chapter

2 is independent of the other chapters that follow.

Our next major topic is establishing an upper bound on the upper Minkowski dimension of the
entire h—level set of £(0,0;-,-), Our approach is to mimic the standard proof used to prove that

the zero set of Brownian motion has upper Minkowski dimension at most % However, the classic
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proof relies quite heavily on the strong Markov property, which £(0, 0;-, -) has no analogue for. The

strong Markov property is used to obtain an upper bound on
IP(O € W([a,aJre)) (1.7.1)

where W is a standard Brownian motion, a € R, and £ > 0. This upper bound on the probability
of having a zero in any given interval of length £ > 0 is then used to obtain an upper estimate on
E[N,,], the expected number of intervals of length 2™ needed to cover the zero set of W, for each
m € Zso. By bounding (1.7.1) by an adequately sharp function of €, it can then be shown that

E [Ni]

lim sup —%
m—soo 2217

< 00

for any v > 0, which proves that the upper Minkowski dimension of the zero set of WV is at most %
with probability 1. Since we do not have the luxury of the strong Markov property to bound the
analogue of (1.7.1) in the case of £(0,0;-,-), we instead rely on some careful manipulations of the
modulus of continuity of £ on a specific class of compact subsets of R% to achieve a different but

similar result in the end. This final result for the upper bound is stated in Theorem 3.0.1.

The third major topic is systematically constructing a mass distribution on the h—level set of
stochastic process (X (@, s)), s)ege - This mass distribution will then be used with Theorem 1.6.9 to
obtain a lower bound on the Hausdorff dimension of the h—level set of X that holds with a positive
h—dependent probability. The inputs for this technique will be upper and lower bounds on the one
point distribution of X, and an upper bound on its two-point distribution. Both bounds need only

hold on a compact subset of R? for our purposes.

This procedure was originally inspired by a similar result for Brownian motion outlined in [1].
However, that result relied on the existence of characteristic functions for the marginal distributions
of Brownian motion, and the fact that Brownian motion has the strong Markov property. These
tools were once again not available to us, so quite a few modifications to that general argument
needed to be made in order for it to generalize to the types of stochastic processes we are interested
in here. The final version of this argument for stochastic processes indexed by subsets of R? is given
in Theorem 4.1.1.

Chapters 5 and 6 are dedicated to establishing a partial upper bound on the two-point distribu-
tion of the directed landscape. In particular, we will be developing an upper bound on probabilities

of the form

IP(,C(0,0;x,s) e(h—eh+e), £(0,0;y,8) € (h—e h+ 5))

< ]P’(E(O, 0;2,8) € (h—e,h+e), |L£(0,0;y,t) — L(0,0;z,5)] < 25) (1.7.2)
where (z,s), (y,t) € [1,2] x [1, %] This task is the most challenging part of this project and
comprises the majority of the work within it. To set up the construction of this two-point bound, we

first heavily exploit the symmetries of the directed landscape in Proposition 1.4.4 and its defining
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properties in Proposition 1.4.3 to reduce this problem to understanding the behaviour of a certain
measurable function si(ﬂl,éll) (where 21 and 2 are independent copies of the parabolic Airy line
ensemble) on a partition of R into small closed intervals indexed by ¢ € Z. This partition will be of

the form
o0

= U [t— sfti— sl = slFit gl — sl |
We will be assuming that ¢ > s without loss of generality. We use this particular partition because
upon using the metric composition law, the temporal and spatial stationarity of £, its independent
increments property, and its relationship to 2f;, the dominant term that emerges in the difference
|£(0,0;y,t) — £(0,0;z, s)| will be equal in distribution to the process

((t —5)5% (W)Lqi—;,ﬁ%]

where i € Z. Working on intervals of length (¢t — s)3 will therefore neutralize the rescaling in the

argument of the dominant term and set everything else in motion afterwards.

Next, we use Dauvergne’s specific formulations of the Brownian Gibbs property of 2y in The-

orem 1.2.2 and Theorem 1.2.3 to construct a family of random vectors {(Xi,Yi)} , such that
i€

Law ((Xi, YJ) dominates Law (si(ﬁll, 911)) for each 7 € Z. The construction of these random vec-

tors will be split into two cases depending on how the index i compares to 10|t — s|_%, for reasons

that will be explained later on. We then establish that each Law ((Xi, Yl)) has a density p; with

respect to the Lebesgue measure on R?, that each p; has a strong uniform bound, and that the two

Z Pi and Z Pi

2 2
li|<10|t—s| ™3 |i|>10|t—s| ™3

sums

each have a relatively strong uniform upper bound on their domain in R2. The construction of
(X;,Y;), and hence of p;, will again be somewhat different when we pass from the first regime to
the second, but will involve very similar ideas. These sufficiently good uniform upper bounds on
the sums above are then used to prove the existence of a sufficiently good two-point bound for
probabilities of the form (1.7.2). The two-point bound is stated explicitly in Theorem 4.3.1 before
being proven. The work done across these chapters to understand the Hausdorff dimension of the
level sets of £(0,0;-,-) is compiled into one final main result in Theorem 4.3.2 before we prove the

existence of our partial two-point bound.

We will conclude this thesis by providing closing thoughts on the work that we have done, and
will provide several ideas for possibly improving our main result in Theorem 4.3.2. We do not ex-
pect this result to be optimal by any stretch of the imagination, and view it primarily as an initial

attempt to use this general technique that we have developed. This can be found in Chapter 7.
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1.8 Explanation of Joint Work

In this section, we provide an explanation of how the joint work during these projects was dis-
tributed. The one-parameter case will refer to the endeavour of understanding the Hausdorff
dimension of the level sets of the function ¢ — £(0,0;0,t), in which the goal was to find upper and
lower bounds of % The two-parameter case refers to the content of this thesis in particular, i.e.

understanding the Hausdorff dimension of the level sets of the function (z, s) — £(0,0;z, ).

The original work underlying the results in Chapter 2 and Chapter 3 was done almost entirely
collaboratively. This was originally done several years ago and mistakes were recently found, so
new proofs with more mature approaches to correct these mistakes were written independently by
each of us in our theses. Note that for Chapter 3, our original work was in the two-parameter case.
Simplifying our problems to the one-parameter case only became initially necessary when working
on the lower bound. A noticeably more clear-cut division of labour emerged during the course of

our third and fourth projects.

In the third project, the definition of the measures p, . suggested by our advisor. After conducting
literature review to find a proof in [1] which used the energy method to find a lower bound on
the Hausdorff dimension of the zero set of Brownian motion, Virginia adapted the argument for
analogues of subsections 4.2.2, 4.2.3, and 4.2.5 in the one-parameter case from Adler’s proof. The
original version of the argument in subsection 4.2.2 and 4.2.5 specifically required a considerable
amount of care, as much of Adler’s proof did not generalize without the numerous powerful prop-
erties possessed by Brownian motion on R. I worked on subsection 4.2.4 independently during this
time. I later adapted the work in those subsections independently to the two-parameter case, and
made several modest generalizations to the level of generality of the argument. Lemma 4.2.2 was

the result of a one-on-one discussion with my advisor and I.
The fourth project began with the one-parameter case. Numerous intermediate problems not appear-

ing in this thesis were first worked on to build intuition and a rough framework for the one-parameter

result. Virginia spent a considerable amount of time and energy at the beginning of this trying to

< 25}

into more manageable sub-events that we could work with, before we arrived at the right notation to

set up an initial deconstruction of

sup £(0,0;0,s) + L(z,s;0,t) — L£(0,0;0, s)
z€R

{c(o,o;o,s) c (h—e,h—i—s)}ﬂ{

crystallize these ideas. During this phase of the process, I moulded Lemma 5.1.1 into a concrete and
precise statement mostly independently. This was based on heuristics from our advisor and several
joint discussions with the three of us about the intuition underlying this lemma. At this point, our
work for the first regime in the one-parameter case was quite messy as it contained work from three
different people with three different voices, so after completing Lemma 5.1.1, T focused on a first
attempt at reshaping our work at the time into something more cohesive. During that phase of our
work, Virginia focused on utilizing Lemma 5.1.1 while thinking about what exactly should follow

our extant work at the time. She also worked out Lemma 5.2.1 during this same general timeframe.
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After completing my first round of revisions to our old work, I worked independently on gener-
alizing Lemma 5.1.1 to Lemma 6.1.1. Upon completing this new lemma, Virginia and I split off and
worked mostly independently for the remainder of our work. Virginia completed the remaining work
in the one-parameter case after building intuition for how the one-parameter version of the second
regime should work. The generalization of our old work to the full two-parameter case was done
almost entirely independently by me. The process of further restructuring our still somewhat hazy
original work in the one-parameter case and working out how to generalize it to the two-parameter
case led to several insights about mistakes and optimizations that could be used back in the one-
parameter case as well. The most valuable of these new insights was using the approach in section
5.3 to thoroughly understand the structure of GG; as it is, which led to key realizations about how

to successfully set up density bounds for p;.

The initial idea for navigating the presence of the random fluctuation & in our tail bounds was
first worked out by Virginia in the one-parameter case. As the parabola appearing in the two-
parameter is significantly more complex due to its coefficients’ additional heavy dependence on the
values of z, (x —y), and (¢ — s), quite a bit of additional work was still required in order to generalize
that approach to the two-parameter case. Upon completing this step, the last remaining piece in
both the one and two-parameter cases was working out Lemma 5.4.1 and Lemma 5.4.2. T wrote
these lemmas independently based on a one-on-one discussion with our advisor following a close but

incorrect earlier attempt at lemmas of this form.

The results and joint work from the one-parameter case have been omitted from this thesis for

length-based considerations, but can be found in Virginia’s thesis.



Chapter 2

Level Set Convergence in the
Hausdorff Metric

Our goal in this chapter is to establish level set convergence in the context of the uniform convergence
on compact sets in Theorem 1.4.1. More specifically, we want to show that the following theorem
is true. Note that in this theorem, we will be viewing the last passage metrics and L(0,0;-,-) as
being random functions in C(K,R) for each K C R x Rsg. We will also be using the metric space
(M, p) = (K,|| - ||2), meaning that the topology with respect to which the convergence below takes

place will change as the choice of K varies.

Theorem 2.0.1. Let K C R x R+ be compact and convex, and for each h € R define the random
set ZU) CR x R by
Z,(LK) = {(x,s) € K : £(0,0;z,5) = h}

For any point (p; q) € R%, let dr.pp(p, q) be the Exponential last passage value from p to q. Define
the constants a, 8,7, and x according to equation (1.4.1), and for each n € Z~( define the random
function f,(LK) € C(K,R) by

B d(L"F),P (0,05 yn?7 +tn®, —tn?) — (B — 2) Tn’y — ndat

FE (1) -

where we have used the coupling of L with an infinite set of identically distributed copies

o0
i,

n=1

of the last passage directed metric dppp from Theorem 1.4.1. For each h € R we define the set
Z;f() = {(m,s) eK : fU,s) = h}.
If dy is the Hausdorff metric induced by the Euclidean norm on K, then for all h € R,

lim dg (Z(K) Z,(LK)) —0.

)
n—o0 h.n

22
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Note that although we will only explicitly prove this result for Exponential last passage percolation
specifically, the proof is completely agnostic of this choice provided that the constants «, 5, 7, and x
are adjusted accordingly as the last passage model is changed. We only restrict our focus to this case
in particular for concreteness, and to remove the additional overhead necessary to explain the other
models of last passage percolation that exist. Due to the fact that the convergence in Theorem 1.4.1
is in the uniform on compact topology, if any other random growth models are found to fall into
the scope of this theorem, then our argument should also immediately extend to those new random

growth models as well.

Our strategy to prove that Theorem 2.0.1 is true will be to find a sufficient condition for level
set convergence under the Euclidean Hausdorff metric on convex and compact sets that holds for
a sequence of deterministic functions (g,)%; with uniform limit g. We will then show that with
probability 1, this sufficient condition for deterministic functions holds pathwise for each realization
of £ and the last passage percolation model in the setting of Theorem 2.0.1. Our sufficient condition
will only place impositions on the limit function g, which is why our theorem here is independent of
the choice of the model of last passage percolation, provided we use the coupling stated in Theorem
1.4.1.

Lemma 2.0.2. Let K C R? be a convex and compact set, and let (g,)2>; be a sequence in C(K,R)
with a uniform limit g. Suppose that g has no local maximum or minimum with value 0. Then the

sequence of level sets (ggl(O))Zo: converges to g—1(0) with respect to the Hausdorff metric dg on

1
K induced by the Fuclidean norm.

Proof. For any subset A C K and any § > 0 we will denote by As C K the set

As = {(m,y) cK: \/(m—al)Q + (y — a)? < ¢ for some (a1,as) € A}.

For each z = (z1,72) € R? and r > 0, we will denote by B(z,r) the set

Blo.r) = {(y.2) € K : /(o1 —y)” + (w2 — o)’ <7

We will first show that for any arbitrarily small § > 0, g=1(0) C (f,,1(0))s for n sufficiently large.

First, suppose that © € ¢g~1(0). Since z cannot be a local maximum or minimum of g, there
must be a sequence of values (0,,)5°_; decreasing monotonically to 0 such that for each m € Z~o,

there are two points z;}, z,, € B(z,d,,) such that

Fa) < f@) =0 < f(z,,).

Since we are assuming that g, — ¢ uniformly, we know that there must exist a positive integer
Ny = Ni(z,,,dn) such that for all n > Ny, gn(z,,) < 0. Similarly, there must also exist another
positive integer Ny = Na(z}, §,,) such that for alln > Na, 0 < g, (x;}). Thus if we take N = N7V No,
then for all n > N we will have that

gn(Tp) <0 < gn(z,).
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By the assumption that each g, is a continuous function on the convex and compact set K (and
hence on the convex and compact subset B(z, d,,,) as well), the two-dimensional version of the Inter-
mediate Value Theorem applies and there must exist at least one point x,, € B(z, 6,,)Ng; ' (0) for all
n > N = N(z,6,,). Note that B(z, ,,) being convex and compact is what ensures that each zero z,
does indeed belong to m Moreover, because g, — ¢ uniformly, this threshold N will be inde-
pendent of the choice of  and only depends on the choice of §,, > 0. As such, we thus see that by

let 6, — 0, g~ '(0) is always contained in (g,,*(0)) ; for any § > 0 if we take n € Z sufficiently large.

We now prove that for any § > 0, the reverse inclusion g, 1(0) C (¢71(0))s holds for n € Zsg
sufficiently large. Suppose for contradiction that there exists some § > 0 such that there is no
threshold n > N after which the inclusion g, 1(0) C (¢71(0))s always holds. This implies that there
must exist a sequence of zeros (yn, )peq With y,, € g,;1(0) such that for any z € g=1(0), we always
have that ||x — yn, |2 > 9.

Fix an arbitrary = € g~!(0). By the compactness of K, we know that (y,,),-, must have a conver-
gent subsequence, so without loss of generality we will assume that (y.,, ),ole itself converges to some

y € K. We claim that y € g~1(0). To see that this is true, the triangle inequality gives us that

l9W) = 19(¥) = 9n, (Y) + 9ni (Y) = Gni Yni) + Gny, (Uny,)]
< 19(W) = g (W] + 190k (¥) = gnie Wni)| + [gri (Yni)] -

By definition of ¥y, , g(yn,) = 0. Secondly, by the uniform convergence of g, — g, we see immedi-
ately that kli)n;o l9(y) — gn, (v)| = 0. Thirdly, by the continuity of each function g,, we also have that
klir{:O |ns (Y) — gny, (Yn,,)| = 0. This means that by taking k¥ — oo, we can upper bound |g(y)| by an
arbitrarily small positive number. Thus, the only remaining possibility is that g(y) = 0. However,

since yn, — y € g~1(0), this is a contradiction, which proves that the reverse inclusion does indeed
hold.

Based on these two inclusions, we have therefore proven that for any ¢ > 0,

i (9,'(0),971(0)) = inf{5 €(0,00) : g,(0) C (¢7'(0)), and g~*(0) C (951(0))5} <9

for all n € Z~¢ sufficiently large. By definition of convergence under the Hausdorff metric dg, this

means that we have thus proven that

lim dy (g,,'(0),g71(0)) = 0.

n— oo

As an immediate consequence of this lemma holding for the zero set, we have the following corollary

for any arbitrary h—level set.

Corollary 2.0.3. Let K C R? be a convexr and compact set, and let (g,)%, be a sequence in

C(K,R) with a uniform limit g. Let h € R be arbitrary and suppose that g has no local maximum
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or minimum with value h. Then the sequence of level sets (g,jl(h))zo: converges to g~ (h) with

1
respect to the Hausdorff metric dg on K induced by the Fuclidean distance.

Proof. Replace the sequence of functions (g, )52 ; with the sequence (g, —h)$2; and the limit function

g with g — h in the proof of Lemma 2.0.2. O

With Corollary 2.0.3 established, we will prove one additional preliminary but fairly elementary

technical lemma about the law of a sum of independent random variables.

Lemma 2.0.4. Let X and Y be independent R—valued random variables and assume that Law(X)
has a density fx with respect to the Lebesgue measure on R. Then Law(X +Y') has no atoms.

Proof. Let Fy be the cumulative distribution function of Y. Since X and Y are independent by
hypothesis, this means that
Law(X +Y) = Law(X) * Law(Y).

Since Law(X) has a density fx, this in turn means that Law(X +Y) also has a density fxyy with
respect to the Lebesgue measure. Explicitly, letting F'x1y be the cumulative distribution function

of X +Y, we may write that for any z € R,

Fxiy(z) = /RFy(x)fX(z —xz)dx.

To see that F'x,y is continuous, we observe that for any z,dy € R,

[Fx 4y (2) = Fxyv(z+d0)| =

/Fy(m)fX(z—x)dw—/Fy(x)fX(z+6o—m)dw
R R

/RIFy(x)Ilfx(Z*w)*fx(2+5o*x)ldx

IN

/lex(zfx)*fx(wr%*x)ldfﬂ

= / |fx(u) — fx(u—do)|du
R

= [|fx() = fx (- = 0)l|L1(w)- (2.0.1)

Note that the norm in the last line is the 1—norm in the function space L!(R) and that every
probability density function belongs to L!'(R) by definition. It is a standard fact from functional
analysis that for any function f € L!(R), it is always true that for every ¢ > 0, there exists § > 0
such that

00] <& = |[fx() = fx (- = do)llL, ) <e

Using this standard fact in conjunction with equation (2.0.1) immediately implies that Fix iy is a
continuous function on all of R, and so it cannot have any jump discontinuities. Thus, since the
atoms of Law (X +Y) are precisely the jump discontinuities of Fxy, this means that Law(X +Y)

has no atoms. O

We now turn our attention towards our specific problem. To prove Theorem 2.0.1, we will need two
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more supporting results. We begin by proving the existence of an elementary but extremely useful
way to decompose a Brownian bridge on an arbitrary domain into a Gaussian and independent

stochastic process. Though elementary, this lemma will be used extensively throughout this thesis.

Lemma 2.0.5. Let a € R, T > 0, and let (B(7)),c[q,a+1] be a Brownian bridge with diffusion

parameter k > 0 with arbitrary start and end values. Then for any 6 € (0, %), we may write

(B(r)) =N+ (B(r) - N)
r€la+6T,a+(1-6)T] r€la+6T,a+(1-6)T]

where N ~ N (O, %) and is independent of the process (B(T) - N) .
r€la+6T,a+(1—6)T]

Proof. By subtracting a deterministic linear function, we may assume that B(a) = B(a+T) =
0 without loss of generality. Moreover, by using the Brownian scaling of Brownian bridges and
multiplying every value of B in the computations below by vk, we may also assume without loss of

generality that £ = 1. With these simplifications in mind, define

B(a+6T)+ B(a+ (1 —9)T)
2

N :=

and let 7 € [a + 0T, a + (1 — 6)T]. We then compute that

Cov (N, B(r)) = Cov <B(“+5T), B(r)) + Cov (W, B(r)>

2 2
1((a+T)=r)((a+T) —a) N 1((a+T)=(a+(1=6T)(r —a)
2 T 2 T
_1((a+T)—7r)0T  16T(r —a)
T2 T o
= 0T,

We also see immediately that

Var(N) = iVar (B(a+0T)) + %Var (Bla+(1-9)T)+ % Cov (B(a+T),B(a+ (1 —0)T))

(1
11 -TO6T) 16TA-)T 1((a+T)—(a+(1-8T))((a+T)—a)
4 T t1 T t3 T

_1 _ 52 1 52 12
= (6T = 8°T) 4 (6T = 8°T) + 38°T

S

1
= §5T.
Therefore, for each r € [a + dT,a + (1 — 0)T| we have that
Cov (N, B(r) — N)) = Cov (N, B(r)) — Var(N) = 0.

Thus the process (B(r) — N),e[a+sT,a+(1—s)7] s uncorrelated with N, and hence the two are inde-

pendent as claimed. O

Next we prove the following Proposition about the extrema of £(0,0;-,-) on compact sets.
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Proposition 2.0.6. Let K CR x R be a convex and compact set. Then for any h € R,

P L£(0,0;y,t)=h ) =P in £(0,0;y,t) =h) =0. 2.0.2
( (ax £(0,0;9,1) ) ( Jmin, £(0,039,7) ) (2.0.2)
Proof. Fix an arbitrary h € R. Since every compact and convex set K C R x Ry is contained in a

finite square, it suffices to prove that

P ( max £(0,0;y,t) = h) =P ( min L£(0,0;y,t) = h) =0 (2.0.3)
(y,t)Ela,a+T]x[2b,2b+T] (y,t)Ela,a+T]x[2b,2b+T]

for any (a,b) € R x Ry with 7" > 1. In other words, we need only show that the hypotheses of
Corollary 2.0.3 are satisfied pathwise almost surely on every square K = [a,a + T] x [2b,2b + T].
This will be a consequence of the Brownian-Gibbs property of the parabolic Airy line ensemble, the

metric composition law of £, and the independent increments property of L.

We begin by fixing an arbitrary (a,b) € R x Ryg and T > 1. Without loss of generality we will
only prove that

P £(0,0;y,8) =h) =0 2.0.4
((y,we[a,a%)i[%,zbw] 0,05,) > ’ 204

with the knowledge that by replacing each instance of

max
(y,t)Ela,a+T]x[2b,2b+T]

in the subsequent argument with an instance of

min
(y,t)€la,a+T]x[2b,20+T]

we are left with a complete and virtually identical proof that

< min L£(0,0;y,t) = h> =0
(y,t)Ela,a+T]x[2b,2b+T]
as well, with no other changes required. With this in mind, we recall that by the metric composition

law of the directed landscape, we may write that

4

£(0,059,8) max £(0,0;,b) + a(sc,b;y,w) ,

max max
(y,t)Ela,a+T]x[2b,2b+T] (y,t)Ela,a+T]x[2b,2b+T] \ z€ER

with £(0,0;z,b) independent of L(z,b;y,t) for all z € R. Moreover, note that the only variable
remaining in the arguments of L(x, b;y,t) is the spatial variable z, so its distribution is completely
unaffected by the choice of (y,t) € [a,a + T] x [2b,2b + T)]. This independence of the value of (y,t)

will be very important momentarily.

By these observations and Proposition 1.4.3, we may then say that

£(0,0;y,t) 4 max b%Qll (b_%a?) + E(a:,b;y,t)) .

max max
(y,t)Ela,a+T)x[2b,2b+T] (y,t)Ela,a+T]x[2b,2b+T] z€R
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Now by taking a union bound, we may use this equality in distribution to write that

£(0,0;y,8) = h)

max
<(y7t)e [a,a+T]x[2b,2b+T]

o
<\Y'p b3l (b3 Lz, by, t) )| =h
- nz::l ((y,t)e[a,ainﬁipb,ﬂﬂrT] <I€I%1a7§n] ’ 1( 33;) + L@, by, )> )

= ZIP’ max max b%Qll(x) +L (b%x, b; y,t) =h
ot (y,t)Ela,a+T]x[2b,2b+T] ze [7nb7§’nb7%}

so to prove that equation (2.0.4) holds, it suffices to prove that

max b%Qll(x)—i—E(b%x,b;y,t) =h| =0

max
el at X227 \ e -1 3]

for each n € Z~q. We will do this by using the Brownian-Gibbs property of 2.

In particular, we will apply Theorem 1.2.2 on the interval [ag, ag + Tp] = [—1 — nb‘§7 1+ nb_g] to

obtain that for some absolute constant ¢ > 0,

Law <(m1(x)>ze[1nb§,1+nb§]> = GC(HMJ_g) Law ((B(x) + L(x)>ze[1nb§,1+nb§]>

where B is a diffusion parameter two Brownian bridge on [—1 — nb_%, 1+ nb‘ﬂ from 0 to 0, and

L is a random affine function on the same interval independent of B such that
L(-1-nb-3) Loy (<1-mv %) and  L(1+m ) Loy (14m).

For convenience, we will denote

C b= ec(1+nb7%>3
n,b +— .

Now by elementary measure theory, this Brownian-Gibbs absolute continuity statement implies that

P max max b3Ay (x)+ L (b%x, b;y, t) =h
(y,t)€la,a+T]x[2b,204+T] e [_nb_% ,nb_%
< Cup P max b B(x) + b3 L(z) + L (b%x,b;y,t) —h

max
(y.t)€la,a+T]x[26,26+T] | [—nb*% b %}

Then, by invoking Lemma 2.0.5 with the parameters k = 2,a = —1 — nb_%, T=2+2nb"3 > 2,

and § = % < %, we can write that

Law ((B($>)me[_nb§,nb§]> = Law (N + (B - N )xe[_nba,nbaﬁ
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where N ~ N (0,1) is independent of the process (B(x) - N) ) e
re [7nb7 3,nb" §]
-1
At this stage, because § = (2 + 2nb_%) is completely independent of x,y, and t, the Gaus-
sian random variable N is completely independent of everything else in these two suprema. As such,

we may now write that

max max b3 B(z) + b5 L(z) + L (b%z, by, t)
(y,t)Ela,a+T)x[2b,2b+T) -2 ._2

W=

L N + max b%(B(x)—N)—l—b%L(a:)—i—E(b%x,b;y,t)

max
(y,t)Ela,a+T]x[2b,2b+T]

= b3N + S(a,b,n)

with the random variables b3 N and S (a,b,n) independent. Moreover, because bEN is a Gaussian,

it has a density with respect to the Lebesgue measure, and so by Lemma 2.0.4, we see that
Law (b%N + S(a,b, n)) — Law (b%N) « Law (S(a, b, n))

has no atoms. As such, we have now established that

max max b3A; (x)+ L (b%x, b; y,t) =h
(y,t)Ela,a+T)x[2b,2b+T)] ze [—nb_%,nb_%]

< Cpp P max max b%B(x) + b%L(x) +L (b%x,b; y,t) =h
(r)€loatTIx20.20+7) \ e[y ,np 2]

— Co, P (b%N + S(a,b,n) = h)
0

for all n € Z~q. This therefore proves that

L£(0,05y,t) = h)

P ( max
(y,t)Ela,a+T]x[2b,2b+T]

>0 1 2
<3P bt (b 32) + Lz, biy,t) ) = h
- ; ((y,we{a,a—?ﬁ}i[ababw] <zerfl—a5{,n] b (178) + Lo b )> )

= Z P max max b%Qll(x) + L (b%m, b;y, t) =h
— (yt)€la,a+T]x[26,20+T] \ [—nb*%,nb*%}
=0
for any (a,b) € R x Ry, any 7' > 1, and any h € R, which completes our proof. O

With Proposition 2.0.6 now proven, there is nothing left to do in order to prove that Theorem

2.0.1 holds. Proposition 2.0.6 confirms that for any h € R and any convex and compact subset
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K C R x Ry, the limit function £(0,0;-,-) has no local maximum or local minimum with value h

on K with probability 1. This means that P—almost surely, we do indeed have that

: (K) (K)) _
Tim dy (235), Z10) <o,
This concludes our proof of Theorem 2.0.1 and we now proceed to our next project in the following
chapter. The remaining work in this thesis is completely independent of the work done in this

chapter.



Chapter 3

An Upper Bound on the Hausdorft

Dimension of the h—Level Set

Our goal in this chapter will be to establish the following theorem:

Theorem 3.0.1. For each h € R, let Z}, be the random set
Zp = {(a:,s) ERXxRso: £(0,0;z,8) = h}.

Then for any h € R,

We will do so by adapting the standard proof of a similar result for the level sets of Brownian motion
found in [5]. In particular, we will derive this almost-sure upper bound on dimg(Zy) by proving
that the upper Minkowski dimension of Zj, N ([fn, n| x [%, n]) for any h € R and any n € Z~ is at
most g +n+4+yforanyn>0and 0 < v < %, and exploiting the countable stability of the Hausdorff
dimension. To do this, we begin by recalling that we have the following modulus of continuity for

(the stationary version K of) the directed landscape £ from [9]:

Theorem 3.0.2 (Proposition 10.5 in [9]). Let K(z,t,y,t + s) := L(x,t,y,t + s) + % for each
(z,t,y,t +5) € R‘% with s > 0. For each n > 2 and each 0 < 6 < 1 define the set

K :=[-n,n*N {(m,t;yﬂf—i— s) € R% P52 5}.
Let uy,us = (z1,t1,y1,t1 + 81), (T2, t2, Yo, ta + $2) € KfL and define the positive constants & and T by

§ = &(ur,uz) = ||(w1,y1) — (22, 92)|] and T = T(u1,uz) = ||(t1,t1 + s51) — (t2,t2 + s2)].

Ifr < i—i then there exists a random constant C' (K,‘SL) depending only on the choice of the compact
set K9 such that

IK(ur) — K(uz)| < C (Kg) (T% log% (r71) + ¢2 log% (4n§_1)> .

31
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Moreover, there exist absolute constants ¢,d > 0 such that for all M > 0,

P (C’ (Kfl) > M) < cn106_6e_dM%.

This modulus of continuity will be at the foundation of our proof of Theorem 3.0.1. We also take a
moment to note that, as previously mentioned in section 1.7, the fact that this modulus of continuity
involves a random constant as opposed to the deterministic constant found in Levy’s modulus of
continuity for Brownian motion (as well as the fact that £(0,0;-,-) is not Markov) necessitates
several adjustments to the classical proof for Brownian motion. While having a random constant in
a modulus of continuity could theoretically be quite challenging to navigate in a problem like this,
this case in particular will fortunately not pose any significant issues due to the strong upper tail

bounds on these random constants.

Proof. The first step in our proof will be to derive a suitable upper bound on
P(2 0 (la,a+e] x [b,b+2)) #0)

for an arbitrary a,b € R and ¢ > 0 which decays to 0 as ¢ — 07. This bound will then be used in
conjunction with the Monotone Convergence Theorem to find an upper estimate on the expected
number of sets of diameter at most 27™ needed to cover Z, for an arbitrary (sufficiently large)

m € Z~o. This upper estimate will be precisely what we use to obtain our upper bound on

e (200 (1onx [L]))
i (200 (it [1])).

By the countable stability of the Hausdorff dimension, showing that

e (e 2]

almost surely for each n € Z>, is sufficient. This extra step allows us to limit our focus to compact

and hence an upper bound on

sets, which then allows us to more easily leverage the modulus of continuity of K in our argument.
Given this observation, we begin this process by considering the behaviour of the function
1
£(0,0,,): [-n,n] x |=,n| > R
n
(x,8) — L(0,0;z,s).

where n € Z~ is arbitrary. By applying Theorem 3.0.2 with § = 1, and ¢ =7 =¢ ¢ (0, n_6) , there

n’
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1
exists an n—dependent random constant C' (Kﬁl) such that for any (z, s), (y,t) € [-n,n] x [,n],

2 2

L£(0,0;,8) + % - £(0,0;y,t) — —| < C (Kn%) (s% log? (e™h) + £% log? (4n5’1)) . (3.0.1)

where for any M > 0 we have that
P (C (Kf) > M) < cane_dM%.
With this setup in mind, fix a,b € R and 0 < € < n~% such that
[a,a+¢€] x [b,b+¢] C [-n,n] X Hm}
and suppose that for some (z,s) € [a,a + €] x [b,b+ €] that £(0,0;z,s) = h. If this is true, then

based on our choice of [a,a + ¢] X [b,b + ¢] we have by equation (3.0.1) and the reverse triangle
inequality that for all (y,t) € [a,a + €] x [b,b+ €],

1 1 2, 1 1 _ x2 y2
|£(0,0;9,t) —h| < C (Kn> (53 log® (') +¢2 log? (4ne 1)) A s
1 1 2, _ (|a|+€)2 a’
< C(Kn) (63 logs (6 1) + £2 log? (4n5 1)) + b T hre
N (e (lal + 26+ ) — a%
= C(K,L) (gslogz (e7") +e2 log? (4ne ))—l— b £ 0)
= C(Ki) (5 10g? (=71) + eF logh (4n=")) + K (3.0.2)

Because this bound holds uniformly for all choices of (y,t) € [a,a + €] x [b, b+ €], this means that

)

#0
<P (1£0,0,a+¢,b+2) — b < C (K5) (3 10gh (14271) + 2 1og
<0

K)(%

we then obtain a bound

p(zh N ([a,a +¢] x [b,b+¢])

Nl

(14+e7)) + Kape)

(1+e )+ Ka,b,s)) .
(3.0.3)

f.v\to
SIS

<P<|E(00a+sb+5 T(14e!) +etlog

We will now develop an upper bound on the probability above. We first recall that for any 0 < v < %

we have that

for any fixed value of n € Z~¢, which in turn gives us the pair of upper bounds
1 2 1
€3 10g3 ( ) S 377

and

N\»—A
Q

€2 log%(4n5*1) <e

for these same sufficiently small positive values of 7. Combining these bounds with equation (3.0.3),
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we get a further upper bound

P(Zhﬂ([a,a+5]  [bb+e]) #£0
<P (|,c(o,o, a+eb+e)—h| <C(K°) (5% log? (e71) + ¢ log? (4ne~!) + Kms))
C(

<P (|£(0,0, a+eb+e)—hl <C(KS) (5%_'y fer T4 Ka,b@)) . (3.0.4)
We will now invoke the relationship between the directed landscape at a fixed point in R% and the top
line of the parabolic Airy process 2l; to bound this probability in terms of a, b, and . In particular,

we will be using the fact

L£(0,0,a+¢,b+¢) 4 b+ 6)@[1 ((1—1—52)
(b+¢e)s
in conjunction with the fact that for any fixed z € R, 2y (x) +2? ~ TW» has a bounded density with
respect to the Lebesgue measure on R, with the bound independent of the choice of x. We also take
a moment to recall that a translation by a constant and a dilation of the argument of 2;(z) + 2
does not change the uniform bound on its density. We also observe that if X, Y are random variables

such that |X| <Y almost surely and z,y € Rs( then we always have that

}P’(\X| < Yx) - P({|X| <vayn{y < y}) —HP’({\X| <vayn{y > y})

IN

IP’(\X| < yx) + IF’(Y > y)
When these observations are applied to equation (3.0.4), our upper bound can be extended to

B(210 (a0t x [b.b+e]) #0)

7£
|£(0,0,a+¢e,b+¢)—h|<C
C

<P ( (K,%) (eé log® (e71) +e2 log? (4ne™") + Ka7b,8)>
<P(I£0,0.a+eb+e)—h < C (K ) (577 4477+ Koy

<P (|z:(0,o,a+ ebte)—hl <M (3 peb g Ka,bﬁ)) P (c (K;) > M) .
<P

M

3

|£(0,0,a+¢e,b+e)—h| <M (5%_7 +er T4 Ka,bﬁ)) + cntlemdM?
<

<P (‘(b+e)§9{1 <(ba:5§> —h

3
<2MkK(b+¢e)t (5%—’7 I Ka,b,e) L eplBe—dM>

3
M (5%"* + S + Ka,b@)) + cntbe—dM>

) 3
< 2Mnk (5%_7 +e277 + Ka,b’g) + cnlBemdM?2

where M > 0 and s > 0 is the uniform upper bound on the density of 2y ((b“+‘§2> i.e. the density
+¢)3

bound of the Tracy-Widoms distribution. We will specify the precise value of M > 0 that we will be

using later on when the motivation for that particular choice is more readily apparent. Moreover,

by using the elementary facts that

1
0<e<n® and [a,a+¢]x[b,b+e] C[-n,n]x [n,n] and lin(1)(a+5)2(b+s) —a*h=0,

E—r
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we see that for any € > 0 sufficiently small, we can bound the constant K, ;. for any fixed pair of
values a,b € [-n,n] x [X,n] by
(la| +&)2(b+¢) — a?b
b(b+¢)
e(v(2lal +2) + (ol +2)%)
b(b+ ¢€)

e (b(3lal) + (2]a))?)
b2

Ka,b,e =

IN

\]
3
|

Given this and the fact that % < (b+¢)~t < b~ < n, we can simplify our new upper bound even

further and write that

3
dM 2

o=

P(Zhﬂ(kua—+s]x[hb—%sb§£®) c 77—%5%*74—K%¢£)4—cnw67

-

dM 2 3

IN

1

_ 1_ _
€83 V4277 +7n s)+ en'be an

2Mn/f(€§ 7+€2 Y 4+ n? b2)+ en'Se”
2M7m(

IN

IN

14Mn’k (5%_7 + £ + 5) + cnwe_dM2 .

With this bound on the probability of hitting h somewhere a given square of area €2 in [—n, n] x [%, n] ,
we are now ready to prove that the upper Minkowski dimension of Z, N ([—n,n] x [1

n?

2. To do this, we will set £ =27 with m > 6log,(n), so that 2™ < n~%, which will yield that

n]) is at most

P(200 ([aa+27"] x [b,b+277]) #0) < 14MnPs (27550 42754 L omm) y cptfe M

< (42MnPr) 275 4 centle —am (3.0.5)

Noting that for any m € Z- we have the covering

[(n—%)2m™]

anh[;n]glij ;1 (pﬂ%j_ngﬂw]xPrm(;+k—1),rm<i+kﬂ),

j=1-2mn
if for each m € Z~o we define the random variable N, by

[(n—2)2m™]

Nm = Z Z H{th([Z*m(jfl)Q*mj]X[Q*m(%%»kfl),2*7”(%+k)])7ﬁ0}’

j=1-2mn

then E [N,,] will give an upper bound on the expected number of sets of diameter no more than 2~™

needed to cover Z; N ([—n7 n| x [l ]) By applying the bound we obtained in equation (3.0.5) and

n?
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using the linearity of expectation, we obtain the bound

2mn [(n—3)2™]

E[Nn]= E Z Z ]l{Zhﬂ([Z*m(j—l)Q*mj]x[Q*m(%-i-k—l), )])#0}

j=1-2mn
[(n—3)2™]

— lz;mn Z P(th<[2—mu—1),2—mj']x[Q—M(i+k—1),2—m< )D;«é@

2mp  [(n—7)2™]

)
< .,Z > ((42Mn5m) 27 MY 1 oplle —dM2>
< 2n Gn - ﬂ) 2%m ((42Mn5/£) 27EHT 4 enfe” )

)

< 2n222m ((42M’n5:‘£) +m’y+ Cnlﬁ —dM 2

< 84Mn'k (2m<%+7)) + 2cent e_dM2 (22™).

2
At this stage, we will now set M = (;"—d) 3 so that our final version of this upper bound on E [N,,]

becomes the far more useful bound
E[N,] < 84n7(3d)~F (m82m(540)) 4 26n1® (22me %) (3.0.6)

Now given this bound on E[N,,] for a given m > 6log,(n), consider the expectation of the infinite

series
o0

N
E Z om(5+v+n)
m=[610g(n)]

for an arbitrary n > 0. By using the Monotone Convergence Theorem and equation (3.0.6), we can

then see that the expected value of this series is no more than

o0 o0
N, E [N,]
- m | < _—iml
E Z gm(§+v+n) [ — Z om(§+v+mn)
m=[6logy(n)] m=[6logy(n)]
('] 2 5 e’} m
2om(§+7) 92m — %
< 7 -2 ms 18
< 84n'(3d)”% Z 72m(%+'y+n) + 2cn Z 72m(§+ﬂy+n)
m=[6logy(n)] m=[61logy(n)]

2 ad 2 0 ( ) 2 %
= 84n"(3d)"s 5270 4 9cnl8 o—mly+n) (2
SEUR D SIS R EL DS -

m=[6log,(n)] m=[61log,(n)]

which is finite for all n > 0 and v € (0, %) . Thus, since its expected value is finite, this implies that

the random series
o0

S o
om(5+v-+n)

m=1

is also finite almost surely for any n > 0 and v € (0, 3). Furthermore, because this series converges
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almost surely, we must also have that for any fixed choice of these constants « and 7,

limsup ————+—— =
mesos 2m (3

almost surely. Note that this is also true independently of the choice of n € Z~g.

Now by recalling the definition of the upper Minkowski dimension in Definition 1.6.2, this shows

that
1 5
dim. ¢ —nl)<s+7+0
n 3
1
73

for all n € Z<g,n >0, and v € ( ) Letting 1 and v go to 0 then gives the sharper upper bound

dim_y (Zhﬂ[n,n} X [1,71]) §§
n 3

for each n € Z~(. Finally, using the countable stability of the Hausdorff dimension, the fact that

the upper Minkowski dimension is always greater than the Hausdorff dimension, and the fact
b 1
x (0, 00) —nL:Jl <[ n,n] X {n,n]> ,
we conclude our proof of this theorem by observing that

dimy (Zy) = dimy (G ([—n,n] x EnD mzh)

n=1

(1 [L] ) 2
(o o)

5

3

IN

IN

As is typical when finding the Hausdorff dimension of any set, this upper bound is relatively quick
and painless to obtain as we only needed to find one covering of dimension at most % However,
the task of finding a lower bound on the Hausdorff dimension of any possible covering of Zj is
considerably more difficult and complex. We present our strategy for finding these sorts of bounds
systematically in the next chapter. We will establish a general strategy that works for any sufficiently
nice stochastic process before verifying that the directed landscape meets the hypotheses required

for this technique.



Chapter 4

Lower Bounding the Hausdorff

Dimension of Random Level Sets

4.1 Statement of General Strategy

In this chapter we provide a general argument for systematically establishing a lower bound on the
Hausdorff dimension dimpy of the level sets of a stochastic process X indexed by R2. that holds
with an h—dependent positive probability p; > 0. This procedure was assembled with the h—level
sets Zy, of £(0,0,-,-) and results we are able to obtain for the directed landscape in particular in
mind, so many of our choices and assumptions below are purely for convenience in that setting. The
dimension that our processes take values in, the dimension of their index sets, the subsets with which

we intersect their level sets, and even the nature of the bound (4.1.3) are all highly customizable in

general.

Theorem 4.1.1. Let (X(xl,t1)>( - be a stochastic process, let h,xq,yo € R be arbitrary,
z1,t1)€

and let 6,0 € (0,1]. Assume that for some m € Z~q there exist constants ai,...,Gm,b1,...,bm €

(—1,1), some real number €9 > 0, and two positive h (and in general xq,to,d;, and d;)-dependent
constants ¢y, and ¢}, such that for all tuples (x1,t1), (x2,t2) € [x0, X0 + 0] X [to, to + 0¢] with t; # ta,

]P’(X(;vl,tl) e (h —s,h—i—s)) < 2ene (4.1.1)

P(X(zl,tl) c (h—s,h+5)) > 2¢he (4.1.2)
m

P( |X($1,t1) — h| <eg, ‘X(Jig,tg) — h| < 8) < 4C}Lz’:‘2 <Z |$1 — Zo| Y|ty — to bi) (413)
=1

forall0<e<eqg. IfB:=2A ( min (ai+bi—|—2)>, then

ie{l,..m

P(dimH (X)) > 5) >P (dimH (X—l (h) N ([xo,xo +6,] % [tos to + 54)) > /3) > pn,

38
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where the positive constant pp, > 0 is defined as

1
A RS
Ph = 64cy, ; (a;i +1)(b; +1) '

Note. Because P is a probability measure, we must necessarily have that the positive constants py,

tend to 0 as |h| — oo. In particular, this will happen because ¢j, must shrink to 0 as |h| — oco.
Moreover, the probability p, of this lower bound on the Hausdorff dimension holding will achieve

its largest values on the regions of R in which

Law ((X(ﬂfl,tl)) )
(z1,t1)€E[z0,20+02] X [to,to+0¢]

concentrates its mass the most, since these will be the regions which lead to the largest possible
constants ¢j,. In the event that this law has a continuous, strictly positive density with respect to
the Lebesgue measure whose support contains [h — ¢, h + €], the existence of these constants ¢;, > 0

and cp > 0 will always be an immediate consequence of the Extreme Value Theorem.

4.2 Proof of General Strategy

Proof. We will break down the proof of this theorem into 5 steps as follows.

4.2.1 Build a Sequence of Random Measures Supported on h—Level Set

Fix an arbitrary h € R. For each € € (0,¢9), we define a random measure . on [zg, Zo + dz) X
[to, to + 6] by

Hhe(A) = 2%’:‘)\ ({(ml,tl) € [zo, xo + 8z X [to,to + d¢) ¢ (2,8, X (21,11)) € AX (h —5,h+5)})

where A is the Lebesgue measure on R2. We will rewrite the measure of each such event as the

integral

1
[Lh’g(A) = 276/A]l{X(xl,tl)E(h—E,h-‘rE}d)‘(letl)' (421)

The intention will be to use this collection of measures to build a mass distribution of the h—level
set of X. Though this choice of approximating measures for our eventual mass distribution feels
reasonable intuitively, we do note that this is by no means the only possible choice for this sequence.
It is quite possible in general, and possibly even here in the case of the directed landscape, that a

different type of measure may yield stronger results than this.

4.2.2 Sequence of Random Measures has a Subsequential Limit in Law

A natural way to prove the precompactness of a sequence of random measures is to prove that the

sequence of random measures is tight. We will use the following form of Prokhorov’s Theorem:
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Theorem 4.2.1 (Kallenberg, Lemma 14.15 in [16]). Let pq, fia,... be random measures on a lo-
cally compact simply connected Hausdorff space S. Then the sequence (uy,) is relatively compact in

distribution if and only if (pn(A)) is tight in R>q for every measurable A € S.

Let (£,)52; be some monotone sequence of positive real numbers in (0,£¢) such that €, — 0. This
time, we will take S = [xo, zo+04] X [to, to+0¢], fin = Hh e, , and will let A be an arbitrary measurable
subset of [xg,z¢ + 0z] X [to, to + J¢]. To prove that our sequence (pp e, (A))52; is tight in Ry, it is

00
n=1

enough to prove that the sequence (E [up, . (A is uniformly bounded in n. Since (up(A)) is
g Hheq y Hh,

non-zero for all h € R and ¢ € (0, £p), this means that we only need to find a uniform upper bound

inn on E [up.e, (4)].

Using (4.2.1), we have that by definition,

1
E [pin,c(A)] = %E [/A H{X(xl,tl)E(h—a,h—i-a}d)‘(‘Tlvtl):| .

for all € > 0. By Fubini’s theorem, the expectation above is equal to

1

= AIF’(X(zl,tl) e (hfs,h+5)>d>\(x1,t1). (4.2.2)

By hypothesis, the integrand above can be bounded using (4.1.1) by 2¢pe leaving us with

E [pn,e(A)] < Ch/ Td\(z1,t1) < cp,
A

where we use that A(A) < A ([zo, xo + 2] X [to,to + d¢]) < 1. This proves that (up.e, (4))5%, is tight
for all measurable sets A and thus there exists a convergent subsequence of measures (up.e,, )72,
that converges in distribution to a measure p;. Without loss of generality, we will simply take
(1hen )zt to be (pne, )72, We will now prove that this limiting measure p1, is mass distribution

with finite a—energy for all o < 8 on X ~1(h) over the course of the next three sections.

4.2.3 Limit is a Positive Measure with Positive Probability
If we can establish bounds of the form

E[uhys ([0, o + 82] X [to, to + 54)} > K, >0

E [tz (20,20 + 8] x [to,to + 61]) | < Ch < o0

where K and C are strictly positive constants independent of the choice of €, we can prove that

tn.e ([xo, o + dz] X [to, to + 0¢]) > 0 with positive probability. If we can find such bounds and choose
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0y, € [0,1 A K], then the Payley-Zigmund inequality implies that for each 0 < & < &y,

]P(Mh.,s ([zo, xo + 2] X [to, to + 6¢]) > 9h)

2 2
> 1 eh ]E|:,uh,6 ([370,!1}0 + 69;] X [t()ﬂf() =+ (St])i|
T\ Bl (lo,wo + 2] X [to,to + ) | ) E[ne (([z0,0 + 2] % [to,to + 01)%) |
NAAY
N Kn) Ch

In particular, this will mean that

2

K
P(;,chﬁ ([a)‘o,l’o + (530] X [to,to + (5t]) > 0) > =:py > 0.

h
Ch
We will now prove that these bounds on the moments of iy, . ([xo, o + 2] X [to, to + 0;]) exist.

We first need to find a lower bound for E [uh,g ([xo, o + 0] X [to,to + ¢]) } . By combining equation
(4.2.2) with the assumed bound (4.1.2), we see immediately that

1 to+0¢  pro+da
E Hh.e ([Q?o,ZC0+5I] X [to,to‘i’(st])} = % / ]P(X(.’Bl,tl) S (h*&‘,h‘ké‘))dl’dt
Zo

to+0¢ pro+ds
/ / ¢, dxdt
to o

= 5t6wc’h = Kh.

Y

To find an upper bound C}, on the second moment, we start by observing that we may write

E| (ph.e ([2o, w0 + dz] X [to, to + 5t]))2}

1 to+d:¢ zo+0g to+0¢ Zo+0y
_ 72/ / / / P(1X (21,11) = h| <&, |X (@5, t2) — h| < £)dardtrdaadty,
46 to xo to o

By invoking the assumed two-point distribution bound in (4.1.3), this can be bounded further as

E[ (ne ([0,0 + 2] x [to,to + 61]))° |

m

to+d¢ pxo+ds pto+de  pro+is
< Ch/ / / / E |1 — 2
to o to o i=1

Next, by performing the change of variables

Qag

bi dxdsdydt.

t1 — 12

(ul,’Ul,UQ,’UQ) = (IL‘l — I’Q,tl — tQ,I’l + 1‘27751 + tQ) (423)
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this then becomes

R {(ﬂh,a ([0, 70 + 6] X [to, o + 54))2]

to+9d: pxo+0s pto+dr pzot+de ™ .
< Ch/ / / / E |$1 - $2|ai|t1 - t2| idl‘ldtldl‘gdtg
to o to o i=0
20428, [ 2x0+204

m 5t 61‘
= 4¢y, E / / / |u1|‘“|v1|bidu1dv1du2dv2
i=1 Y 2to 2xq —0r J =0,
Mmoo a8, O
= 645,.0:ch g / / u‘f’ivll’iduldvl
—Jo Jo

m 6ai+15bi+1
= 645,510n Yy | ———t—— = ),
=1

thus giving us our desired upper bound C}, which is independent of the choice of . Moreover,
because the bounds (4.1.2) and (4.1.3) hold for all € € (0,&¢), we have that these bounds hold for

the same choice of C}, and Kj, for each random measure in (pp e, )02

> 1 Hence, for each measure

[h,e, We have just shown that
P(1ine, (w0, @0 + 8] % [to,to +8]) > 0) = pn > 0

for all 6, € (0,1 A K}). All that remains now is to show that this lower bound is also inherited by

the limiting measure p;,. Because py, is the limit in distribution of (¢, )n2; we indeed have that

P(,uh ([zo, 0 + 0] X [to,to + d¢]) > 0) > lim SUPP(Mh,an ([zo, o + 0] X [to,to + d¢]) > 0)

n—oo

Y

lim SupP(ﬂhﬁn ([l‘o, xg + 51] X [to, to + 5,5]) > O)

n—oo

> Dhs

and thus puy, is a positive measure with non-zero probability.

4.2.4 Limit is a Mass Distribution on the h—Level Set of X

We will next prove that the limiting measure py is supported on (a subset of) the h—level set of
the random process (X (21,%1))(z,t1)€[z0,20+02]x [to,to+6:]- LNis step is necessary since we only have
a limit in law, and not a pointwise or uniform limit. To begin, take (Q, F, IP’) to be the underlying

probability space on which X and our sequence of random measures (pp ¢, )22, are defined, i.e.

X5 (Q.F,P) = (C ([0, w0 + 6] X [to to + 1)) , o (7))

Hhe, (Q,ﬁ P) — (M[$07w0+5w]><[to,tg+5t]aO'(Tvague))

where Mz, 2045.]x[to.to+5,] 15 the space of finite (positive) measures on [xg,zo + ;] X [to, o + &),
o (Tunif) is the sigma algebra generated by the topology of uniform convergence, and o (7vague) is the
sigma algebra generated by the vague topology on Mz, v 46,]x[to,to+5.]- N0t that Mzg v 18.]x[to,to+6:]
is a Polish space and that C ([zo, z¢ + 0. X [to,to + J¢]) is a complete, separable metric space under
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the sup-norm by the Stone-Weierstrass theorem.

Next, let dyague be the metric generating the vague topology on [zg,z¢ + dz] X [to,to + ;] and

define a metric dpyoq on the product of these two spaces by

2
dprod : (M[zg,ngréx]x[to,thrét] x C ([950,900 + 530] X [t07t0 + 5t])) — RJF

(z1,t1)€[T0,20+02] X [to,to+0¢]

(e (9,0)) = dvague(u,v)2+< sup f(xl,tl)—g(xhtm). (4.2.4)

Under this metric then see immediately that the product space

(M[a:o,wg-i-(sz]x[to,to-i-&t] x C ([.’Eo, To + 51] X [th tO + 5t]) 7dprod)

is again a complete, separable metric space. Let Tproq denote the topology generated by the metric
dprod and o (Tpred) be the Borel sigma algebra generated by this topology. Under these conventions,
any finite measure on the product space endowed with o(Tproq) will automatically have compact

support.

We will now shift our attention back to the sequence of random measures (., )52, and its limit in
distribution pp. With the conventions in this subsection thus far, we can view the pairs (pp.e,,, X)

as random elements
(Mh,sn,X> : (Q,]:7 P) — (M[wmwo-&-éw]x[to,to-i-ét] x C ([zo,m0 + 0] X [to,to + 6¢]) aG(Tprod)>-
Given this, if we define for each n € Z~( the probability measure
Q,, = Law ((uh’an,X))

on (M[m071'0+6m]><[t07t0+51,] x C ([xg,xo + 0z] X [to,to + 0t]) ,J(Tpmd)), then the sequence of probability

measures (@), will have a weak limit Q. Moreover, each probability measure @, (including

n = oo) will also have separable support. Thus, we may use the Skorokhod Representation Theorem

to construct a new probability space (Q, F, ]f”) and random elements

Y : (Q,ﬁ ]f”) - (M[a:o,:roJr(SI]X[to,toJrét] x C ([zo, 0 + 0] X [to,to + J¢]) aU(Tprod))
for each n > 0 (including n = o0) such that ¥,, — Y P—almost surely, and such that
Law (Yn) —Q,
for each n. For the sake of convenience, for each n € Z~y we will write

Vo = (fine,, X™)
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and for n = oo, we will similarly write
Yoo = (thX(OO)) .

Now because the almost-sure convergence Y,, — Y, is with respect to the metric dproq, we have by
(4.2.4) that as n — oo,
Phe, = Hh (4.2.5)

P—almost surely in the vague topology on Mz, 4046,]x[to,to+5,]- L he same reasoning gives us that
x () _y x(o0)
with respect to the sup-norm on C ([zg, zg + d5] X [to,to + 0¢]) P—almost surely.

We now take a moment to observe that each X (including n = o0) is a copy of the random
process X created on (Q, F, ]f”)7 though they are not necessarily the same realization of X. We will
show that this potential ambiguity with different realizations of the same process is not an issue.
To that end, we will make several elementary observations before resolving this. First, we establish

that for each finite n,
i )"
Supp fin.e, C (X ) ([h en,h+en]> (4.2.6)

P—almost surely. Letting m; and w5 be the usual projection maps on the product space

Mgy wo-+6.1x [t to+5:] X C ([0, To + 02] X [to, to + &¢]),

this follows immediately from the fact that

P (ﬂh,sn <(X("))1 ([h— &n, b +€n]0)) > 0)
_p (m(yn) (m (V) (h—en b+ sn}c)) > o)
= P(Mh,gn (X' ([h—en.h+e,]9)) > 0)

=0
based on our original definition of u, ., in terms of X.

Next we fix some small § > 0 and recall that P—almost surely, there exists N = N(,w) such
that for all n > N and ¢, < §/2,

sup X (W) (21, 1) — X (w) (a1, tl)‘ <6/2. (4.2.7)

(z1,t1)€[1,2]x[1,13]

As an immediate consequence of (4.2.7) and the fact that €, + /2 < §, we have that for all n > N,

(X(")>71 ([h = en, h+en]) C (X<°°>)71 ([h— 6, + 8]) (4.2.8)
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P—almost surely. In conjunction with (4.2.6), this means that
-1
supp fin,e, © (X)) ([ —8,h+9))
P—almost surely. With this we are now able to establish that P—almost surely,
supp p, C (X)) 71 ([h — 6, h + 8)) (4.2.9)

for any § > 0, i.e. that
-1
supp pp, C (X(‘X’)) (h) (4.2.10)

as desired. To prove that (4.2.9) is true, it suffices to show that for any continuous
f : [Io,xo + 61] X [to,to + (St} —-R

vanishing on an arbitrary open neighbourhood of (X (00))_1 ([h — &, h + 8]) that

// flxy, ty)dpn(w)(xy,t1) = 0.
[z0,20402] X [to,t0+3¢]

By (4.2.5), we know that for any such function f,

/ / Fan, ) dpn (@)@, t) = Tim / / Fan, ) dpn e, (@), ).
[xo,20+82] X [to,to+8¢] n—roo [xo,x0+02] X [to,to+0+]

By (4.2.8) and the hypothesis about the support of f, we know that for n > N = N(J,w), each
integral on the right-hand side above will be exactly 0. This in turn establishes (4.2.9) for any fixed
d > 0 and by letting 6 — 0, this finally proves that (4.2.10) is true. This completes our goal for this
subsection and confirms that up is a valid mass distribution for the h—level set of X. For the sake
of convenience going forward, we will take the random measures and stochastic processes that we

have on the original probability space (Q, F, IP’) to be the realizations that we have just constructed
on (0, F,P).

4.2.5 Mass Distribution has Finite Energy for a < 3

In order to invoke Theorem 1.6.9 with our mass distribution up, we need to determine for which

a > 0 the integral

1
dpp(xy,t1)dup(re, ts) < 00 4.2.11
////ﬁxo,ww]x[to,wt])z @0, t0) — (o, ) (o ta)din (@2, o) (4.2.11)

converges almost surely. Notice that since this is a random integral, to prove that this integral is

finite, it is enough to show that its expectation is finite. First, we will prove that the mean of the
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energy integral for each pp o is uniformly bounded. By the definition of pp, ¢,

1
" //// d:u’h,s x1,11 duh’g Ta,to
l ([z0.@o+6.)x[toto+e:))? |(Z1,01) = (22, E2 )| (z1,11) ( )

=F % //// ]l{(X(gcl,tl)E[h eh+g]}]l{(X(a:2,t(j)e[h €, h+5]}d)\(x1,t1)d)\(x27t2) ]
de ([w0,z0+02] % [to,to+6:])? [[(z1 — w2,5 = t)]

By Fubini’s Theorem, the expected value on the right-hand side is equal to

1 to+ds pro+ds pto+dr  pro+ia P( |X(I1, tl) - h‘ <eg, |X($2,t2) — hl < 5)
7/ / / / d!Eldtld.’lﬁthQ.
4e? (21— 22,5 — )|

As before, we can use the two-point distribution bound (4.1.3) to obtain the subsequent bound

1
dpin,e (21, t1)dpn (22, t2)
////[wo,wo% Ix[tostoto:)? (@1, t1) — (wa, t2)[* 7 ° c
a; t t2‘b

to+1 pxo+1l pto+l pxo+l o ; o i
/ / / / |£U1 2 dl’ldtldl'zdtz.
[(z1 — 22,5 — £)||*

By once again using the change of variables (4.2.3), the right-hand side of the expression above can

to+1 zo+1 to+1 zo+1 a; b;
_ ilt] — to]%
/ / / / |£L'1 2 2‘ dﬂ?ldtldl’gdtg
to [(z1 = 22,5 = t)[|*
2to+2 2x0+2
4ch / / / / - du1 dvidusdvg
2t 2z 1 [, v1)]|

“1 U1
64ch2// @+ o) a/2du1dv1. (4.2.12)

be rewritten as

The convergence of the integral above in the right-hand side of (4.2.12) is best understood by using

the following proposition about the calculus of the I'—distribution.

Lemma 4.2.2. For any real numbers a,b > 0, the integral

ue— 1 b 1 ue— 1 b 1
/ / ————=dudv = / / ————dudv
(u? +v2)% [I(u, 0)][3
converges for all 0 < o < a + b.

Proof. We first recall that since all norms on R? are equivalent to the infinity norm, there exist

positive constants ¢, C' > 0 such that

cll(w, 0)[1F < [[(w, 0)[[3 < Cll(u, )7
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so we immediately have the upper bound

wa—1pb—1 we—1lypb—1
/ / 3 dudv<c/ / —dudv.
(u? +v2)% (u+v)e

Now let U and V' be independent random variables with U ~ I'(a,1) and V ~ I'(b,1) and consider

1
E [(U+ V)al{Ugl}l{vgl}] :

By definition, this expectation is equal to

/o1 /o1 (qulv)“ (“ar(ls)”) (vbrzg)”> dudv > I‘(S);‘(b) /01 /01 Wdudv

which then allows us to say that

wue— 1 b 1 1
/ / u2 T v2 dud’U < ce F(a)F(b)E |:W1{U<1}1{V<1}:| .

Moreover, by the independence of U and V', we also know that W :=U +V ~ T'(a + b,1). With

this observation in mind, we can then say that

ule— 1 b 1 1
/ / u2 T U dud'U < C€2F<G)F(b)E |:W1{U<1}1{V<1}:|

1
< ce’I'(a)T(b)E 1
< ce’T'(a)T'() {Wﬂ {W<2}]

2 1 wa—i—b—le—w

= ceQF(a)F(b)/ — —————dw

o w* TI'(a+b)

ce’T(a)T'(b) /2 witb—a=1 .,
F(a + b) 0

This upper bound is finite if and only
1
/ w Tl <00 = a+b—1—a>—-1 < a<a+b.
0

Therefore, for all 0 < a < a + b, we have that

albl
// u2+v2 ———dudv < 0.

Using Lemma 4.2.2, we see immediately that the improper integral

/ / ul Ul dudv
u1 + U1

converges for all 0 < « < a; + b; + 2. Moreover, because the integrand above is a non-negative
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measureable function for each i € {1,...,m}, Tonelli’s theorem tells us that

// uU1 Ula/zdu1dv1<oo<:>// UI vl duldv1<ooforallze{1...,m}-
1t

As such, by Tonelli’s Theorem and Lemma 4.2.2 we have that

m

b
Z// L 1a/2du1dvl<oo

foral 0 <a< fB=2A ( {r{lin }(ai +b; + 2)) . From these observations, we then get that for all
i€{l,...m

choices of 0 < a < 3,

1
E //// Apipe(z1,t1)dpn.e (22, t2) | < 64cp Ry < 0.
l oottty T ) — G B[ :
(4.2.13)

for all € € (0,¢¢), for some a—dependent but h—independent constant R, € R>o.

We now return to our original goal of verifying that equation (4.2.11) holds almost surely. We
will do this by showing that the expected value of the energy integral in (4.2.11) is finite almost
surely, and relating the expected value of that energy integral to the uniform bound we have found
n (4.2.13).

Let the probability space (Q,}" , IP’) be as in the preceding section. As previously discussed, we

know that as n — oo,
fih,e, (W) — pn(w) (4.2.14)

for P—almost every w € €2, in the sense described in (4.2.5). For any such w € Q, (pne, X pihe, ) (W)
is a product measure on ([zo, zo 4 04 X [to, to + 6])°. Since we have previously established that the

convergence in (4.2.14) is true, we have immediately that for any such w € Q,

(Bhe, X Hhe,) (@) — (pn X pn) (W)

in distribution in (M([mo,mo+6m]><[to,to+6t])27U(Tvague))7 which we recall is the space of finite positive

measures on ([Zg, Zo + 0z] X [to, to + (5t])2 equipped with the topology of vague convergence.
To relate the energy integral of the sequence to the energy integral of the limit, we will make

use of Fatou’s Lemma. In particular, we will use Fatou’s Lemma for weakly convergent measures.

By invoking Theorem 2.4 in [12], we know that

1
lim inf duh(xl,tl)duh(xg,t2)
////zo w0-+6.] X [to,tot0e))2 (@5 y' )= (@ swt) [[(27,87) — (y, ) ||
1
< liminf //// dpsh.e, ($17t1)dﬂh7 " (xg,tz).
n—oo ([eo,z0+6]x[to,to+o:))2 ||(T1,81) — (22, £2)[|* : :
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since (e, X fihe,) converges weakly to (up X pp) and

=

f(l',&y,t) = H(‘rl _x278_t)

is a measurable function taking values in RU {oco}. Moreover, because we have that

1 1
lim inf =
(@ 5"y )= (,spt) [|(2,8") = (@, )|* [[(@1,t1) — (w2, t2)]]@

this new integral bound can be simplified to

1
dpn(xy,ty)dpn (22, t2)
/.///([a:o,xg—i-éz]><[t07t0+6t])2 [(z1,t1) — (@2, t2)[|*

1
< liminf//// dpthe, (T1,61)dpn e, (2, t2).
nroe ([w0sm0-+82] < [t to+o:)? (@1, 01) = (o, ta)[]o 7 -

By taking the expectation on both sides of the inequality above, we then get that

1
dpp (w1, t1)dpn (22, t2)
////([mo,xo-i-éw]><[to,t0+6t])2 [(z1,t1) — (z2,t2)[|*

1
lim inf //// At e, (x1,61)dpne, (T2, t2) | -
oo ([zo,zo+62] X [to,to+5¢])? H(xlvtl) - (mQ’tQ)”a ) ©

Finally, by using the regular version of Fatou’s Lemma on the upper bound above in conjunction

E

< E

with our uniform bound (4.2.13), we finally obtain that

1
dpn(x1,ty)dpn (e, t2)
\///\/([zo,a:OJrém]x[to,t0+§t])2 [[(z1,t1) — (22, t2)[|*

1
liminf//// dpthe, (T1,81)dpn e, (T2, t2) | < 00,
n—roo ([wosw0-+82] < [to to+o:)? 1(@1,01) = (wa, ta)[[o° :

for all 0 < a < 8. Thus we have now proven that

1
dpn (1, ty)dpn (22, t2) < 00
////([zo,zo+6m]X[tg,to-&-ét])z [(z1,t1) — (z2,t2)|*

for all 0 < a < §, completing our proof of Theorem 4.1.1 via Theorem 1.6.9. O

E

<E

4.3 The General Strategy Applied to £(0,0;-,-)

In this section, we will outline how we intend to use Theorem 4.1.1 to develop a lower bound on the
level sets of the Hausdorff dimension of the directed landscape restricted to a compact set. This task
will comprise almost all the remaining work in this thesis. As mentioned previously in section 1.2,
the bounds in (4.1.2) and (4.1.1) are already known to exist in the case where the stochastic process
X = £(0,0;-,-), via its relationship with ;. Thus, the only hypothesis that needs to be verified is
the existence of a two-point bound of the form (4.1.3) for £(0,0;-, ).



CHAPTER 4. LOWER BOUNDING THE HAUSDORFF DIMENSION OF RANDOM LEVEL SETS 50

Given this information, our goal over the course of the rest of this paper will be to establish a

partial two-point bound for the directed landscape of the following form.

Theorem 4.3.1. Let h € R be arbitrary and define a positive constant €9 > 0 by

22
€0 = min — = —.
0 (@s)ef1,2)x[1,15] 25 11

Then there exists an absolute, h—independent constant k > 0 such that for all 0 < € < &g,
P(1£(0,0;2,5) = h| < &,1£(0,0;,) — | <) < we? (14|t —s| 73+ —yl¥|e—s|7F]) (43.1)

for all (z,s), (y,t) € [1,2] x [1, %] )

Upon establishing Theorem 4.3.1, we will have the final ingredient needed to obtain a lower bound
of 2 on the Hausdorff dimension of the h—level set of £(0,0;-,-) which holds with (h—dependent)
probability at least p, > 0. We also note that the two-point bound (4.3.1), while sufficient for our
purposes, is almost certainly not optimal. It is highly likely and expected that a true optimal two-
point using these techniques would be defined piecewise and will depend heavily on the relationship
between x —y and t — s, as well as their actual values and their signs. Because of this, there is likely
quite a bit of room for further optimization, even within the context of this specific result. Some

suggestions for possible improvements will be discussed later in Chapter 7.
Before beginning our proof of the partial two-point bound in Theorem 4.3.1, we will use its conclusion
to state and prove the cumulative result of the work in this thesis, via Theorem 4.1.1.

Theorem 4.3.2. Let frw, be the density of A1(0) with respect to the Lebesgue measure, fix an
arbitrary h € R, and let the absolute constant k > 0 be as in Theorem 4.53.1. If h > 0, define two
positive constants ¢}, cn, > 0 by

1 5 1
C o (10Y w0y, 0y, s 5
¢y, = <11 min < frw,(u) @ u € 1 + 11 h 1 4+h+11

and
10\°  (10\° 5 5
ch::,%\/max{fTwz(u) :ue[(ll> +<11> h_ﬁ’4+h+ﬁ }

If h < 0 then define these positive constants cp, ¢, > 0 instead by

1 5 1
10 3 10 3 5 10 3 5
T ; . e _ 2 e 2
¢l = <11> mm{fTWQ(u) .ue[(ll) +h 11,4—!—(11) h—|—11

and

5 1
1 3 1 3
Ch;Z\/max{fTWQ(u) :ue[(o) +h7£ 4+(0> h+i

11 11’ 11 11

}
)
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If the random set Zp, C R X Ry is defined as Zy, := {(m,s) eRxRso : L(0,0;z,5) = h}, then

. 5 . 3 (})?
P(dimg(Z,)<=)=1 and P(dimy(Z,)>=]> h :
( HZ) < 3) ( 1) 2 2) = 6dcp, (1 +2/10 + 29/100)

Proof. Theorem 3.0.1 directly gives us that
) 5
P (dlmH(Zh) < 3) =1
for all h € R, so we only need to verify that

(ch)?

> .
~ 64cp (1 +2v/10 + 2V/100)

P (dimH(Zh) > ;’)

Now since we know that, by definition of the directed landscape,
L£(0,0;z, ) 4 9158)(1:) =539 (37%“") £ 5%211(0) — s73g?
for any (z,s) € [1,2] x [1,15] . As such, for fixed (z, s) we see that

]P’(;C(0,0;SL'“S) €(h—e,h +5)) = P(s%QH(O) — sz € (h—e,h +5))
= P(Q{l(O) € (sfng + sié(h - 6)787%I2 + sié(h + E)) )
= P(TWQ € (s_%x2 + s_%(h - 5),5‘3332 + s_%(h + 5)) )
5_%12-{-5_%(/1-&-5)
= / : ; frw, (u)du. (4.3.2)
s” 32245 3 (h—e¢)

This means that, in accordance with equations (4.1.2) and (4.1.1), we need to find two h—dependent

constants ¢y, ¢;, > 0 such that

57%x2+57%(h+5)
2¢pe < / . Jrw, (uw)du < 2cpe
S

7§z2+87% (h—e)

holds for each 0 < & < & and simultaneously for all choices of (z,s) € [1,2] x [1, ;5] .
As the subsequent argument changes only superficially as sign (h) changes, without loss of gen-
erality, assume that » > 0. To find these constants cp,c), > 0 we start by observing that for all

choices of (z,s) and all 0 < ¢ < £ we have the inequalities

5 1
10\ 3 103 5 5 5
(11> —|—<11) h—ﬁg 3_51‘2+S_%(h—€)< s_%xQ—l—s_%(h—ke)S 4+h+ﬁ'
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}

These inequalities in turn lead the chain of inequalities

r 5 1

10\ 3 10 3 5 5
i : — p— —. 4
mln{fTWz(u) u € <11> +(11> h — T +h+11

S min{fTwz : [s_ng +s55(h—¢), s 3a° +s‘%(h+e)”
=m {fTW2 pue[sTha? 4 sh (- o), 8_%x2+s_%(h+s)]}
5 1
10\3 [10\% 5 5
< : - D)V o2 5
< max{fTW2 [(11) +(11) h= g d+ht 4 }

for any (z,s) € [1,2] | and 0 < e < -%. Given this, we will define

1,4
10

- (){ e [<12>3 (@) () o (0 3)

and letting x > 0 be as in Theorem 4.3.1,

} (4.3.3)

K 10\%  /10\? 5 5
==V : — — h—— h . 4.3.4
e s e [(9) () (1o 8) oo (e )] e
With these definitions in place, we see that for all choices of h € R, ¢ € (O7 15—1) , and (z, s) we have
87%w2+57%(h+5) 87%w2+87%(h+5) 11 3 , 11 , ,
u)du > — cldu225 cLE) > 2¢E,

and similarly that
87%w2+87%(h+8) 37%w2+37%(h+8) L
/ . ) frw, (w)du < / . ) cpdu = (2¢p)s 3 < 2cpe.
s” 32245 3 (h—¢) s” 32245 3 (h—¢)

This proves that the definitions of ¢, ¢}, > 0 in equations (4.3.3) and (4.3.4) satisfy the requirements
n (4.1.2) and (4.1.1) of Theorem 4.1.1. In the language of our general strategy, the parameters

A1y .oy Ay b1, by o, to, 02, and d; that appear in our two-point bound (4.3.1) are

1 1 2 1
(0,1,&2,0,3) = (07072> B (b17b27b3) = (Oa_27_3) B (antO) = (171) 5 and (6117515) = <1710) .

We also note that this means that the threshold 5 > 0 becomes

ﬁ?/\( min ai+bi+2> = —
i€{1,2,3}

Thus, in conjunction with Theorem 4.3.1, the conclusion of Theorem 4.1.1 yields that

' 5 A 510t (ch)”
P (dlmH(Zh) = 2) = Ph = chh (Z (ai + 1) (b; + 1)) 64y (1 +2\hﬁ+2\/ﬁ)

=1



Chapter 5

A Partial Two-Point Bound for
L(0,0;-,-): The First Regime

With our ultimate goal now clearly in mind, we proceed to the long task of proving the existence of
our partial two-point bound for £(0,0;-,-). Throughout the course of these arguments, we will work
with the rectangle [1,2] x [1, %] for simplicity /convenience, but the subsequent arguments will also
generalize to any box of the form [u, u + d,] X [v,v + &,] provided that w,v > 0 and that numerous
constants, bounds, and inequalities are adjusted accordingly along the way. Note that because the

directed landscape £ is only real-valued on R%, R x Ry is the only domain on which bounding
P(L(0,0;2,5) € (h—e,h+e), £(0,0;5,) € (h—e,h+2))

would be meaningful and non-trivial. For technical reasons later on in the course of our arguments,
the assumption that 0 < € < ¢y will be crucial for obtaining the specific polynomial density bound

that we have.

We begin by remarking that if both £(0,0;x,s) and £(0,0;y,t) are close to h then intuitively
they must also be quite close to one another. Recall that we are assuming without loss of generality

that s < t. As such, we immediately obtain the elementary inequality
]ID(E(()? O;I, 5) € (h - & h + 8)7£(O70;y3t) € (h -5 h+ 5))
< }P’(L‘(O, 0;2,8) € (h— &, h+¢),|£(0,0; 9, t) — £(0,0; 2, 5)| < 25). (5.0.1)
By using the metric composition law of £, we also have that

£(0,0;y,t) =sup £(0,0;z,5) + L(2, 539, 1).
z€R

Moreover, as a consequence of the skew stationarity property of the directed landscape, we have for

all fixed z, s € [1,2] and for all z € R the equality in distribution

£(0,05z, s) £ £(0,0; 2 — x,8) + s~ (222 + 22).

53
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As such, we can rewrite the right-hand side of the inequality (5.0.1) as

sup £(0,0; 2, 8) + L(z, s;y,t) — £(0,0; 2, 5)

P (L(0,0;x,s) e(h—e,h+e),
zeR

< 28)

2xz — 22
=P Ay sneNS|supL(0,0;2 —z,5) + L(2,s;9,t) — L£(0,0;0,5) + — <2
z€R
2xz + 22
=P Az sneNg|supL(0,0;2,s) + L(z+ x,s;y,t) — L£(0,0;0,5) + — <2:]. (5.0.2)
z€R

where we have defined the (z, s), h,e—dependent event A, ;s p - as
3 2
Apspe = H,c(o,o;o,s) + % - h‘ < a} .

The independent increment property of the directed landscape yields that £(0,0; z, s) and £(z, s;0, t)
are independent, which is what allows us to legitimately use this sheer on every term except for
L(z, s;y,t) above. In addition to this independence, by the temporal stationarity, spatial stationarity,
and flip symmetry of £ we also have that for all z € R,

L(z,s39,t) £ £(0,0;2 — y,t — s)

where £ an independent copy of the directed landscape. This allows us to rewrite the probability

o))

(5.0.3)

(5.0.2) once more as

P (Ax,s,h7€ N {

~ 2 2
sup £(0,0; 2,8) + £(0,0; 2z + . — y,t — s) — £(0,0;0,5) + xz+x
z€R S

Now by the definition of the directed landscape, we have that for all z,s,y,t € R the equality
in distribution

L£(0,0;2 4 (x —y),t — s) < (t — s)/32, (W) (5.0.4)

where 24 is the top line of the parabolic Airy line ensemble. In order to obtain our (partial) two-point
bound (4.3.1), we will condition on the location of the argmax of the sup in the second coordinate
of (5.0.3) and then use a union bound to bound the probability of these events by an infinite sum

of the probabilities of somewhat simpler events. In particular, we will partition R into the intervals
of length o3 := (t — 5)3
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where we allow i to range over all of Z and adopt the notational convention that [a+b] := [a—b, a+b]

for convenience. With this in mind, we are able to obtain the upper bound

P(L(0,0;2,5) € (h—e,h+€), £(0,059,6) € (h— 2,1 +¢))

~ 2xz + 2
< ZIP’ Az she sup L£(0,0;z,8) + L£(0,0; z+ A,0) — £(0,0;0,8) + ———| < 2¢

icZ 73 €lit1/2] S

where, for ease of readability, we have also defined A := (z — y).

Based on our choice of the partition for R, we will observe two distinct behaviours in the supremum
in A(zs),(y,0),i,c @ @ ranges over Z. One such reason for this distinction is that these behaviours
partly correspond to whether or not the deterministic parabola ”hidden” inside the terms from £
appearing in the supremum above is positive or negative. This will be expounded upon in more

detail in section 5.3.

At a high level, we will essentially have a parabola in the variable i with x,s,o~ ', A—dependent
coefficients. Moreover, this parabola will open upwards and will always have a positive root and a

negative root based on our domain for  and our choice of €. Thus, in our analysis of the probabilities

. N
| Avene sup  £(0,0:7,5) + £(0,0:2 + A,0) — £(0,0;0,5) + | < oz

£ €lix1/2] s N

the behaviour of the second event will be heavily influenced by where each i € Z falls in relation
to the zeros of this parabola. By analyzing the discriminant of this polynomial, finding an upper
bound on its magnitude, and noting that ¢~' is the only unbounded parameter in the parabola’s

coefficients, we can therefore find a partition of Z of the form

7= ([—n(a)7 n(o)] N Z) || ([—n(a)7 n(0)]€ N z)

for some function n of o with [—n(c),n(c)] N Z containing the integers in between the zeros of this
parabola. As a result, we will have that the parabola is strictly positive on the second subset of Z
and will assume all of its negative values on the first set. Because of this, splitting our analysis into

two distinct cases already feels quite natural.

The other, and much more significant, reason for splitting this task in two is that when we work on
[-n(0),n(0)]NZ,

we will only ever need to understand the behaviour of £(0,0;-,-) on a compact set, which greatly
simplifies many of our computations and the types of tools that we need to develop. In partic-

ular, this is because there will always be a finite maximal distance between the arguments of
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£(0,0; z,8),£(0,0;0,s), and £(0,0; z+4, o). Conversely, when we work on the complementary region
[~n(0),n(0)]° NZ,

z will belong to an interval that can be arbitrarily far away from 0, meaning that we will need to
understand the behaviour of £(0,0;-,-), and hence the behaviour of 2(; on arbitrarily large intervals.
This is a fundamentally very different task than the former, and so a different approach will be
needed to elegantly manage the presence of these arbitrarily large gaps between the intervals that

we actually care about.

It is important to note however that in a vacuum, this problem of large gaps is agnostic to how
we define our cutoff point n(c). Given this information, it is therefore quite natural to choose the
cutoff point n(c) in a way such that the analysis of the second regime of these probabilities, i.e.
the regime where the intervals can be arbitrarily far apart, is simplified as much as possible. Thus,

given the dependence of the event

~ 2 2
sup L0052, 5) + £(0,0:2 + A, o) — £(0,050, ) + 22 ET | <o
gz elit1/2) s

on the behaviour of the hidden deterministic parabola, we will split Z in a way such that we are

guaranteed that this parabola is strictly positive in the second regime.

Although there are an infinite number of valid choices for the cutoff point N(o), we will choose
to use n(o) = 100~ 3. The relevance of having a factor of o~ will become apparent throughout the
course of our work, and the factor is simply chosen for convenience. A sharper constant factor would
likely exists, but there is no additional benefit gained from optimizing that particular factor. This
means that we will define our two distinct regimes to be when |i| < 106~ % and when |i| > 100~ 3.
We also note that because we have defined o := (t — s), 0 € [0, 15]. Importantly, we are only

interested in deriving a bound when o > 0, since t # s by hypothesis in Theorem 4.1.1.

For the sake of readability we introduce the notation that for any \ # 0

T
m@@y;ﬂ“m(ﬁﬁ) (5.0.6)

With this convention in mind, we now have that by the definition of the directed landscape the
equality in distribution

X

d s
E(0,0;x,s) = 81/32[1 (52/3) - ng )(x)



CHAPTER 5. A PARTIAL TWO-POINT BOUND FOR £(0,0;-,-): THE FIRST REGIME 57

As such, we may now rewrite each summand in (5.0.5) as

2xz + x?

Pl Agsnen sup  L£(0,0;2,8) 4+ L£(0,0;z + A, o) — £(0,0;0, s) + ————| < 2
ﬁe[iil/z] s
s 3x? . s . 5 )
=P 915>(0)—h+i <e, sup ﬁﬁ)(z)+91§)(z+A)—m§>(o)+ rz+ o <%
s 573 €li+1/2] s
(5.0.7)

Our goal will be to dominate these probabilities for each i by the probability of a certain random
vector with a bounded density being in a box of area 820~ 3. The precise construction of this
random vector will change as we switch from the first regime to the second regime, but will be quite
similar in both cases. In order to construct these random vectors, however, we will need to develop
a pair of absolute continuity statements building off of the work of Dauvergne in [8]. We introduce

the first of these absolute continuity statements in the following section.

5.1 The First Airy Comparison Lemma

The following lemma builds off of Theorem 1.2.2 to dominate the law of 2(; on an interval of the
form [a —T,a+T] by a mean zero Gaussian random variable and an independent stochastic process
with strong T'—dependent upper and lower tail bounds. Importantly, this lemma also extends to
law of 9[9) for any A > 0. It will be instrumental in developing bounds on probabilities of the form
(5.0.7) in both the first and second regimes.

Lemma 5.1.1. Leta € R and let T > %. Let £, be the function on R defined by
lo(r) = (r—a)*> —r* = —a(2r —a) = a* — 2ra

and let 1, denote the interval
I,:=[a—T,a+T)

Then there exists an absolute constant ¢ > 0, two T—dependent constants c1,co > 0, and a random
function (F(r))rer, such that

Law <(%m>raa> < ¢T" Law ((\/ﬁN + (f(r) + l“(r)>refa>> (5.1.1)

where N is a standard Gaussian independent of (.7-"(7’)) , and for all m > 0,
rclq

3

P (sup |F(r)| > m) <cpem @™, (5.1.2)
rel,

More generally, for any constant X > 0, let ‘219) be as in (5.0.6) and denote by 1,9) the interval

PN R SR ROC RN SN
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Then as a consequence of (5.1.1), there exists a random A\—dependent function (F™) (T))rel(” and

an independent standard Gaussian N such that

Law <(919>(T))T6M) < T Law <(Aé\/ﬁN + (f(A) (r) + Aéza(mé)))MOJ . (5.1.3)

and that for the same constants c1 and co and all m > 0,

P| sup
TGI((IA)

In particular, there exist random constants A and C such that we may write

3
A3 FX (r)‘ > m) <cre ", (5.1.4)

(A) 2 i 2 _1 1
(]—' (ax3 + 5))661(9) (W(25 FBTAR) £ ATHAS + A C)aezw (5.1.5)
where W is a standard two-sided Brownian motion, and for all m > 0,
3
IP’(|A\ > m) +IP’(\C| > m) < 2eremem? (5.1.6)

No claims are made about the independence or lack thereof amongst A, W and C.

Proof. By the stationarity of the stationary Airy process, we have the equality in distribution

(Qll(r))re[aﬂ:r] - ((Qll(r —a)t(r- G)Q) B 702)7~e[aj[3T] B (Qll(r) e (r+ a)2)r6[0i3T1.

which can be thus be condensed into the equality of laws

Law ((ml(r))re[aﬂ:ST]) = Law ((2[1(7”) +r? = (r+ a)z)re[O:l:BT]> '

By Theorem 1.2.2, there exists a diffusion parameter 2 Brownian bridge B on [—3T, 3T from 0 to
0 and an independent random affine function L on [—3T, 3T such that

o (90 ) o (305 7))

< 10T Ty ((B(r) YL 42— (r a)2) )

r€[0+3T]
We note here that although we do have the option to apply Theorem 1.2.2 on the original interval
[a+3T], it is better for our purposes to apply it on [0+ 37T]. The main benefit to making this choice
is that this isolates the dependency on the center of the interval a in a single deterministic parabolic
term. In doing so, we see that any and all behaviours of L and B on [0 & 37] now have absolutely

no relation to the value of a. This will be quite useful later on.

Thus by restricting both (21(r)),¢[q137 and (B(r)+ L(r)+ 7% — (r+ a)2)7'6[0i3T] to the middle

thirds of their domains, we may use Lemma 2.0.5 with the parameters § = = and k& = 2 to conclude

1
3
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that

Law ((2[1(7“)) o ) < 216eT° [ o

((B(r) +L(r) + 1% = (r+a)?)
— Q216eT? <(\/ﬁ]\] +(B(r) = V2TN) + L(r) + 1% — (r + a)Q)TdOiT])
((

re [OiT]>

3
— 6216CT Law

VOTN + (B(r —a) — \/ﬁN) +L(r—a)+(r—a)® - r2>’r‘€]a>
_ Q2167 ((\/ﬁ]\[ + F(r) + la(r))rela)

with N a standard Gaussian independent of the process (B — v2T'N),¢[o+7], and where we have
defined
(]-'(r)) = ((B(r —a)— \/QTN) +L(r— a)) . (5.1.7)
rel

rel,

a

Now that we have defined our process (F(r)) we will next prove that the tail bound (5.1.2) is

true. We first observe that

rely’

sup |F(r)|= sup |B(r—a)—V2TN+L(r—a)| < sup |B(r)|+ V2T |N|+ sup |L(r)|.
rel, relaxT) re[—=T,T] re[—=T,T]
(5.1.8)

Moreover, recalling that L is a straight line segment from L(—3t) to L(3t) we have the elementary
bound

sup |L(r)| < sup |L(r)| < max{|L(=3t)|, |L(3¢t)|} < |L(-3t)| + |L(3t)]. (5.1.9)
re[-T,T] re[—3T,3T)

By invoking the bounds (1.2.1) and (1.2.2) in Theorem 1.2.2, we obtain in our case that
3 5
IP’(L(—?)t) AL(3t) < fm) <279 and IP’(L(f?)t) Vv L(3t) > m) < e—dmi+emi (57 10)

for some T'—dependent constants ¢,d > 0. This means that by taking union bounds, combining

equations (5.1.9) and (5.1.10) gives us a chain of inequalities

P <TE[SB£T] L(r)| > 2m> < ]P’(|L(—3t)| +|L(3t)] > 2m> < P(\L(—3t)| > m) + IP’(|L(3t)\ > m)

< 2]P’(L(—3t) AL(3t) < —m) + 2P(L(—3t) Vv L(3t) > m)

3
2

3 5
<2 (e_ng Femd + Qe_dm3) < cre”2™m (5.1.11)
for some T'—dependent constants c1,co > 0. We now turn our attention to the Brownian bridge B.
Since B is a Brownian bridge of diffusion parameter 2, we may write

d r+ 3T

(B(T))re[—ST,3T] £ (Wier+61) - —= W(12T))T€[73T’3T] (5.1.12)

where W is a standard two-sided Brownian motion. Based on this decomposition in law we have
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the upper bound

sup [B(r)| < W(I2T)| + sup [W(2r)| = [W(I2T)[+ sup [W(r)|.
re[=T,T] r€[0,6T] r€[0,127]

In turn this, this implies the chain of inequalities

P ( sup |B(r)| > 2m> <P <|W(12T)| + sup W(r)| > 2m>
re

(-T.T] rel0,127)

< ]P’<|W(12T)| > m) +P ( sup W(r)| > m>

ref0,12T

= ]P’<|W(12T)| > m) +P ( sup W(r) > m) +P < sup —-W(r) > m)

(0,127 [0,12T)

= IP’<|W(12T)| 2 m) +2P ( sup W(r) > m>

ref0,127]
- 31P>(|W(12T)| > m)

< Gem '/ (240) (5.1.13)

using the fact that —W 4 W, the known distribution for the running maximum of a Brownian
motion, and the standard Gaussian concentration bound. As such, by combining equations (5.1.8),

(5.1.11), and (5.1.13), we see that we can find positive T—dependent constants c1,c2 > 0 such that

]P’(nglfz |F(r)| > m) < IP’(TE[SE;)’T] |B(r)| > m/3) + ]P’(\/ﬁ|N| > m/3> +P<7‘E[SB¥,T] |L(r)| > m/3)

< 016_02m3/2

as claimed in equation (5.1.2). The extension of our result to the rescaled Airy process Ag/\) in
(5.1.3) is an immediate consequence of the base case when A = 1. To see this explicitly, we observe
that

< e2l6eT? Law( ASV2TN + A3 F(r) +)‘%l“(r)) [ :tT])

— 216 Ly <(AWﬁN + AF(AT) £ AL (A7) >
re[ar2/3+TA\2/3]

= (210eT° Law< )\%\/QTN+]-"(’\)(7‘)—&—/\%la(r/\_z/g)) 1<*>>
rel,

where we have defined the rescaled random function (]—' ) (7“)) o by
rely

() = (4 (30— N s 0)) 100

TGI((IA)

via our original definition in equation (5.1.7). Equation (5.1.4) then follows from (5.1.2) and the
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fact that
(A*%]-'(M(T))TGIW = (J—'(r))rej :

a

We now turn our attention to establishing the decomposition in law in equation (5.1.5). Given the

definition of (]—" (A)(r)) o above, we first recall that we may write
relg
(L) = (£167) — 1(=31))r + 5 (£4(-3T) — £,37))
T = — — — r — — — .
r€[—3T,3T) 67\ ! 2\ ! r€[—3T,3T)
Similarly, equation (5.1.12) can be decomposed and rewritten in law as

d 1 1
B = 2 6T) — -W(12T) — —=W(12T .
( (T)>re[73T,3T] (W( r+67) QW( ) 6TW( )T> re[—3T,37)

As an immediate consequence of the above, we also have that
1 12T
(A%B (M—%)) o 2 (W (25 + 6T>\§) - A%W(lzT)A—éW()(s)
del; 2 5e[-3,3]

where the first term was simplified by Brownian scaling. Using these decompositions and the explicit
definition of <.7-'(/\)(r)) o i (5.1.14), we have the equalities in distribution
rely

(FO (a2 45)) = (MB (A7) = IVRTN + AV L (30 F))

serg? serlM

Il

(W (25 n 6TA%) F AR AS+ A%C)6

(X)
el

where we have defined the random constants A and C as

A= GLT (W(lzT) +£,(37) — 21(—3T))
C = %( — W(12T) + £,(—3T) — £1(3T)) — VATN.

Observing that the triangle inequality gives us the two upper bounds

1 1
< i _ _
A1 < G IW(2D)| + 7 |£:6T) - £(=3T))

1 1
|C] < §|W(12T)| + 3 |£1(3T) — £1(=3T)| + V2T |N|,

the tail bounds in equation (5.1.6) follow immediately from the standard Gaussian concentration
inequality and equation (1.2.3) of Theorem 1.2.2, after possibly redefining our original choice of the

T—dependent constants ¢y, co > 0. This completes our proof. ]

Remark. Note that although the constants ¢, ¢1,co > 0 are T—dependent, if we only ever use values
of T that are bounded above and below by absolute constants, we can take c, ¢y, co to actually be
absolute constants as well without of loss of generality. The values of T' that we choose to work
with specifically will be continuous univariate functions of s, and since s lives in a finite interval,
our choices of T' will indeed be bounded by absolute constants. Thus, in the work that follows, we

will implicitly optimize our choices of ¢, ¢1, co as functions of s to obtain absolute constants.
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5.2 The Big Picture in the First Regime

Recall that the notation ﬁgg) and Q[gs) is introduced in equation (5.0.6). As both terms appear in
(5.0.7), we will use Lemma 5.1.1 individually on both processes. The application of Lemma 5.1.1 to

)

the process ﬁlga appearing in the probability (5.0.7) will be fairly standard. Based on the domain of

the supremum that we see in the second coordinate and the fact that the argument has a translation

by A = (z —y), our first application of Lemma 5.1.1 will use the parameters a = i — Ao~ 3\ =0,

and T = % This corresponds to the absolute continuity statement

Lavw ((mﬁ")(z + A))

zG[i02/3:|:02/3]>

_ (o)
= Law ((ml (Z))ze[(igz/3+A)ig2/3])

v (00 )

c 1/ (o) E -2
<e Law ((0’3 2TN + (]: (Z) + U3Zi+Ao'7% (ZO' 3)))ze[(i02/3+ﬁ)i02/3])

< e Law ((U;’N + (}—(U)(z +A)+ aégwAf% ((z+ A)J_g)))ze[iUE/S:taZ/a]) ’ (5.2.1)

The application of Lemma 5.1.1 to the process ngs)

is more complicated however since in the second
coordinate of (5.0.7), Ql(ls) does not naturally appear on an interval whose length is of order s3.
Moreover, there is a mismatch between the scale of the parabolic Airy values and the domain of
the supremum. We also need the interval that we apply Lemma 5.1.1 on to contain every value of
ngs) that appears in the two coordinates. Because of this, extra care is needed when selecting the
parameters a and T during this application of our lemma.

The first coordinate of (5.0.7) necessitates a process dominating ngs) near 0. This poses no problems.

. 2 .
) over an interval of scale s3 which

For the second coordinate of (5.0.7), we need to dominate Q(gs

contains every value in the interval [iJ% + %0%]. However, o will eventually take on every value in

(0, %] so an interval whose length is simply a multiple of o3 would violate the hypothesis in Lemma

5.1.1 which requires that the parameter T' > %. To avoid this incompatibility, we will apply our

lemma to ngs) on an interval which is a superset of [ia§ + %J%} and whose length is a multiple of
2

s5.

Recalling that o € (0, 5] and that |i| < 1003 in the first regime, we know that every possible

value that could appear in [’iU% + %cr%] will belong to the interval [f%, 22—1] Moreover, because
s €11, %], s73 € [f’/ %7 1] This means that we always have that 22—18_% > %, making it a legiti-

mate choice for the parameter T. However, we will take a slightly larger choice of T" to simplify the
value of v2T. With these considerations in mind, if we apply Lemma 5.1.1 to the process QJ.SS) on
the interval

1) = [~16,16] = [—s%(l&s_%),s%(lﬁs_%)} :

corresponding to the parameters a = 0,A = s, and T = 88_%, we will indeed have a process

dominating Q[gs) at every value in the first and second coordinates of (5.0.7). In particular, this will
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translate to the absolute continuity statement

Law <(Ql§s)(r)>Tel<s)> < €97 Law <(s§\/ 165~ 3N + (.7:(5)(7")>)T€[716 16])

< €79/ Lay <(4N + (F (T)>>Te[_1s.16]> (5.2.2)

where we have also used that ¢o = 0. Note that in the more general setting where s,¢ belong to an
interval other than [1, }—(1)], it is quite possible that a different choice for T" would be more suitable.
There are even other equally valid choices of T even in the simplified case we present here in the
first regime. In either case however, this will not have a significant impact on the arguments that

follow.

For the sake of readability, we will denote by (G, G;) the random vector

(G,Gy) = (G(z,8),Gi(x,8,A,0))

= | FO0)+ =, sup

S

. (FOE) = FI0) + FO (2 +8)) e | 23

zaf%e[i:t%] g

where the deterministic function g;(z) is defined as

(5.2.4)

z+ A 2xz + x2
)+

2
o3

9i(z) = gi(z; 2,8, A, 0) :== ZH_AO__% <

1
SO 3

for each i in the first regime. Recalling that we set £, (r) = (r — a)? — r? = a® — 2ra, we note that

A 2 2 2
I 2 (Zt ) = (i+A073)? —2073(2+ A)(i + Ao 3)
i+Ao” 3 o3

= i = 22073 —2A0 "3 (2 — A). (5.2.5)
for completeness. We will next define the bivariate Gaussian vector (N ''N ) by

(N’, N) — (4N, N).
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With these choices in mind, equation (5.2.1), equation (5.2.2), and basic measure theory allow us to

extend the upper bound in probability (5.0.7) and write that

~ 2 2
Pl Asshen sup E(0,0;z,s)—l—[,(0,0;z—l—A,U)—E(0,0;O,s)—l—ﬂ < 2
_z . s
zo SG[z:I:%}
s 3 2 s o (o s 2 2
=P ‘521( (0) — h—l—% £, sup ng)(z)—Fng)(z—FA)—Q[g)(O)—i—%” <2

207% G[izl:%]

A (2) + A (2 + A) — A (0) 2wz’

1
o3

3
—P ‘mg (0) — h+%

.»\»—A

<e | sup < 20

zfr*%E[iﬂ:%}

< an((N’+G,N+Gi) e [hig] X [01250*%})
(5.2.6)

where k1 = max{e729¢/4, ¢¢} = ¢729¢/4, Furthermore, with this setup we also have that (N’, N) and

(G , Gi) are independent random vectors. This independence in equation (5.2.6) will be instrumental
in establishing the overall two-point bound that we desire. Before proceeding further, we now recall
a simple but extremely useful fact from measure theory, which will guarantee that the sum of these

two random vectors has a density with respect to the Lebesgue measure.

Lemma 5.2.1. Let p and v be independent finite measures on R™. Let the random measure [
be absolutely continuous with respect to the Lebesgue measure with Radon-Nikodym derivative f,,.

Then, the measure i * v is also absolutely continuous with respect to the Lebesque measure and

[ fuevlloo < 1 fulloor(R™),

where f,4, s the Radon—Nikodym derivative of the measure pxv with respect to the Lebesgue measure.

Proof. We begin by proving that pxv is absolutely continuous with respect to the Lebesgue measure.

We denote the Lebesgue measure as |-|. Take A a Lebesgue measurable set such that |A| = 0. Then,
wxv(A //]IA + y)du(x)dv(y //]lAy x) fu(z)dzdy(y).
The Lebesgue measure is invariant under translation so |A — y| = |A] = 0. This implies that the

inner integral in the right hand side expression above is 0.

We have proved that p % v < | - | so there exists an integrable function f,., on R™ such that

porv )= [ frunla)da

for all Borel sets A in R™. To prove that the Radon-Nikodym derivative f,., is bounded it suffices
to show that

pxv(A) <[ fulloor(R™)[A]
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for all Borel sets A in R™. Let A be a Borel set in R™. Then, as before,

poev) = [ [ sy () () dad),

We bound the function f,, with its norm and get an upper bound on the right-hand side as follows:

/ / | fulloodzdy(y) = | fullo / Aldi(y) = || fulloor(R™)|4]
A—y

where again we have used the fact that the Lebesgue measure is invariant under translation. O

Since (N ''N ) is a bivariate Gaussian vector (with independent components), Lemma 5.2.1 guaran-

tees that
Law (N, V) + (G.,Gi))

will have a density p; with respect to the Lebesgue measure for each ¢ in the first regime. Given

this, we can take the last line in our expression (5.2.6) one step further and write it as an integral
P ((N’+G,N+GZ—> € [hia] x [Oﬂw—%D - // 1 pilha, ho)dhadhs. (5.2.7)
|:hi£:| X [Oi250_§:|

We will now explain our general strategy for using these findings to start the construction of the
bound in equation (4.3.1). Suppose that for all (hy, hs) € [h + 5} X [0 + 250_%} we had a uniform
bound of the form
ST pihiha) < (k YKo k’a’%m\%) :
li|<100~ 3

where k' was a non-negative absolute constant independent of the choice of (z, s), (y,t) € [1, 2]x[1, %]

(and hence also independent of o and A). In this case, if we define for each ¢ and for each 0 < € < ¢

the probabilities

s 3 2 s o (o s 2 2
P.=P mg)(0)+—f “h<e | oswp w1 (@) AP A) 2wl (0) ¢ BT <9
SO 3

zafge[ii%}
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then by combining equations (5.0.1), (5.0.5), (5.0.7), (5.2.6), and (5.2.7) we would have that

]P’(ﬁ(0,0;x,s)e(h—s,h—i—s);ﬁ(oOy,) h—¢eh+e)

SIP’(E(0,0;:E,S) € (h—e,h+¢),|L(0,0;y,t) — L(0,0;z,s)

i€z zo” S efixd]

s 32 s ~t s 2
=3P ‘m” i—h’<67 sup AP (2) + Az +A) — 64 (0) + 22+t
i€EZL

<)
< ZP Az,s,h,sm sSup ’C(OvO;ZvS) +E(07072+A70’) _C(0,0;O,S) 2xz+x })

207%6[1&:%}

<2 3 }P’((N’—s—G)e[hie:,(]\7+Gi>e[0i2w‘§b+ S i

li|<100~ 3 li|>100~ 3
2
— i / / pilhy, ha)dhydhs + P
Z h:l:a |:0:‘:2€0’7%:| ’ Z 2 v
|1]<100™ 3 |i|>100"3

ST/ AR [ oitn) P

2 2
li|<100~3 li|>100" 3

<2 // 1 (k/ LKoo k/gf%\m%) dhidhy + > pic
[hi£j| X |:0i2€0’7§i|

2
|¢]>100" 3

—side? (Mo bt ho b4 ko dal )+ > pie
li|>100~ %

(5.2.9)

This would reduce our remaining work to developing a similar upper bound for the tail sum in the
second regime above. We will revisit this problem in the following section after verifying that such
abound (K + ko6 + k'o~3|A|2) does exist.

5.3 The Internal Structure of G; for Small i

Before we proceed further, we will take some time to better understand the nature of the random
variables G;, which will inform the manner in which we construct our density bounds on p;. Due
to the presence of the parabola g;(z) in the definition (5.2.3), there will be quite a few distinct
cases in the first regime in our following strategy. We first note that by combining (5.2.2) with the
decomposition in law (5.1.5), we may write that for all z € [-16, 16] and = € [1, 2],

o b (f<5>(z) - ]-"(S)(O)> oh (W(Qz +96) — W(96) + s%Az)

Il

1
oTIW(2)2]) + (f) ° Az
o
In particular, this means that for any z € [2 + %] we will have

o b (]-'(S) (az) —F® (0)) L) + (so)F Az (5.3.1)
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We also note that both W and A have symmetric upper and lower tail bounds about 0, via (5.1.6)
and the fact that W is a standard Brownian motion. Similarly, by recalling the absolute continuity
statement (5.2.1) and the tail bound (5.1.4) we see that

P(o 3 F (=4 8) 2 m) +P (673 FO (4 8) < —m) =P (073 FO (2 + 4)| = m)

<P sup o 3|FO(z4+A)>m

_2
zo~ 3€litg]

IP’( sup o 3|F@)(z)| > m>

zEI{(ld)

< c1exp (_CQm%) (5.3.2)

for all z € [iod + %a%} and all m > 0. Now for each 7 in the first regime, define the R—valued

random variable 2} = 27 (z,s; A, o) by

z7 = argmax
ze[ii%] o

) (52,) _ 7 o) (2
(]: (asz) F (Oi—&—}' <03z+A))+gi(O§Z)

which is guaranteed to exist by the Extreme Value Theorem. If multiple maximizers exist, we will
take ng;‘ to be the largest amongst them to make the choice unique. With this in mind, we can

then write GG; more explicitly as

G 2

o (FO (oh2) = FO@©) + FO (oh21 + 4))
o3 (j-(a) (g%z; +A)>
=

=G} (U%zf) + g (a%zf) . (5.3.3)

N (0, [227]) + (s0) 5 Az} +

Given this new more explicit decomposition of G; we can now state the previously mentioned two

distinct cases. In the first case where the parabola g; (ogz;‘> < 0, we will have that G; has the same

distribution as a random variable G} (agzz*) with symmetric tail bounds about 0 plus a (random
and dependent) negative parabola. This makes it harder for G; to achieve large positive values so
in this setting we expect to have strong upper tail bounds for G;. Similarly, when the parabola
gi (a%z;‘> > 0, G; will be distributed as a random variable with symmetric tail bounds about 0 plus
a positive (random and dependent) parabola, making it harder to achieve large negative values. In

this second case, we expect to have strong lower tail bounds for G;.

For our purposes in particular, we will be interested in bounding the sets of values (keeping in

mind that 0 <e <gg = %{nlr; ”‘—52 = 15—1 by hypothesis)
S

58

{pi (h1,h2) } h1 € R, |hg| < 260‘_%}
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for each i € Z with |i| < 100~ 3.

In the work that follows, we will show that there exists a collection of random variables

{gi}ﬁ\SlOa_%

such that the value p;(hq, h2) for each pair can be bounded above by either
1 2.\\2
o (namai(e30)" L p (Gi . h;)

1 . ho — z( 2‘)
A GO e (v3:1) +6: 2 #

whenever hy — g; (a§i> >0, or by
2 \\2
efg(hzfgi(o?zz)) +P <Gz S h22>

s ) (6 ) < 20

whenever hy — g; (a%i> <0.

Because of this, rather than being interested in just the parabola g; (ogzg‘), we are actually more
interested in the behaviour of ho — g; (U%Z;k) In doing so, we can more easily leverage the tail

bounds of G (U%zi*) about 0 in the two probabilities above. For the remainder of this section, we

will be operating under the assumption that |hs| < 2e0~3.

We will now analyze the behaviour of the parabola hy — g; (U%z;‘> as a function of |i|. We will

begin with the simpler problem of understanding the explicit form of ho — g; (iag) which by (5.2.4)
simplifies to the (deterministic) parabola
2

ha — g; (iU%) =i’ 4 <2A03
s

2 2
- Ia?») i— (2A20§ + o h2> . (5.3.4)
S

While there are in principle many distinct possible behaviours for this parabola, particularly de-
pending on the relationship between A and o, for reasons that will be discussed later on, all that
will matter throughout the course of these arguments is that this parabola opens upwards and that
the constant term is guaranteed to be strictly negative. The assumption that € < g¢ in particular is
what ensures that the constant term is always strictly negative. We also note that this guarantees
that for all < and all choices of (z,s), (y,t) the parabola hy — g; (iag) will always have a strictly

positive root and a strictly negative root.

We now consider the more general form of g; (0%z;‘) and how it differs from the case when z; = 1.
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Using the fact that we can always express 2 = i 4 p; for some random p; € [—%7 %] we can write

ha — g (U%Zf)
=hy —gi (iU% +pi0%)
2 p 2.2
=i?+ (2AJ_§ +2p; — xO'§> i— <2A20_§ — ZAU_épi + o5 4 —xpiaé — h2>
s s s
2
=hy—gi (m*) + (2Aa§ + 2 — xaili> i (5.3.5)
s

=:hy — g; (iU%) - &.

Thus, hs — g; (a%z;‘) is the same deterministic parabola as before plus a randomly fluctuating
degree 1 polynomial arising from the uncertainty in the location of z;. Given this, by carefully
manoeuvring around the random fluctuation &;, it will be sufficient to understand the behaviour of
the deterministic sequence of parabolas g; (o%i) With these observations, we can now say that for

all 7 in the first regime, we will have the decomposition in law
G; 4 G; (J%z;‘) + g (U%Z;k> 2 G} (J%i> + &+ g (ngf) .

It is this final reformulation of G; in particular, where we have extracted and isolated all of its
randomness into the random variables G} (a%i) + &;, that will enable us to efficiently find upper
and lower tail bounds for the random variable G;. In turn, as we previously claimed, those tail
bounds will be essential in proving that the sum of densities p; in the first regime is uniformly

bounded. We will now use these newfound insights into G; to build our density bounds on p;.

5.4 Technical Lemma for Summing Exponential Series

Before proceeding to the construction of our density bounds, we introduce two technical lemmas
about certain exponential sums. These lemmas will be crucial in understanding why the numerous
sums that appear in the following sections all converge to absolute constants independently of the

choice of (z, s), (y,t).

Lemma 5.4.1. Let 31, 2, 33 € R with fo < 0. For each i € Zq, define the sequence (V;)icz_, by

\I/i = |Z| + 51 sign(i) + ﬂ/j + ,@3.

If r > 1, and v > 0, then
-1 00 2
—v(¥; " —y(; T
> (6 " )]1{%20} +> (e I )]1{%,20} <{ o

i=—00 =1

Proof. First observe that for any u € [0,00) and any r > 1 it is always true that v > u — 1. This
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means that we will always have that

i( ()" )]1{‘1, >0}<Z<e Y(¥;— )) g, 50 = evz e ) 1,50y

=1

and similarly that

1 —1 -
> (e*W‘I”)T) Lz < ) (677(%710 Lwzoy =€ D (¢7") w20y

We begin with the case when fs < 0. If this is true then we have that

(W) = (Z+5ls1gn()+5+53> _1_&>1

for all 7 > 0. By expressing the increment ¥,;,; — U, as in integral, we then see that
Vi1 =V + (Wi —03) >0+ 1

for all ¢ > 0. Now if we set ig € Z~( to be the minimal positive integer such that ¥;, > 0 then we

can say that

o0 o0 oo o0 1
e Z (6—7\111') Lig, >0y =€ Z e~V < e Z e—v(\lhzo+(i—io)) < e Z e~ (i—io) — p—
i=1

i=ig i=ig i=ig

Now consider the sum over the negative integers when 8 < 0. In this case, we see that
. B2
‘I’iz—l—ﬁl-i-ji-i-ﬂa
so if we make the change of variables j = —i then
_ P2
‘I’i—J—51+7+ﬁ3 v_;

with j > 1. For convenience, let (; := W_;. With this change in mind we see that

—1 (e’
e > () Mg,z0p = €7D (€779) Tyg 50y
i——oo j=1

and that as before, for all j > 1

(Cj)’z(j—61+€.2+ﬁ3> 1—']6—2>1

as was the case when ¢ > 1. As such, if we set jo to the minimal j € Z- such that {; > 0 then we

have that by the exact same reasoning,

1
evz e“’ ]1{\1,>0}—6A/26’YC3 ]1{<>0}<6726’7J JO):I—e—V

1=—00 Jj=1 Jj=Jo
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Putting everything together, this means that when £y < 0,

-1 oo
2
— (¥, —~ (T,
E , (e R )]1{%20} + E ,(e e )1{%20} ST

i=—00 =1

as we originally claimed. O

This lemma will be used to bound terms when the parabola is positive. Note the equivalence of
condition with condition on parabola. Mention that in our setup, this is why we introduce the
constraint on €9 and do not allow x to ever be zero, as this is what ensures that the constants [,
which actually appear in our work are always non-positive. We also prove an analogous technical

lemma for the indices corresponding to the area in between the roots of the parabola.

Lemma 5.4.2. Let 31, B2, B37,7 € R with 82 < 0. For each i € Zo, define

U, = |i| + Br sign(i) + fi?' B

If v >0 and r > 1, then
. 2
D M oy < 7=
i€z
Proof. This proof will be largely the same as that of the proof of the preceding lemma. We first
observe that if 3 = 0 then

B
2

P+4
|i|+BISign(i)+7‘<O<:>i2+61i+ﬁ2<0<:> i+ S@

Ba
|

meaning that we know exactly which integers are included in this sum. We will be including every
integer beginning with the leftmost zero of the parabola i2 4 817 + 32 to the rightmost zero of the
same parabola. Importantly, because the parabola opens upwards and has a negative vertical inter-
cept, it must have both a negative zero and a positive zero. This means that our sum’s index set
will contain both positive and negative integers. Having a non-zero value of 3 will translate and
dilate this set of integers, but will not change the fact that it is always finite or that it will contain

both negative and positive integers. We will now split our work into two cases as before.

When ¢ > 0, since f2 > 0 by hypothesis we see that

() = (i+ﬂl+ﬂ.2+ﬂ3> :17%21,
? 1

This means that for any ¢ > 0, U;11 > ¥; 4+ 1 or equivalently, ¥; < ¥, — 1. Set
imax = max {i € Zsg : ¥; <0}.

By iterating this property until we reach imax, we see then that ¥; < ¥,  — (ipax — 1) < 0 for all
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0 < 4 < %max- Then implies that

oo 00 tmax
w,|" —y |, _ 2
§ :evl i L{g,<0) < 675 el ’l]l{\lzi<0} — e"’E :e"* i
i=1 i=1 i=1
irtlax

< @Y N Wiman(imax=0)
=1

Tmax
eV E e'Y(i_imaX)e'Y‘ljimax

i=1

IN

Tmax

e § o7 (i—max)
i=1
o
oy
k=1

IN

IN

since e?Vimax < 1 by definition of 4yay.

The case when ¢ < 0 is similar. If 4 < 0 then

(W) = <—i—ﬁ1—ﬁ2 +53) =—1+%§—1~

i
This means that for any i < 0, ¥; < ¥;_; — 1. Similarly to before, set
imin := min {Z S Z<0 : \Ijl S O} .

By iterating property above until we reach i,,;,, we also have that ¥, < ¥
all imin < 7 < 0. This then implies that

— (Z — imin) < 0 for

Tmin

-1

—1 —1
‘I/ir - ‘I/i — \Pi
Z el I]l{\pi<0}§ eV Z el I]l{%<0}_ eV Z e

i=—00 i=—00 1=%min

—1

e E ev(wiminf(ifimi“))
1=%min
1

e E e~V (i=tmin) VVini,
1=lmin

-1
e’Y E e’Y(imin 77‘)

1=1%min

—1
= ¢7 E e

1=%min

1
e’ g ek

k=—o00

IN

IN

IA

IN
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since by definition, €Y¥imin < 1. Thus putting these two sums together we see that

oo
T 2
=71 ) ¥ vk _ %
Eez e Tipy<oy < 2e kile = < 00.

With these two results in mind, we now have all the ingredients we will need in order to build good
density bounds for each density p;. We begin this process in the next section.
5.5 Density Bounds for p; for Small ¢
Based on the preceding discussion, since we can now rewrite
P<Gi > hQ) =P (GZ‘ <0§zf) +9i (0%22‘) > h2)

and likewise that
P(Gi<ha) =P (G (o21) + i (oF2r) < o).
We now see that, at least intuitively speaking, for any hy € R, G; will only have good upper tail

bounds when
ha — g (U%Z;‘k> >0

and similarly, will only ever have good lower tail bounds when
hg — 3gi (U%Z:) S 0.

By recalling that the only source of randomness in the parabola g; (z;*a%) is the randomness intro-

duced by p;, we can isolate all the randomness by again writing the parabola as
2 L2 _2 . 2 1 a2
9i (z,»cﬂ) =g; (103) —(2A073 4+21— —03 | p;=g; (10'3) + &
S
From here, if we let ¢; be the density of the random vector
(V.8) + (661 (oF27) + &)

then we can say that for all 4 in the first regime,

//[h:l:s] x [OiQW*%} piha; ha)dhidhs = //{his] x {_g‘ (ia%)izsg*%] @i(h1, ha)dhidhs.

This observation is elementary but by passing from the original densities p; to the new densities (;,

the structure and underlying behaviour of our density bounds will become easier to decipher.

We will now split the construction of our upper bounds for the densities ¢; into two distinct cases.
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First, for all hy > 0 we will bound ¢;(hy, hs) by

pi(h1, ho)
- IP’(N’ Y Gedh, N+ G (a’z) +g e dh2>
N2 PR =)
G ( )p(Gr (b)) +6 > %)

< IP’(N’ +Gedhy, N+ G (a%z;) +& € dhy
(5.5.1)

IP’(N’ +Gedh, N+ G (a%z;) +& € dhy

This density bound we eventually obtain from this initial bound will be used to bound the supremum

of the set of values
{% (hl,hg — g <U’z)) ‘ hi € R, |ho| < 250——%}

for each pair (i, ho) such that
h2 — 3gi (O'%Z) Z 0.

Similarly, when hy < 0 we will instead use the density bound

pi(h1, ho)
- P(N/ +Gedh,N+Gi(o3z])+& € th)
< IP(N’ LG edh, N+ G (o520) + & € dhs ‘ N < %)P(N < %) n
Gr(ofa) +6 < %)P(Gz (oF2) +6 < %)

IP’(N’ +Gedh, N+ G (a%z;) +& € dhy ‘

This density bound we eventually obtain from this initial bound will be used to bound the supremum

of the set of values
{p1 (hl,hg — 3gi (CT%’L)) ‘ hl S R, |h,2| S 2807%}

for each pair (i, he) such that
hs — gi (a*z) <.

With this strategy in mind, let ho > 0 be arbitrary. Before proceeding further, we take a mo-

ment to recall that for all a, b satisfying —oco < a < b < 0o the probability measure
Law(N’{agNgb})
is the law of a truncated standard Gaussian random variable with lower truncation bound a and

trivial upper truncation bound b. Crucially, this distribution has an explicit bounded density

f” _ (u) _ 1 exp (_%uz) ]l{afuﬁb}
N|{a<N<b} - Vor D (b) — @ (a)
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where @ is the cumulative distribution function of a standard Gaussian. Note that if ¢« = —oco and
b < 0 then

whereas if 0 < ¢ and b = oo then

1
e 27

friNsa (W) < T—®(a)

Using this, the independence of (N’, N) and (G, G (U’z) n g) defining for each (hi, hs) € R?
and each § > 0 the sets
Eh hys = [h1, k1 + 0] X [ha, ho + 0],

and letting f be the density of

(N, N){N>"12}

Law <(N’,N>‘ {N > h;}) *Law((G G} ( 3 :‘) —&))
we have that
P(N'+Gedn, N +G; (o) +& € dha | N > h2)

) , _
= lim P(N’+Ge(h1,h1+5),N+G;( 32 )+§Z (hg,hg—i—é)‘]\fz 2)

= B
= 5£%+ 512 Law <(N’,N) ‘ {N > h;}) * Law ((G,G?(ng;‘) Jr&')) (Eny hy.6)

~ lim L Law ((N’,h2/2 SNgoo)) * Law ((G,G?(ngf) +€i)) (Ehy by .8)

T 50+ 52
hi+6 h2+(5
= o8 57 / / ‘f(N' N{F> "2}
hi1+9 hao+0
< 54)0+ 52 / / ||fN/ ||OOHfN| 272 ( )Hoodud’l)

h1+6 ho+6 1 h2
(/ / exp 2) ———= = dudv
5~>O+ (S h 2)

_exp (—%h%)
1-@ (&)

2

‘ (u, v)dudv> (5.5.2)

where the inequality (5.5.2) comes from bounding the sup norm of the density of the convolution

(which is guaranteed to exist by Lemma 5.2.1) by the sup norm of the joint density of

Law <(N’,J\7)( {N > h;}) .

This is then bounded above by the product of the marginal densities, since the two components of
this truncated bivariate Gaussian vector are still independent even after conditioning. We can now

bound the first probability in the second product in the upper bound in (5.5.1) using essentially the
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same argument. Explicitly, we have that

- ; h
}P’(N’ + G €dhy, N +GHo82!) + & € dhy ‘ Gi(o3z])+& > 2

Y

2
! N w( 2 % w2« h2
= tim = P(IN' 4G — | <818 +Gilotel) + 6~ ol <3| Gt +6 > 22)

52
= lim iLavv (N’ N)+(G G?‘(ggz*)+§.) ‘G?‘(J%Z%)+§A>@ (E )
50+ 02 ’ T g v v i t="9 hi,h2,6

1 Y w0 2 % w0 2« ha
= ! B . i 32 > =
Jlim > Law ((N,N)) *Law((G,GZ (o zl)—i—&) ’Gl GEENEE > (B o)
hi14+6 pho+d
< 1
5_)0+ 52 (/h / dudv)
—1

where we use the fact that the sup norm of the joint density of the bivariate Gaussian (N’, N ) is at

most 1. Based on these two computations, we then arrive at an ho—dependent upper bound

0i(h1, ha) = IP’(N’ Y Gedh,N+Gi(ofz)+& € dhg)

IN

h
¥4 p (Gt r62 7

which holds at all points (h1, hs) € Rx[0,00). As mentioned previously, by repeating this procedure
for all (hy,he) € R x (—00,0], we obtain analogously

i(h1, ha) = IP’(N’ +Gedh, N+Gi(ofz)+& € dhg)

Overall, we have therefore shown that

132 2 h 2 h
i) < 88 4 P (G080 462 2 ) Dpacoy + P (G108 462 2 ) Lpso

for all |i| < 100~ % and all (hy,hy) € R2. Finally, by putting all the work in this section together,
we have thus obtained the density bound

pi(hi, ha)
=i (h17h2 - gi(Ugi))

f§<hzfgi(a%i))2 v, 2 ha gi(a%i)
= P Giloda) + &< 2 2 ]l{hz—gi(U%i)<0}

hy  gi(odi)

e, 2
+P Gz (0'3 Zi) + gi > ? - 2) ﬂ{hz—gi(a%i)ZO} (553)
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We restate here for convenience that, via equation (5.3.5), we have that

. he  gi(o3i)
<G (adz )& < > " 3 ]l{h27gi(0%i)<0} (5.5.4)
_ w2 _2 . 2z 1 hao gz( %)
_[P(Gi(gszi)— <2AU 3 +21—803>Pi< 5 3 ]l{hzfgi(g%i)q)}'

and likewise that

(G (0’32: )+ & > 2 2 4 9 > {hz-‘rgi(U%i)zO} (5.5.5)
_ * 2 2z 1 ) h2 gl( %)

We will address the summability of the exponential terms for all hy € [0+ 250’%} here and deal with

the other two summands separately in the following sections. Recall that as stated in the expansion

(5.3.4),
2 2
ha — g; (J%i> =42+ (QAJ i xog) i— <2A2crg + R hg)
5

S

so for all ¢ # 0 we will always have that

@_f;'

e = (14 2 ha =g (fi)|

=: |,
i il

where the constants 81, 82 € R are defined as

2r 2

(BlvﬁQ) = (2AU—§ - ?0'7 (2A20'_§ + %20_ — hg)) .

Wl

With this convention, we will always have that S5 < 0 based on our definition of ¢y and the
requirement that 0 < € < gg. As such, by invoking Lemma 5.4.1 and Lemma 5.4.2 with » = 2 and

v = %, we can conclude that

i e‘é("z‘g"'("%i))Z < 14> e (ACED)N

i=—00 17#0
1 )2 1 )2
S 1+Ze 8(\111) IL{\IIIZO}J'_ZG 8(|‘I’z‘) ]1{‘1}1_<0}
i7#0 i#0
4
<l+—". (5.5.6)
1—e 5

Thus we now need only be concerned about finding similar bounds for the series of upper and lower

tail bounds of G;. Doing this will complete our work for the first regime.
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5.6 Managing the Fluctuation &; for Small ¢

Note that while G (0% z} ) has known upper tail bounds (as mentioned in section 5.3), these bounds

are centred at 0 specifically, and we are not able to meaningfully bound probabilities of the form
P (Gl* (a%zf) < m) or P (G;k (U%zf) > —m)

for m > 0 with the information available to us about the components inside G (cr%z;‘) However,
because &; is theoretically capable of having a larger magnitude than the parabola while having the
opposite parity of the parabola for a large number of ¢ for some choices of (z, s), (y,t) € [1,2] x [1, %] ,
the situation above would become unavoidable during our energy integral computation if we simply
try to bound &; from above or below by something deterministic in (5.5.4) and (5.5.5) without any

thought. Fortunately, a workaround to this problem does exist.
We begin with the elementary observation that by definition of the argmax 27,

G} (o%z:‘) +& =G} (U%z;‘) - <2AO’§ + 24 — 2505) (zf —1) > G} (cr%i)
where we are also using the fact that

2 2
27 = arg max (G;‘ (0‘52’) + i (Uiz))
z€[ix 1]

With this observation in tow, we can then bound equation (5.5.4) by

gi <U%i)

w2 . hy
P Gz (UJZZ-) +§7, S ? - 9 ]l{h27gi(0%i><0}
2.
NETOTN G
=P Gi <U”) = ? B T ]l{hZ*gi(O'%i)<O}

whose tail bounds we will obtain in the following section.

What reminds is determining how to bound equation (5.5.5). We start by observing that

i =2 (Aa_% +i— fa'%)pi < |AJoF +Ji| +2
S
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for all |i| < 1063 and all (z,s), (y,t) € [1,2] x [1, 11]. As such, this means that we may bound
equation (5.5.5) by

2.
h gi(lﬁl)
PGy (a%zf) +& > 2N 7

- 2 2 ]l{hz—gi(U%i>ZO
501
<p|acr (a*z) n (Aa*% i + 2) e Lt (o31)20) (5.6.1)

which will have exponential tail bounds for all ¢ in the first regime such that
ha — g; (U%i) >0 and ha — g; (U%i) —2(\A\0_% +|i|—|—2) > 0.

When the second condition above fails to hold, our only recourse is to bound equation (5.6.1) by
1 for all such values of i. Thus we will now shift our attention to finding an upper bound on the

number of integers ¢ in the first regime such that
hs — g; (m) >0 and  hy—g (o%) —9 (\A\a—% + i)+ 2) <0. (5.6.2)
By once again recalling the expansion in equation (5.3.4), we can write
ha — gi (io?)

2 2
= i+ <2AO’§ - xcr§> i— <2A20 T h2> >0
s s

Wl

which as a consequence gives us that
2. _2 .
ha — g; (0’32)—2(A0‘ 3+\2|+1)

2 2
=24 <2Aa§ - xai) i— 20 — <2A20‘§ +2lAle i+ Lo7i — iy +4) <0.
S S

How many i with |i| < 106~ % satisfy both of the conditions above?

First suppose that ¢ < 0. In this case, for any choice of (z, s) € [1,2] x [1,11] and hy € {0 + 250_%},

the solutions to the system of equations (5.6.2) will all solve the slightly weaker system of inequalities

2+ (2Aa*% - 4) i— <2A2(f%) >0
and

i2 4+ (2Aa*% + 2) i (QAZU’% +2|Alo=F + 503 +4) <0.

Note that we are using the fact that for any functions f1, fo, f3, f1 from R to R such that f; < fo
and fs3 < f4, we have the implication for all € R that

fi(x) >0 and fi(z) <0 = fo(x) >0 and f3(xz) <0
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meaning that {x € R: fi(z) > 0and fi(z) <0} C{z € R: fo(x) > 0 and f3(z) < 0}.

For simplicity, we first solve the analogous system of inequalities

%+ (2ba® —4) i — (2b%a*) >0
and

i+ (200 +2) i — (2b%a” + 2|bla® + 5a +4) <0

where 2 < a, —1 < b < 1, and —10a? < i < 0. Using Mathematica, there are 10 classes of integer
solutions —10a? < i < 0 depending on the relationship between a and b. However, upon repeatedly
using the fact that |/u — /| < y/|u — | to determine of the order of each such solution set in
terms of powers of a and b, we can see that there exists an absolute constant k > 0 such that in all
cases, there are no more than

k+ ka? + ka|b|%

solutions for any choice of a,b. As such, by setting a = J_%7 b = A, and using the fact that

o~1 > 10, we see that (5.6.2) has no more than
k+ko ® + ko 3|A2

integer solutions ¢ such that —100~% < i < 0. We also note that although we did not work out an
explicit value for k, an explicit value for this absolute constant can be found, albeit with quite a bit

of extremely tedious arithmetic.

Now consider the case where 0 < i < 10c~3. In this setting, all integer solutions to the system

of inequalities (5.6.2) will belong to the solution set of the weaker system
2 (2Ao——%> i (2A2a—%) >0
and
2 + (ma*% - 6) i — (m?a*% +2/AleF +507F + 4) <o.
As before, we consider the analogous system of inequalities

i+ (2ba®) i — (26%a") > 0
and

i+ (2ba® — 6) i — (2b%a” + 2|bla® + 5a +4) <0
with 2 <a, -1<b<1l,and 0 <1 < 10a2. Using Mathematica, there are at most

7+ 3alb|? + 3a2
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integer solutions 0 < i < 10a? for any choice of a,b. As such, by setting a = o735, b=A, and using
the fact that o~! > 10, we see that (5.6.2) has no more than

7T+3075 +305|A|
integer solutions 0 < i < 10a? for any choice of a, b.

Moreover, by combining these two cases we see that we can now say that for any pair of points

(z,5), (y,t) € [1,2] x [1, 1], the system of inequalities (5.6.2) has no more than
K+ Ko s+ Ko 5|A?

integer solutions i with |i| < 10o~%. Hence, there are at most k' + ko~ + k'~ 3|A|z indices i in
the first regime that need to be discarded before we can ensure that the products in (5.6.1) always

have exponentially decaying tail bounds.

Note that because we considered the worst case scenario for ho, this same bound on the num-
ber of problematic indices ¢ holds for all other choices of ho as well. The specific integer solutions

will change as we vary the value of hy in general, but this will not impact our overall density bound b'.

Now for each hy € [O + 260_%], define the subset of Z
S(he) = S(ho;x,8,A,0) = {z ezZnN [O + 1007%} : the system of inequalities (5.6.2) is consistent} .

Based on the preceeding work in this section, S(hs) will be empty for all hy € {O + 250*%] for most
choices of (z,s), (y,t) € [1,2] x [1, 3], and for all choices of (z,s), (y,t) that do have solutions, our
upper bound on the cardinality of S(hs) will be independent of the choice of hy. With this notation

established, we can then say that whenever hy — g; (0%1') >0,

he - gi (o)

Z PG (U%Zf> +& > B S— ]l{hrgi(g%i)zo}

2
3

li| <100~
< Z ] P(Gf (U%Zf) > ¢i(h2) ) {h2 g1(031)>0}
jil<100™3
< |S(h2) +i€(s%:2))CP(G (0%2 ) ) {n2=g:(o3i)>0}
<IS(ha)[+ > IP(G;* (ffz) > @(hz)) Ligi(na)>03
i <100~ 3
<K+Ko b ko Ak + 3 P(6r(o82) 2 6i(h2)) s m20)- (5.6.3)

2
|i|<100~3
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where for the sake of formatting we have temporarily set

¢i(h2) = ¢i (hajx, 5,4, 0) := w - (|A|a_% + i + 1)

We conclude this portion of the argument by briefly summarizing our strategy for using (5.6.3) to
build the overall density bound in (5.2.9). The idea will be to use Lemma 5.4.1 to find a positive
absolute constant b; > 0 such that

Z P (G: (U%Z;) > ¢z(h2)) Ligi(hay>0y < b1

2
|i|<100~ %

and similarly, to use Lemma 5.4.2 to find a positive absolute constant by > 0 such that

R TR

2
i <100~ 3

Together, these will imply that

ha — gi (o)

el 2 .
Z 2IE” G} <O’3Zi) +& < s ]l{hrgi(g%i)w}
li|<100~ %
L hz—gz‘(U%i)
+ Z QIP’ G’ <O’3Zi) +&i > -5 1{h2—gi<0%i>20}

li| <100~ 3

<by+ (k’ + Ko 5 + Ko 3|A|2 + bl) .
This will in turn mean that in conjunction with equations (5.5.3) and (5.5.6),

2

S pi(hho) < 1+ bt <k’ YKo 4 Ko 8|AlF + bl) (5.6.4)
2 —€ 8

li| <100~ 3

< Ko 5|AIZ+ Ko b+ K.

after redefining the absolute constant & > 0. Once again, the precise value of k' can be computed
explicitly, at least in principle, if need be. We will now establish the existence of these absolute

constants b; and by in the next section.

5.7 Tail Bounds for G; <J§z;f‘) and G7 (U§i> for Small ¢

We first recall the decomposition in law in equation (5.3.3)

Gi L N(0,2]27]) + (s0)3 Azr + (ﬁ(g) <UZ i A)) +gi (oz) :

i
g

wl=
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We will also define the three random variables {G7 ;(27)}3_; for i # 0 by

f(20) = N(0,2]z]])
5o(2)) = (s0)% Az}

(.7:'(") (U%zi* + A))

i3(2) = T
o3

We are excluding the case where ¢ = 0 in particular because this will ensure that we are always able
to safely divide by || and z] in our tail bounds. For the case of i = 0 specifically, we will just use
the trivial tail bound of 1 for G;’s upper and lower tail bounds. With that said, we now move on to
the i # 0 case.

We begin by deriving an upper bound for the sum

o (ot
Z P|G; (g%zl"> > 29;(032) — (Ao_% + ¢ + 1) ]l{hz—gi (g%i) —2(Ao’%+\i\+1) 20}.

2
|i|<100~ 3

Suppose that |i| < 100~ 3 and that hs —g; <U%i> -2 (A0'7% + il + 1) > 0. First, by taking a union

bound, we see that

b — gi (o%1)

P|Gr (a%zj) 22— - (Aa*% + i) + 1) n{hz_gi(U%i)_Q(AU_%H“H)ZO}
ha — g; (0§i> L,
= IP) Z G77](Z'L) Z 9 — — (AO’ 3 4 |’L| + 1) 1{h2—gi (o‘%z) —2(Ao‘7%+‘i|+1) ZO}
j=1

5 he = gi (a%z) (Aa—% + |i| + 1)
;]P’ Gii(z) = 6 - 3 ]l{hz—gi(o%i)—Q(Aa*%HiHl)zo}'

IN
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Next, since z; € [i £ 3] implies that 2|z}| < 3|i|, G} (2}) has an upper tail bound

Pl Gii(%) = 6 - 3

_p (N2 s _g;@gi) (o ; i)

b (3000 > b — gi (o) ) (a0 + i +1)

6 3
< _Z _
b 18] 9l
1 [ h2—g (o%z) —2(Ao—%+|i\+1)
=2 S 5.7.1
R R ] (5-7.1)

via the standard Gaussian concentration inequality. For the second summand G7,(2;), we have by

equation (5.1.6) of Lemma 5.1.1 the sequence of bounds

hs — g; (G%i) (Aafg + || + 1)
6 a 3

. ha = gi (0%2) (Aa% + Ji] + 1)
=P (so)3 Az > 5 - 3

he — gi (a%i) (AU’% + i + 1)

<P sa|%|Az;" > -
6 3
2. 2 .
ho — g; (052) (Aa‘§ + |4 +1>
<p [apa = =2 y
ha—gi (0%i)  (Ao=3 +i| +1

24| a 12]i
2 2 %
ha = gi (Jgi) (AU_E + i + 1)

<9 — -
= caexp | me 24[i| 12]4]

ho —gi(03i) —2(Ac™3 + |i| +1 :
_243% 1 Gl Z( ) (5.7.2)

= 2c; exp
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where we have used the fact that s € [1, 1] and that o € (0, 15]. Finally, we observe that we have

already explained in equation (5.3.2) that
]P’( ;"73(2;;) > m) =P (07%]}(0) (sz% + A) > m) < ¢y exp <702m%) .
for all m > 0, so as a direct application of that previously stated bound,

hs — g; (a%i) (Aafg + || + 1)
6 a 3

P Gis(z) >

7

ha — g; (0%2') (Aa*% + |2 + 1)
6 - 3

—c1 exp (—Gi% <h2 — g (0’@) —9 (Aa—% + ] + 1))3> . (5.7.3)

Using the fact that (5.7.2) decays the slowest amongst equations (5.7.1), (5.7.2), and (5.7.3) as

li| = oo, there exist absolute constants ¢/, 5 > 0 such that

ha — g; (U%i) .
— - (AJ 3 4 i| + 1) ]l{hQ—gi (o%i)—z(Ag*%H“_H)Zo}

<ciexp | —co

P|Gi(obz) >

he = gi (o) =2 (A0~ F + i + 1)
li] ﬂ{hQ_gi (e3i)-2(a0" 3 +lil+1) 0}

< crexp | —c

for all 7 in the first regime.

Recalling (5.3.4), we see that we may write

2N N _ (i) — 2 4 B2
ha — g; (sz) 2 (Ao 54 i + 1) = |i| + By sign(i) — 2 + i

where the constants 31, 82 € R are defined as

2 2x 2 5 _4 PR Nt
(B1, B2) == | 2A0 3—?03, — [ 2A%073 +2A0 3+?0' 3 —hy+2 .
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Thus, by invoking Lemma 5.4.1 and observing that we always have that S < 0, we obtain that

* 2 x h‘2 gl(U%Z) -2 .
Z IP) (Gz (0’321) 2 7 - 2 — (AU 3 + ‘Z| + 1)) ﬂ{hgfgi(U%i)*Q(Ao’7%+‘i|+l)20}

2
li| <100~ 3

= (L ha-gi(oi) L
S ; IP Gz (O'JZZ) Z f - (AO’ 3 + |Z| + 1) ]l{}mfgi(J%i)72(Aa‘7%+‘i|+1)20}
3

ho —gz Jsz —2 (Ag—% il + 1)

< /
~ 1 —F;Cl exp ‘Z| ]l{h2fgi<o%i)72<Ag*%+m+1)20}
B2\ 2
_1+§clexp —ch <| | + By sign(i) _2+|i) ]l{|i|+/31sign(i)—2+%20}
17#£0
<14 —
=0T 1—exp<—c2>

We now turn our attention to further bounding the inequality
5 hg — 3gi (O'%Z)
> Plei(ta) re s g (02)
ha — g; (U gl)

< ¥ opla(l)s——5— e (o3) <0}

2
|i|<100~ 5

2
|i|<100~ 3

By mimicking the same general sequence of steps used to find the upper bound for the series of
upper tail bonds, we arrive at a similar bound

ha - gi (o)

(2 x
PG (O‘3zi) +& < 5 1{h279i(0%i)<0}
L/ 2 ha — g (U%i
<P|G; (a%) S—— ]l{hZ_g,i(a%i)@}
3
<ciexp | —¢ T 1{hrgi(a%i)<0}

for all 7 # 0 in the first regime, after possibly redefining the original choice of the absolute constants

¢y, ¢4 > 0. Thus, by updating the constants 1, 52 to be

2 2 2 2 _ 4 _(L'Q 1
(B1,B2) := ( 240~ S0l - 2A%g Ty

so that we may write
B

ha — g; (o%z’) = || + By sign(i) + i
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then since we always have that §; < 0, Lemma 5.4.2 yields that

he — gi (o)

* 2
Z 2 P | G; (O’d‘Zi) +& < - ]l{h2,gi(a%i><o}
li| <100~ 3
L ha — g (U%i
< Z 2 PG (032) S——5 ]l{hQ—gz(a'%i)<0}
li|<100~ 3
3
<1+ - |— 7 1 2.
#ZOCI exp Cy il {hrgi(gm)@}

[

3
. L B2l
=1+ Z ¢ exp <_c/2 il + By sign () + Ti[ L1i14 8, sign(iy+-22 <0}
i#0
2

<l4+ —F .
+ 1 —exp(—c})

87

Thus, by setting by = by = 1+ 2(1 - exp(—c&)) , the work above confirms the existence of the

absolute constants by, by > 0 in equation (5.6.4) and completes the argument for the first regime.

We now proceed to the second regime in the following chapter.



Chapter 6

A Partial Two-Point Bound for
L£(0,0;-,-): The Second Regime

6.1 The Second Airy Comparison Lemma

Recall that in the first regime, because we knew that |i| < 100~ %, this meant that there was a max-
imal and finite interval [a — T, a+T] € R containing both 0 and every possible interval {agi + %U%}
simultaneously. This meant that we were able to use a single application of Lemma 5.1.1 that ap-
plied to every single probability p; . for each i in the first regime. Moreover, because this parameter
TB

T was bounded, this meant that the Radon-Nikodym derivative e“*  appearing in the application

of this lemma remained finite.
This trick will no longer work in the second regime, since it is characterized by |i| > 100~3. Since

the same intervals [U%i + %U%} can now be arbitrarily far from 0, and we will need to control the

behaviour of ngs) on both these intervals and near 0, this is deeply problematic. This would cause
the parameter T' in each application of Lemma 5.1.1 to p; . to grow exponentially quickly to oo as
|i| = oo. Recalling the definition of p; . in (5.2.8), this would make it extremely improbable that

any bound we obtained on the tail sum

Z Die

2
li|>100~3

using our original lemma would converge. In light of this observation, a new lemma is needed to
deal with the law of ngs) for each of these large integers i in the second regime. Fortunately, due
to the nature of the events p; ., we only actually need to concern ourselves with the behaviour of
Ql(ls) near 0 and on the interval [a%i + %a%} . Because the intermediate values of ngs) are completely
irrelevant to us, this makes Theorem 1.2.3 a perfect foundation upon which to build an analogue of
Lemma 5.1.1 for our work in the second regime. We will now use the remainder of this section to

prove that generalization of our original Airy comparison lemma.

88
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Lemma 6.1.1. Let aj,a2 € Ry and T > % such that a1 + 3T < ag — 3T. Let I} = [a1 £ T] and
Iy = [ag £ T]. Let f,; be the linear function on [a; + 3T satisfying

fa,(a; —3T) = —(a; —37)*>  and  f,,(a; +37T) = —(a; + 37>

Then there exists a constant ¢ € Ry and random functions ((.7—'1 (7")) o (]—'2 (r)) ; ) such that
rel re&ls

Law ((911(7")>7,eh’ (ml (T))relz)

< ™ Law ((V2TN: + (Fi (1) + far ) rer, ) - (VETN2 + (For) + Jua()),er,) ) (6:1.1)

where N1 and No are independent standard Gaussian random variables. Moreover, the pairs (N1, No)
and ((]—'1 (r)rer, s (.FQ(T))T€[2) are independent, and there exist T—dependent constants c1,co > 0
such that for each j € {1,2},

P <sup | Fi(r)| > m) < cjexp (702m3> (6.1.2)

rel;
or all m > 0. More generally, for any A > 0, let e as 1n (5.0.6). Denote by 1.”” the interva
for all 0. M Iy, f A >0, let AN be as in (5.0.6). D by IV the i !
I = N3, = [ajA2/3 —TA2/3 ;023 4 T/\Z/ﬂ .

Then as a consequence of (6.1.1), we have that

Law ((Q[(l)\) (T)) rer®™ ) (Ql(l)\) (T)> relék))

< e Law (((f;%)ww (@Nﬁfaj(m-%)))rew)z ) (6.1.3)

with N1 and Ny as before. For each j € {1,2}, }']Q‘) is a A—dependent random function such that
for all m > 0,

P| sup
rel™

)\_1/3.7:;/\)(7“) >m | <epexp (—czm%) (6.1.4)
for the same T'—dependent constants c1,co > 0.

We may also write for each j € {1,2} the random function F;)‘) as

(6.1.5)

J T

(F70) o = (W (2r —2e 3TN )+ pbrrcad)

where W; is a standard Brownian motion, and A; and C; are random constants such that,

3
P(|A;] > m) < ¢y exp (—sz%) and P(|C;j] > m) < c1exp (—02 <|am|) ) (6.1.6)
j
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for all m > 0. There are no claims made about any independence amongst Wj, A;, and C;.

Proof. By invoking Theorem 1.2.3 with Ty = 67 and a = (a1 — 3T, a2 — 3T'), we have that

Law ( (211 (7’)> rela+37] (Qll (T)) r€[a2i3T]>

< 216eT7 B L B L .
<e aw ((Ba(r) + 1(”),-6[@1%’( 2(r) + 2<r>)7,e[mm

Since I; is the middle third of the interval [a; £ 37T, we may invoke Lemma 2.0.5 with k = 1 and

§ = 3 on [a; + 3T for each j € {1,2} to get the decomposition in law

(Bj(r))relﬁ L VTN; + (Bj(r) - Vﬁwj)

T'te

where N; is a standard Gaussian, N; is independent of the process (B;(r) — Nj)rer;, and Ny is

independent of Ny. As such, we can now write that

Law ((Qll (T)),.Eh ’ (911 (r)) 7‘612>

o QT o (<\/2TN1 RO+ fu (D) L (VEINe 4 (Falr) 4 £ (1) )
where for each j € {1,2} we have defined

(fj(r))Tte = (Li(r) = fu, () + B3(r) = V2TN; )

rel;
and for r € [a; £ 3T, we have defined f,; by

fu(r) = S EIT  amye

r—(a; —3T)

6T (aj + 3T)2.

This establishes (6.1.1) so all that remains is to establish (6.1.2). To that end, we employ the same

general argument used in Lemma 5.1.1 previously, independently in each coordinate of (6.1.2).

We begin by observing the chain of inequalities

sup | 75(r)| < sup |L;(r) + fa, ()] + sup | B; (r)| + [V2TN;|
rel;

rely relj

< |Ljla; = 3T) = fa;(a; = 3T)| V [L;(a; + 3T) — fa,(a; + 3T)| + Sup |B;(r)| + |V2T'Nj|

= |Lj(a; — 3T) + (a; — 3T)*| V |L;(a; 4 3T) + (a; + 3T)*| + Sup |B;(r)| + [V2T'Nj|.
rcd;
(6.1.7)

Note that we are using the fact that because L; — f,, is a (random) line segment, its maximum
absolute value is obtained at one of its two endpoints. We will now adopt the convention that for

any a € R, B, ¢r is a diffusion parameter 2 Brownian bridge on [a, a + 67 from 0 to 0. With this
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convention, we may write that

(Bor(r)) £ (Wier) - zw(en))

r€e[0,6T] rel0,6T]

where W is a standard Brownian motion. Given this, we may then say that

P (sup |B;(r)| > 2m> =P ( sup |Boer(r)| > 2m>
rel; re[27,4T]
]P’( sup |Boer(r)| >2m>
re[0,6T)
=P( sup |W(2r) ——W 12T‘>2m
(7’6 (0,67 6T (127) >
<P <|W 127)|+ sup |[W(2r)| > 2m>
7€[0,67)

<P
r€[0,127]

ref0,127]
= P(IW(12D)| > m) + 2P(W(12T)| > m)

= 3p()W(127)| > m)

IW(12T)| > m) +P ( sup  [W(r)| > m>

(
]P’<|W (127)| > m) +2IP’< sup W(r) >m

91

using that W is equal in law to —W, and the known distribution of the running maximum of a

standard Brownian motion.

We may use this elementary bound in conjunction with (6.1.7) to obtain the union bound

P (Sup | Fi(r)] > 4m>
rel;

< ]P’<|Lj(aj—3T)+(aj—3T)2|\/|Lj(ai+3T) (aj +37)% >m

+P<sup|B (r )|>2m> +P(|\/ﬁN|>m

rel;

IN

P(\Lj(aj—3T)+(aj—3T)2|v|Lj(aj+3T) (aj +3T)% > m

+3P(IW(12T)| > m) + P(IV2TN;| > m).

Using the standard sub-Gaussian concentration inequalities for the latter two summmands, and the

tail bounds in equation (1.2.5) for the first summand above yields

"L2

rel;

7”2
P (sup |F;(r)| > 4m> < ce —exm3 +6e 20217 4 2 212 < e 2™

by redefining the original choice of ¢; and ¢o as needed, thus establishing (6.1.2) and completing the
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proof of the base case.

Equations (6.1.3) and (6.1.4) are immediate consequences of (6.1.1) and (6.1.2), respectively. To see

this explicitly, we need only observe that (6.1.1) gives us the chain of equalities

Law <(Q[(1)\)(7’)>T€I£>\)’ (Q[g)\) (T))relé”)
~ Law <<A1/3%(w\—2/3))rg2/31 , (A1/32l1(r)\—2/3))T6A2/31 )
o (00, (¥0) )

< 216¢T° [ o (()\1/3 (ﬁNj + (F(r) + fa, (T))>relj)2 )

Jj=1

2
_ peert (()\1/3 (@Nj + (fj(r/\—z/s) + fa,; (r/\_%))) elm) )
T j j:]

— 216eT% [ o (((]_-](A) 4+ AL/3 (\/ﬁNj + fa; (”‘_g)))re](*))2 )

J=1

where we have that ]—';A) is defined for each j € {1,2} by

(I;A)(T))Telw = (A%fg‘ (7"/\‘%)) (6.1.8)

= (VLA™ = A3 0, (A8 + A B (rA ) — ABVRT ;)

TEIJ(.A)
2 27+
re[A3a;£TA5

All the claimed independence properties of the decomposition (6.1.8) are inherited from the base
case of this proof. Establishing the tail bound (6.1.4) follows immediately from (6.1.2) and the fact
that

(), = 0570

[
b rel;

We now provide a decomposition of the functions (]—' ;)‘)(T)) N which will enable us to estab-
’I‘EIJ.

lish the tail bounds (6.1.6). By invoking the decomposition in equation (1.2.4), we obtain that

' da ((aj+37)—r o0 r—(a; =3T) ia,
(L; (T))re[ajim 4 <6T £f(a; = 3T) + —— 7 £H(a; +3T) e

The right-hand side can then be rewritten as

6T 67 >re[a,.im '
(6.1.9)

<2‘1’(aj + 3T) — 2%((@' — 3T) + (aj + 3T)£‘1’(a] — 3T) — (CL]' — 3T)£(11(CL] + 3T)
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Similarly, we may write for each r € [a; & 3T that

) = (aj 4+ 3T)% — (a; — 3T)? (aj +3T)(a; —3T)? — (a; — 3T)(a; + 3T)*
fay (r) = = 6T " 6T
= —(2a;)r + (aF — 977).

(6.1.10)

We begin with the definition in (6.1.8), which gives us for each r € Ij(’\) = [a;A2/3 £ 3TA¥?] the

decomposition in law

= AL, (rx2/3) — N fa, (rx2/3> + AP B, (rx2/3) _ AT,
LNBL; (A7) = X3 £, (rA72) 4 M Bogr (rA™% = (a5 - 3T)) = NIV,
(6.1.11)

where as before, B, g7 is a diffusion parameter 2 Brownian bridge on [a, a + 6T from 0 to 0. Noting

that for any a, k € R the scaling properties of Brownian bridges give us that

kK Bo r (K1 — k2 L (k7' Biqorer(r — K2
( o7 (k°r a))re[a,a+6T] ( ka6 (1 a))re[k%:kz(a%T)]
d -1
( 076’“2T(T)>re[o7k2<6T>>]
d k727" 2
= 2r) — W(12k*T
(W( Riradd ))re[ovkzwm
—2
d 9 k=*r—a 9
£ 2r — 2k%a) — ——=—W(12k°T
(W( r a) T W( ))re[kza}kQ(a%T”
4 (W(2T — 2k%aq) — ww(lﬂ“))
61 re€lk?a,k?(a+6T)]

we may refine (6.1.11) further, for all r € I;A) = [Agaj + )\%T}, as

FMN(r) + A3V2RTN;
L (rA78) = A fa, (rA7F) 4 M Boer (rAF - (a; - 37)
3

FAT3 — (a; — 3T)A3
6T

MLy (ram 1) = g, (rA78) 4wy (2 = (205 - 6T)0F) - W; (12T).

(6.1.12)

To remove any ambiguity in the application of this lemma, we will adopt the convention that W; and
Wy are independent standard Brownian motions that we associate with the independent Brownian

bridges By and By respectively.

Now by using (6.1.12) in conjunction with (6.1.9) and (6.1.10) we can obtain the decomposition

in law

(FEV) o 2 (W (2r = (20, = 6T)AF) + 45ra~Y3 1 ;21%)

J ™ - oS
T‘EI]- rte
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where the random constants A;, and C; are defined as

(£ (aj +37) — (a; +37)%) = (£¢(a;) —af) 1
Aj = ( ! 57 — Wi (12T)>
o ((ai+3T)(£8(a; —3T) — (a; — 3T)?) — (a5 — 3T)(£F(a; +37) — (a; + 3T)2)>
I ( 6T

a]‘ - 3T
6T

+ W;(12T) — V2TN;.

We now establish tail bounds for the random constants A; and C;. Using the standard Gaussian
tail bounds and the tail bounds in (1.2.5), we see that for all m > 0,

€9 (a; +3T) — (a; +37)%| | |£8(a; =37) — (a; =3T)*| |1
; <

]P’<|A]| > m) <P (‘ T + T + | (12D)| > m
£4a; +3T) — (a; +31)*| _ m £¢(a; —3T) — (a; —3T)*| _ m
< ) +p o
=P (‘ 6T 3 )t 6T 3
1 m
v P( ’ TR ‘ 3

)
1}»( 2% (a; + 3T) — (a; + 37)?| > 2mT) +IP’( |1£%(a; — 3T) — (a; — 37)?| > 2mT>
+ P(|W,-(12T)| > 2mT>

3 (2mT)2
)

2 + Q¢ 202Dy

3
< 616762m2

where the T'—dependent constants ¢y, co have been redefined in the final inequality as needed. Sim-
ilarly, for the random constant C; we may obtain the tail bound

P(cn>m)gp<<%+3”@ﬁ%g;T%w%—3na >T)
+ ]P’( (a; — 3T)(£¢ (a5 Z}T) (a; +37)%)| _ T)

wp (|l TPREED  mY p (|vaTw | > )

+P (|£‘f(aj +3T) — (a; + 37)%)| > 2a§ni1;,T|)

3mT m

P (|W;(12T)| > —2 P(x/QTN- > 7)

() > 520 ) B (VT >
. 3 3 2

S 616_02(%)2 +616_C2(%)2 +2€_ﬁ<%> +267$(%)

2

m

3
< 016762(“’7")2

where we have once again redefined the values of ¢; and c; so that the final inequality holds as well.

This therefore establishes (6.1.6) and completes the proof of Lemma 6.1.1. O
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6.2 The Big Picture in the Second Regime

To complete our proof of the two-point bound (4.3.1), we need to bound Y.  p;. , where we

2
li|>100~ 3
remind the reader that we have defined p; . as
s 3 2 s o (o s 2 2
pie =P [ [20) + 2 —h) <o, | swp AP )+ A4+ A) — AW (0) + ZTELT <o
s —Frg €li1/2] so3

We will do so by mimicking the same general sequence of steps used in the first regime. To that

end, we will use Lemma 5.1.1 and Lemma 6.1.1 to build a set of random vectors

{ (Z, Z) + (G,Gi) i) > 100*%}

with ( Z, Z) a bivariate Gaussian random vector independent of the random vector (G, G;) such

that for some absolute constant ko > 0
pie < K2ZP ((Z Z) + (G,G,-) € [hig] x [0 + 250*%})
for all 7 in the second regime.

We begin this procedure by first applying Lemma 5.1.1 to the process ﬁgo). There will actually
be no changes whatsoever to how we use Lemma 5.1.1 on glga) in the second regime, so we will
reuse the absolute continuity statement (5.2.1) completely verbatim. However, because the maximal

distance between 0 and the interval |:O'%i + %O'%:| is unbounded in the second regime, the absolute

continuity statement that we develop for ngs) will be quite different this time.

) over an interval containing 0 and on a

In particular, we will need to use Lemma 6.1.1 on 91%5
separate disjoint interval containing the domain of our supremum {O'%Z' + %U%:| . In order to do this,
the only decision we need to make is the selection of a constant T > & and two intervals I; = [a1£3T]
and [ag + 3T]. However, because we require that Iy = a3 + 3T < ag — 37, there is a natural order
to the selection of these intervals which will not by symmetric when sign(i) changes. If ¢ > 100~ 3

then we will want to have 0 € Ifs) and {a%i + %Jg} - Iés), and if i < —100~ 3, then we will want

to have {J%i =+ %J%] c I{S) and 0 € Iés). Recall that we have defined I](S) = [sgaj + ng] .

Fortunately, although this asymmetry will slightly change the nomenclature used to apply Lemma
6.1.1 to ngs), it will have no impact on the absolute continuity statement generated from its applica-
tion. So without loss of generality, we will just illustrate the application of this for i > 1003 with
the knowledge that reversing the order of the intervals changes nothing important in the end. Given

2

this, since %a% <1<2s3 foralse [1, %], we will choose the parameters A = s, T = 2s73,
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_2 1 _2 2. .
a1 =s 303, and as = s~ 3031 to generate the new absolute continuity statement

Law ((9‘55) 1), o (700, [aaiﬂ])
= Law <(Q{§s>(r))ra£s) , (mgs)(r)>rg§>>

et (00 (I e 0s7h) )

J

2
64c (s) 3 -3
<e Law<<(}'j (r) + 2N, + 55 fo,(rs ))TGIJ@) )

J=1

Note that the condition |i| > 106~ 3 is what ensures that a1 + 3T < ag — 3T for all 7. For the sake
of readability, we will first introduce the definitions of (Z7 Z) and the new random vectors (G, G;)

before using bounding the probabilities p;.. For all i > 1003 we will define
(27 Z) = <2N17 20" 3Ny + N — 20—%N1) (6.2.1)

and the independent random vector (G, G;) by

. 3a? FO G+ A)+ F(z) - FP0
(G, Gi> = .7-"1( )(0) + /o (0) + . sup (= ) 2 (2) 1 (0) + gi(2)
5 207%6[2’:&1/2] g3
(6.2.2)
where we define the deterministic function g;(z) for all such ¢ as
9i(z) = gi(zi2,5,A,0)
5\ 3 2 2 5\ 3 2xz + 22
= (;) fsfga%i (ZS 5) + £i+A07% ((Z + Ao 3)) — (;) f57%0% (0) + 50-7% (623)
With these definitions in place, we then have that by elementary measure theory,
)10 4. 3% () () 4+ 5@ () gy . 222+ 22
PlROOO©+5 —n<e | s w0 (@) + A7+ 8) - 60(0) + T <2
5 20 B e[ix1/2] §0°3
< H%P((Z—l— G) e [hﬂ} <Z+Gi> e [01250-%])
— k2P ((Z Z) n (G, Gi) e {hia} X [Oizea*%})
where the constant ks := max{e¢, ¢} = e64¢. Before proceeding further, we take a moment to

observe that by the independence of the standard Gaussians N, Ny, and No, the bivariate Gaussian

) |

random vector (Z, Z) is distributed as

Z.7) ~ 2 = T , )
(2.2)~ N (%) N([o,m ,[403 e




CHAPTER 6. A PARTIAL TWO-POINT BOUND FOR £(0,0;-,-): THE SECOND REGIME 97

) - 4’

we can compute explicitly that the joint density f( 7z,7) 1s given for all (z,2) € R? by
- 1 1 [ ~} _1]%
o (2,2) = ————=exp| —Z |2 %»| X -

Jiz.2)(z2) 274 /det (2) P ( 2 ? L’])
1 1 { 1 4073 +1 4o 3| |2
= —exp|—<
e U A N 4 z

1 1
= —exp|-= ((407% + 1) 2+ 80 525+ 422) . (6.2.4)
4m 8

Moreover, by observing that for all u € R we always have that

du+1 4 4 —4
ut Z] and det([ Y

-1

1
N —du A2 +1

4 —4u
—du 4u?+1

Note that because X is positive semi-definite, we have by definition that
1 -2 2 -1 = 52
—§<(40 3+1>Z + 80 3zz—|—4z)§0

for all (z,2) € R x [0,00), which ensures that the density is bounded above by a finite absolute
constant. In the work to come, this will mean that for any ho > 0, the law of the random vector
(Z,Z) conditioned on the event {Z > hg} will also have a bounded density. Moreover, this maximal

value will be a function of hs which decays to —oo as hy — 0.

As was the case in the first regime, by Lemma 5.2.1 we know that for all ¢ € Z with |i| > 100~ %,
there exists a density p; with respect to the Lebesgue measure on R?, which has (z, s), A, and o as

parameters, such that we may write
P ((Z’,Z) +(G,Gy) € [his} x [01250*%}) - //[hi} [Oﬂ 7%] pi(hy, ha)dhydhs.  (6.2.5)
el X 1o

From this point onward, our strategy will be to prove that there exists an absolute constant b” > 0

such that we have a uniform bound of the form

Z Pi (hl, hg) <b". (626)

2
|i|>100~ 3
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Such a uniform bound would allow us to extend the chain of upper bounds (5.2.9) to get

P(L(0,0;2,5) € (h—e,h+e), LO0,0;.8) € (h—=,h+2))

~ 2xz + x2
S ZP Az,s,h,e N sup C(0,0, 2, S) + 'C(Ovov z+ Av J) - ﬁ(ov O; Oa 8) + S 2e
i€z 2o S efixl] 5
3 2 s (o s 2 2
) ; ‘m” x—h‘<s,‘ sup A (2) + A7z + A) — 2 (0) + m\gzg
€L 5 zo 36[1:|: ] $

<wt S p((V )2 +(G.Gi)ente] x Jox20i])+ 3 pi

li|<100~3 li|>100~ 3
2
-4 ¥ / pilhs, ha)dhdhs + P
Z h:l:a 0:t2€a %i| ' Z N
|4]<100 ™~ 3 |i]|>100~ 3

ST/ (s PR

2 2
li|<100~ 5 li|>100" 3

<2 // 1 (k/ T k/gf%\m%) dhidhy + > pic
[hi£j| X |:0i2€0’7§i|

|¢]>100"

= 8/{%52 (k:'af% + ko2 +k/07%|A|%) + Z Pie

2
3

li|>100~ 3
<sde? (Ko b rho bawodal) 43 > P((2.2)+(6.Gi) € [nte] x 02007 ])
li|>100~ 3
< 8r2e? (kza S+ Koo+ ko 5|A|7 )+n2 > // 1 pi(h1, ho)dhydhs
li|>10 ) h:te 0:|:250'7§:|
1|1>100 3

< 8/‘6%52 (k’o’ié + k’o’fé + k/07%|A|%) + /ig // ) Z pi(hl,hQ) dhidhs
{hj:e] X |:0i280'7§:|

2
|i|>100~ 5

< 8kle? (k’o——% +Ko i+ kKo s |A|%) + K3 // } v dhydhs

hia} x |:0i280_%

— 8k2e2 (k/a*% f Ko 4 Ko h |A|%) + 8K22"
< ke? (k’aié +KoT + k’07%|A|%>

(6.2.7)

for some absolute multiplicative constant £ > 0. Upon proving the bound (6.2.6) we will have

completed our proof of the two-point bound (4.3.1).
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6.3 The Internal Structure of G; for Large i

The first step towards building the bound (6.2.6) will be understanding the behaviour of the random
variable G;. The decomposition of G; will be more complex in the second regime than it was in the
first regime, due to the fact that we are replacing the old increment F(*)(z) — F()(0), which had
terms cancelling, with a new increment ]—'2(5)(2) - ]—'1(8)(0)7 which has no such cancellations. There
will be more random variables in our decomposition of G; which will necessitate moderately more

work later on, but the same general ideas overall will still work in this new setting.
We begin by observing that by (6.1.5) we can decompose }'1(8)(0) in law as
() /ey 9 2 1 1 1
FO0) L w, (72(a1 - 3T).93> Y Cst =W, (24 - 203) + st (6.3.1)
and similarly, since Iz(s) = |:S%CL2 + S%T} = [a%i + 4}7 we can write
(.7:25)(2)> ) 4 (W2 2z — 2(as — 3T)s%> + Agzs_% + Cgﬁ)
z€[odixd]

4 <W2

z€ [U%ii4:|

/N N

22 — 205 + 24) + AgzsTh 4 025%) (6.3.2)

zE [a % i:|:4] .
These two decompositions in law mean that we may also write that

o (A -7 0)

a

[l
W=

(W2 (22 255§ + 24) - W (24 — 20%> + Agzs_% + Cgs% - Cls%)

(W (o,

using the fact that W; and W5 are independent standard Brownian motions. Thus, by recalling

[l

g

ol

22 — 203i— 203

) +A22$7% + OQS% — Cls%)

equation (6.2.2) we can decompose H; more transparently as

FO(z 4+ A)+ F(z) — F9(0)

1
o3

G; = sup + gi(2)

2o~ S eli+1/2]

FO(z+ A+ N (0, 22— 203i — 20

) + Apzs™5 + 023% — Cls%

Il

sup + gi(2).

2o~ B elix1/2]

ol

a

(6.3.3)

Note that similarly to our decomposition in law in the first regime, all five random variables in
the supremum above have known exponential tail bounds which are symmetric about 0 for all
z € [O'%i + %0%]

We now define a family of random variables {z}} 2 by setting for each such i

i|>100~

(A o) = F0) + FO ot + )

* Pp—
z; = argmax

ze[ii%] g
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As before, if supremum above has more than one arg max, we will take z; to be the largest amongst
them, making the choice unique. Given this new version of 2}, if we then define the random variables
{G; (U’z)} , for all such i € Z by

[i|>100"3

e (U%Z:) _ ]:'(")(a%z;‘ +A)—|—N(O, 20%2’;‘ —203%i — 203 ) ., (g),

g

Wl
Wl

Aoz + (;) (Co— 1)
(6.3.4)

ol

then we can say that for all ¢ in the second regime that

FO(z+A) + F5 (2) — FP(0)

1
o3

G; = sup

+gi(2) 4 G’ (U%ZZ‘) + g; (cr%zf)
zo_%e[iil/Q]

where the random variable G} (J%zf ) has symmetric upper and lower tail bounds about 0, and

gi (O'%Z,Zk) is a random parabola in the variable i. As we mentioned earlier, because G} (agzz*) now
contains five random variables instead of three, establishing its tail bounds will be slightly more

tedious than it was previously but it will be no more complex than that.

We will now turn our attention towards understanding the structure of the new random parabola

Gi (0%22‘). For the sake of simplicity, we will begin by understanding the deterministic parabola

gi (U%i) before moving onto the general case where z; # i. Recalling equations (5.2.5) and (6.1.10)

we have

A 2 4
EH_AU_% <Z+ ) = i? —2i2073 —2A0 3 (2 — A)

Wl

o
2. a.
1 _2 (20”2 + (0”2 o 9(16))> 03i2 4 203z — 144
Sst‘% %(zs 3)2 E—
g9 S S
2
1 os — 144
sst,%U% (0) = Y

Given this and the definition of g;(z) in (6.2.3), we then have that

S\ 3 _2 _2 s\ 3 2xz + x2
5= (5) 3,5, (3578) # a3 (G a07H) = (0) F g 0+ =
1 2
= (1 — g) i2 — <2zg§ + 2032) i+ <2A20§ —2Az57 s + Mcf*% + laé> .
s s s s

. 2. . . . .
As such, if we set z = ¢34 in particular, this equation becomes

2i 2w03i+ 22 1
g (U%Z) (1 - g) 2 (22' n w) i+ <2A20—§ C9iAgE 4 O Ué)
S S S

S

30\ . 2 2208\ | o a2 1 1 4
— |14+ —)i"— 24075 — i+ (2A%7 3+ —0"35+ 05 |. (6.3.5)
s

S S S
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We will again be more interested in the behaviour of hy — g; (U%i) specifically. For the sake of

completeness,

3 2203 2 1 4
SEGHE <1 + U) P2+ <2Aa§ _ 2ol > i— <2A2a§ FRCAPES B hg) .
S S S S

From this, we see that the general longterm behaviour of he — g; (0%2’) is more or less the same as
that of the parabolas in the first regime, so we will keep our analysis of this new parabola brief. The

main point of interest in this case is finding a positive integer K > 0 such that he — g; (agi) >0
for all i € Z with |i| > Ko~ 3. and |hy| < 2690~ 3. By observing that we can bound the magnitude

U;’—h2>‘

1
s

of the degree < 1 terms by

> 2x03 . 222
‘<2A03 _ 2ror ) i (2A2gs L2 b
S S

1
2x03

W | =

_1 1
3 o3

+

+ +

< (’2AO’§ + |ha|

1'2
—0
S

> |i] + ‘2A207%

< (20*% +4) li| +207% +1

< 457 5)i|+ 3075 45075 +1
it suffices to guarantee that the weaker inequality
|i|]> =407 3]i| — 3075 =565 —1>0

always holds for all |i| > K o~3. This inequality holds whenever 7 lies outside the region in between
the zeros of the parabola. By the quadratic formula, the zeroes of this parabola will have a magnitude

of no more than

1
2075 4 5\/zx(r% +12075 + 20075 +4< 2075 + \/40*% +5075 +1

< 2073 + V1003

2

< 607 3.
Given this and the fact that our parabola opens upwards, we obtain a chain of implications
i >100"3 = |i]2 40 %|i|—30"% —50"3F —1>0 = hy —g; (0%2) > 0.

Thus, because the second regime was defined by the requirement that |i| > 106~ 3, we have now veri-

fied that ho—g; (U%i) is always non-negative in the second regime. The guaranteed non-negativity of
ho—g; (0%2') for any hso in our domain of integration will also be useful in the work to come. We also

take a moment to note that as was the case in the first regime, the constant term of hy — g; (a%i) is

guaranteed to be negative by definition of £y. This will again be extremely useful in the work to come.

We now consider the more general case with he — g; (0%22‘ ) . By once again writing 2z} = i + p;
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where p; is a random variable taking values in [—%, %] , we see that
2, 2.
ha — gi (0321) = h2— g (03(1 eri))

30’ .2 _2 2560'% . o _4 1‘2 _1 1 1
= (1+— )"+ (24073 — i—|2A%07 3+ —0 3+ -03 —hy | =&
S S S S

= hy—g; (a%z) g (6.3.6)
where we have defined the family of random fluctuations {gi}\i|>10f 2 for each such i by
. (1 3
¢ = —2 (Aa‘s n (LSU)Z _ ”8' ) ;. (6.3.7)

As was the case in the first regime, the random fluctuation ; represents the uncertainty in the
parabola g; (ng;‘) stemming from the fact that the argmax 2z} is random. Once again, since we
will simply be adapting our previous work in the first regime to the natural analogues in the second
regime, there is no need at this time for any deeper analysis of &; itself. In conclusion, we have

established the decomposition in law
d 2 2.
G; =G} (0325) +& + g (032>

where g; (G%i) is deterministic and the remaining two terms are random variables. Our goal in the

following work will once again be to leverage the strong tail bounds about 0 of G} (0%2') as much

as possible while minimizing the influence of & on our subsequent computations.

6.4 Density Bounds for p; for Large ¢

With our newfound understanding of the random variables {G;} we are now ready to de-

2
|i|>100" 3

2 using Lemma 5.2.1.

velop density bounds on the family {pi}\i|>100 2

Let the collection {p;} be the densities of the random vectors

_2
3

{(Z2)+ (6 () + )} s

respectively so that we may write

//[hie] x |:0i2ea’%} pilha, ho)dhdhy = //{his] % {,gi (ggi)ﬂw%} ©i(h1, ho)dhidhs.

We will bound p;(h1, ha) by first bounding ¢;(h1, ko) and then translating the second coordinate of

|4|>100

the latter by —g; (a%i). Lemma 5.2.1 ensures that ¢; has a bounded density because (Z’ , Z) is a

bivariate Gaussian. We will now find an explicit bound on each of these densities p;.

By the definition of an absolutely continuous probability density function with respect to the
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Lebesgue measure, we can write for each i and all (hy, he) € R? that

pi(h1, ho)
:MZ+GGMWZ+@(ﬁﬁ)+@eMQ

2

P

h
gP(Z’+Gedh1,Z+G: (U%zf)—&-&edhg‘ZZ 2)P
(ZW%?EM%Z+GI(

2
h;) P (G;F (J%zf) +& > h;) .

(6.4.1)

ong) +& € dhy ‘ G} (a%z-

S %
~—
Faa
v

Before proceeding further, we take a moment to review the distribution of a truncated bivariate
Gaussian random vector. This is slightly more complicated than it was in the first regime since
(Z, Z) does not have independent components like (N ''N ) did, but the same general ideas will
still apply here as well.

By the definition of a truncated random vector in R?, we know that for any hy > 0, the condi-
tional law Law ((Z, Z) ’{Z > hg}) has a density given by

v | =

F(2,2)L{Rx[ha,00)}
o)

f IV Z>hot — ~
(Z,Z){Z2h2} IP’(Z

with respect to the Lebesgue measure on R2. Using (6.2.4) we have that for all (z, 2) € R?,

. Tiz>nay 1 _2 9 1 . o
fz.2125n (2,2) = ——————~exp|—<((4078 +1) 2" +80 322+ 4%
(Z2,Z){Z=h2} 47T]P’(ZZ/12) 8(( ) )

The exponent above as a function of (z,2) has a single critical point at the origin and is clearly
unbounded below on the region R? as ||(z, Z)|| — oco. From this, we can infer that the only extrema
of the conditional density above over the region R x [h2,00) will be a global maximum along the
boundary curve z = hy. Upon making the substitution z = hy and optimizing the resulting exponent

as a function of z, we see that the maximum occurs at the point

—4o~3h
(2,3) = 027327 hy | .
8073 + ho

By evaluating the conditional density at this maximizer, we obtain the uniform bound on R x [hs, 00)

1 h2 )
- 2)< ——— _exp|-——2—. 6.4.2
Jzpizzn () 47P (Z > hg) P < 8o—3 +2 (6.4.2)

With this established, we can now develop our upper bound on (6.4.1).

For convenience, we will again define for each § > 0 and (h1, he) € R x [0, 00), the sets

Eh],hg,(s = [hl,hl +5} X [hl,hg +(5]
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By mimicking our work for the density bounds in the first regime, we can then say that
]P’(Z’ +Gedhy,Z+ G (o—*z) +& € dhy ‘ 7> 7)

6%0+

zél_l)r(r)l %Law <(Z’,Z) ’ {Z > h;}) >|<Lawv((G,G;k (U%z;‘) —|—§z)) (Eh1 ha.o

hi+9d hao+d
=i 52 /h / wa 272ty (W )|| dudv (6.4.3)
1

hi+d6  pha+o (72
< exp | — dudv
5—>0+ 52 /h1 /h 47TIP’ hz) 803 +2
o s i)

2
- h
— lim 6]P’<Z’+Ge(h1,h1+6) 7+ G (a3z)+§i€(h2,h2+5) ‘ 7> 22)

where the inequality (6.4.3) follows from the fact that

Law ((ZZ) | {Z > h;’}) wLaw ((G,Gi(082)) + &)

has a density uniformly bounded above by Hf(Z,Z)I{Zth}(u’ U)H via Lemma 5.2.1. Moreover,

because we are assuming that |i| > 100~ 3 and o~ > 10 we can bound this even further as
. 2 . 1 1 (hy\?
IF’(Z’JrG e dhy, Z +G? (azz:) v & € dhy ] Z> h2/2) < _exp|—>(22) ). (649
4\ [
P(Z > hy

Similarly, with these same conventions we also obtain that

:513&57 (|Z+G hi| <6,

~ lim = Law((z,Z) + (070: (az +gi) ‘ {G;‘ (Uz) &> h;}

) )
— 615(1)1 6—2Law ((Z, Z)) * Law <(G,G;Ek (O'%Zj) +§Z) ‘ {G’; (g%z;‘) 16> h;}) (Ehl,h“s
hi+8 pha+d
6—>0+ 52 (/h / Hfzz) (u, U)Hoodudv>
hi+8 pho+6
5%0+ 52 (/h / 1dudv> =1.

1)
Ehl,h2,5>
)
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By combining these observations with equation (6.4.1), we get the density bound

0i(h1, he) = ]P(Z Y Gedh,Z+G (02) Ty dhg)
(1)) e )

Using our previous observation that hy — g; (ng) is always non-negative in the second regime, and

IN

the definition of ¢; in terms of p;, this implies that
pi(hi,ha) = i (h17h2 — i (U%i))

hy —g; (034
1 2 91< )
exp ~1 T + P G;‘(G%z;")+&2

2 2
ha — gi (o)
2

IN

Thus, we now have that for all (hi,he) € R x [O + 250_%},

Z pi(h1, ha)
li|>100~ 3

h g(agi) ’ h g(a§i>

1 2~ Gi 2 — G
< X ew| gl ) | X (o) e
i

|i]|>100 |i|>100"

2 2
3 3

We will address the summability of the second tail series in the following two subsections. Proving
that the first series converges and is bounded by an absolute constant will again be a consequence

of Lemma 5.4.1. In particular, by recalling (6.3.5) we have that for all ¢ in the second regime,

hs — gi (U%i) 3g . 2703 (ZAZO'_% + IS—QJ_é + %a% - h2)
_ = (1 + ) li| + | 2A073 — —— | sign(i) —
s s

d d

v

o\ (et 2o )
sign(i) — H
i

li] + (2AO’§ -

2 i + By sign(i) + f;
B2

where we also recall that |i| + 3y sign(i) + 77 1s always nonnegative when li| > 100~ 3. As was the

case in the first regime, based on our definition of the threshold gy, we will always have that 8, < 0.
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So by invoking Lemma 5.4.1 we see that

106

2. 2
1 [ h2—gi (052)
Z 2exp 4 H
li|>100"3
1
Y exp (—4 (1i+ st + 2
|i|>100~ 3

2))
<Y exp

1 82\ ?
2 <—4 <|Z + By sign(i) + |Z~|> > {1481 sign(i)+ 52 >0}

<

2
~ 1—exp (fi)'

(6.4.5)

We will now show that the remaining tail series has a similar geoemtric bound.
6.5 Managing the Fluctuation &; for Large ¢
To build our density bound in the second regime, we will have to understand
g ( 5
, n 9i(o%)
P|G; (J§z;‘) +g> 2N/

-2 2

second regime. The trick is to bound &; from above by something deterministic like last time. In
particular, because (z,s) € [1,2] x [1

,%] and o € (07 1—10), we have that
&= —2 (Aa_g + Mz’ — $03>pi < |A|g‘§ + (1+0)
S S

| xos
il +
s s

(6.5.1)
As before, the problem will be &; since the righthand side is guaranteed to always be positive in the

This means that

< |Alo™5 +2[i| + 2. (6.5.2)
) hy i (U%i
3 e (az) +62 o -

) - (|A\a—% + 20| + 2)

which we will have to bound trivially by 1 for all [i| > 100~ such that

ha = gi (c%i) 2 0

hs — gi (052) —9 (|A\a—% +2li| + 2) <0.
How many such bad integers ¢ exist in the second regime?

As we explained earlier,

and

(6.5.3)

hy = gi (o*z) = (1 + 350) i + <2Aa§ -




CHAPTER 6. A PARTIAL TWO-POINT BOUND FOR £(0,0;-,-): THE SECOND REGIME 107

so our system of inequalities can be written more explicitly as

3 2203 2 1
(1 + a) 2+ (ma—% _vor > i (2A20—§ TILAPES S h2) >0
S S S S

and

3 Qw03 2 1
(1 i ") 24 <2Aa—§ _ e ) i — 4| — <2A20—§ + Lo 4 2o —hy 4 2/Alo S +4> <0.
S S S S

We will split this task into two cases again depending on sign(¢). First consider i < —100~3. In this

case, all solutions to the system above will solve the weaker system of inequalities

(1+30)i% + (QAU—% + 4) i - (QA%—%) >0
and

(1 + 3101U> 2+ (2Aa*% + 4) i— (2A20*% +2/AleF +507F + 5) <0.
As before, consider the simplified system

(1 + 2) P+ (200 +4) i — (2b%a*) >0

and

30
<1 + 11a> % + (2ba® + 4) i — (2b%a* + 2|bla® + 5a +5) < 0

where —1 < b <1, a > 2, and i < —10a?. Using Mathematica, this system has no integer solutions
i < —10a®. Hence neither does our actual system of inequalities. Intuitively, this is once again
because the second parabola opens upwards and both of its roots have magnitudes strictly smaller
than 100~3.

Now suppose that i > 100~ 3. In this case, all solutions of the original system of inequalities will

belong to the solution set of the weaker system

(1+30)i% + (2Aa—%) i — (2A20—%) >0
and

(1 + 31010) 2+ (2Aa—% - 12) i— (QA%—% +2|Al0~3 + 5075 + 5) <0.

We now pass to the analogous simplified system of inequalities

(143a7")i* + (2ba®) i — (2b%a*) > 0

and

30a!
(1 + 1“1 ) ® + (20a® —12) i — (2b%a” + 2[bla® + 5a + 5) <0
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where —1 < b <1, a>2, and i > 10a?. Once again, using Mathematica we see that this system also
has no integer solutions i > 10a?. Hence neither does our actual system of inequalities. Given these

observations, we conclude that (6.5.3) never occurs when |i| > 100~ 3, and so it is always true that
hy — gi (a%z) 9 (|A|a—% +2li] + 2) >0

in the second regime. This will allow us to use our yet-to-be derived upper tail bound of G (cr%z;" )

directly on the probability

he — gi (%)

PG (obz) > 5 — (1ale~5 +20il +2)

without having to throw away any initial indices i. We now construct this upper tail bound.

6.6 An Upper Tail Bound for G} (03,2;‘) for Large ¢

The last step of our argument is to find upper tail bound for G} (0%2'1-*) in second regime and to

prove that that tail bound is summable. We begin by letting m > 0 be arbitrary and considering
the probability

P (Gf (0%2?) > 5m) .
Recalling (6.3.4), we have the decomposition in law

o (a*z) . F(o) (a%z;‘JrA) +Ng0£(2a§z;‘ _90%i— 203 ) . (g)_ s (g) o

wl=
ol

so we will define the collection of five random variables {G} ; (27 )}j: . by

() =0 B (0827 4+ A)

i

To(2]) = oTIN (0, ‘QU%z; —95%i— 203

With these definitions, we can now write more compactly that

G (o32) £ jﬁ:lc;;j (=)
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Based on this equality in law, we can say now say that via a union bound,

P (G’; (U’z) > 5m) - ZG ) > 5m 25: ( ) > m). (6.6.1)

We will now establish exponential upper tail bounds for all five of the summands above. We start
with the simplest bound, which is when j = 1. Just as we observed in the first regime, by equation

(6.1.4), there are two absolute constants c1,c2 > 0 such that

3

]P’( i1 (z) > m) = IP’(J_%]:'(U) (O'%Z;k + A) > m) < crem2m?

The case when j = 2 is similarly simple to compute. Using the facts that |i| > 10073, s € [1, ﬁ],
o~1 > 10, and that |z} — i| = [p;| < 3, we arrive at the chain of upper bounds

)=

]P’( Ta(2) > )— IP’(U 3N( 2032F — 2050 — 205
< ]P’(’of%./\/' (0, ‘20%2;* —203i— 203 )’ > m)
P (o’é\/’20§(22‘ —i) =203 ||V (0,1))] zm>

]P’(M/US +203 |V (0 >m>

P(20il W (0,1)] 2 m)

<o (13

We now consider the case when j = 3. Based on equation (6.1.6) and the domains of o and s,

IN

IN

IN

A

PGl 2 m) = B((2) " Ausi 2 m)

<#(()

Co\bﬂ

sl 122 >m)

()
< 7 (142 5)

CiLexXp | —C2 m .

For j = 4 and j = 5 we first recall that we have set a; = s 303 and as = s~ 303, Using
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these once more in conjunction with (6.1.6) we have that

pciizm)=2((2) iz m)

IN
~
/N
Do
R
9
Vv
3
N—

IA
o
A%
e
[}
o)

mos
= crexp | —c
( (25 i3 il
3
2
= C1 exp( Co SO -1 <2|Z|) >
< exp( 10cs (2m|) >

and by the exact same reasoning with j = 5, our final upper tail bound

3
1 1 2
IP’( fg,(Zf)Zm): P —(8)3Cl>m < crexp | —co mos < cpexp _1002(@>
’ g 2|a1| 2

By combining these five individual tail bounds with (6.6.1), we see that

e

e
N——

1(m < m 3 m 3 m 3
PGy (o%2) 2 5m) < cremem? +2e 3 () 4oy BT 4 gpe10a(atn)® oo 1002(3)?
3
< c/le—c2(ﬁ)2 (662)

as m — oo for some absolute constants ¢}, ¢ > 0. By specializing to the case where
ha — gi (i) )
s =2V (gt i+ 2)
we therefore have established the upper tail bound

P G(’ )Z}W(mwimﬁm)

) . 2 ;
2= (i) |Ajet 1 20if 42
10[3| 514]

/ /
< chexp [ —c

ho = gi (08) =2 (|Alo~F + 2] + 2)
d

< ¢} exp —10_’ !
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Given this, if we now set the constants 1, 82, 53 € R to be

2 »  a? 1 1
(81, B2, B3) = <2Ao_§ - —xa%, - (2A20_g + 2|A|o_§ LA NP ho —|—4> ) —4)
s s s

then we may write that

h — g; (a*z) —9 <|A|a’% + 2l + 2)

d

= Jil + B sign(i) + 2 + 5,

with 82 < 0. Thus by using the fact that |i| + 31 sign(i) + % + B3 is non-negative whenever
|i| > 106~ %, Lemma 5.4.1 yields that

he — gi (o%1)

> PGiei) +E6 2 ——
li|>100~ 3
he — gi (o%1)
< Y plai(od) = —— - (14103 +21i +2)
li|>100~ 3
ey Te—gi(ai) L
= Z Ple (Udzi) =5 <|A|a * 2l +2) ]l{hzfgi(a%i)f2(A07%+2\i|+2>20}
li|>100~ 3
B 3
_s ) . 2 2
< Y. dexp <—10 2¢ch <Z| + B sign(i) + Til +53) )1{i|+ﬁlsign(i)+‘?+ﬁszo}
li|>100~ 3
- 2c)

1—exp (107%C’Q> .

2c)
1—exp (107 3 c’2>
establishes the original bound (4.3.1), completing our proof of the two-point bound on [1, 2] x [1, %] .
O

In conjunction with (6.4.5), setting b = + E( oy completes (6.2.7) and thus
ex -1



Chapter 7

Further Ideas

Due to the amount of concessions and arbitrary decisions made throughout the course of chapters
5 and 6, it is likely that there is a large amount of room for further optimization. Some possible

optimizations and improvements for these chapters include but are not limited to:

11
» 10
(z9,to) of the bottom-left corner of the rectangle that we use in Theorem 4.3.1 has both

e Change the rectangle [1, 2] x [1 ] : Beyond satisfying the requirement that the coordinate
g, to > 0, this choice was made purely for convenience. Even the imposition that the rectangle
have side lengths at most 1 is not strictly necessary; it would simply mean that there is possibly
more tedious work to sort through when developing the two-point bound. It is quite likely
that experimenting with the location and size of this rectangle will improve the lower bound

pp, to some extent.

e Develop a sharper, piecewise two-point bound: As mentioned before, the choice to build
a global two-point bound was made because it was simpler but it also certainly quite far from
optimal. Using a global upper bound removes quite a bit of sharpness from the two-point
bound, which in turn leads to a larger second moment for the measures pp . in Chapter 4.
These larger second moments then shrink the probability pj,. Optimizing this two-point bound

will almost certainly lead to a noticeably higher value of py,.

e Improve the lower bound on dimgy(Z;,) to %: Based on the Holder continuity of the
directed landscape, it is expected that % is the Hausdorff dimension of all of its level sets. It
is highly unlikely he lower bound of % that we obtained in this thesis is the true Hausdorff
dimension of the h—level sets, and improving the sharpness of the two-point bound will likely

bridge this gap.

¢ Building a different mass distribution on Z,: As mentioned before, the measures py, .
who had a subsequential limit which was a mass distribution on Z; were chosen because
they are easy to understand intuitively. There is no inherent reason to believe that they are
the optimal choice for the directed landscape specifically. Replacing them with a different
sequence of random measures more finely attuned to the structure of £ may lead to a better

mass distribution than the one we built in the general case.

e Find an alternative to the Paley-Zigmund inequality: The Paley-Zigmund inequality
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was our only means of verifying that the random measure pj; was actually a mass distribution
on Z, with positive probability. The quality of the lower bound that we obtain from this
inequality places somewhat of a ceiling on the probability of our lower bound on the Hausdorff
dimension holding. Finding a way to upgrade this and alter Theorem 4.1.1 could prove very
fruitful, but this feels like somewhat of an unrealistic goal, at least in the general case, based

on the existing tools in the literature.

e Extend the argument to a three-point bound and beyond: It is my personal belief
that though it would likely be very cumbersome, these same techniques can also be used
to develop a rudimentary three-point bound for £ and possibly even an n—point bound in
general. Dauvergne’s full version of Theorem 1.2.3 works for any finite collection of intervals
{laj, a; +To]}7_, instead of just a pair of intervals, and so Lemma 6.1.1 should extend to the
case of n disjoint segments of 2, fairly easily. Lemma 5.1.1 could likely still be used in much
the same way for a three-point bound argument and possibly an n—point bound argument.
This would likely require an n—fold sum and taking several suprema at once, though the exact
form that these details would take is also unclear to me. The key would be to impose the
condition that 0 < t; <ty < --- < t,, and observe that

P <ﬂ {E(0,0;xk,tk) €(h—eh+ 5)})
k=1
n—1
<P ({E(0,0;ajl,tl) —hl < efn () {160, 05z 41,tisn) = £00, 05k, t4)| < (i + 1)s}> .
k=1
Similar techniques with the metric composition law and the independent temporal increments

of £ would likely eventually work to bound this upper bound here too, although likely at the

expense of a daunting amount of tedium and regret.
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